782

V. CONCLUDING REMARKS

In this note we have presented two algorithms for discrete time adaptive
control which utilize prior information about the plant, including some
known poles and zeros. If the plant is completely unknown, the algorithms
are identical to those proposed by Goodwin ef al. in [7]. However, the
algorithms presented here have better transient performance and faster
convergence rate when the system is partially known. In future work we
will show the added robustness margins obtainable from our scheme.
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A Parametrization for Model Reference Adaptive Pole
Placement

A. FEUER

Abstract—A new parametrization for a linear system is presented. This
parametrization is the basis for two approaches to design an adaptive
controller for pole placement. One approach is based on parameter
estimation and requires sufficient excitation, while the other, the model
reference adaptive pole placement, uses a reference model and an
augmented error. It is shown that the two distinct approaches result in
identical error terms.

I. INTRODUCTION

A major limitation of direct adaptive control is the limited numer of
control problems to which it can be applied. The source of the problem is
in what is often referred to in the literature as the ‘‘parametrization
problem.”” In effect, it is the problem of presenting the plant model
through the controller parameters so that these parameters can be directly
estimated. So far, only the model matching control has a complete
solution. Namely, an adaptive algorithm (MRAC) resulting in global
stability and error convergence without requiring sufficient excitation.
But this solution requires some very restrictive assumptions which limit its
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application. In some recent results (see [1], [2], [4], and [8]) a
parametrization was presented and studied for the pole placement
problem. However, the convergence of the resulting controller is
dependent on sufficient excitation in the input and the use of the “‘block
invariant”’ concept for the controller parameters. This requires that the
controller parameter be updated only every predecided number of
samples—for further information the reader is referred to the above
references.

In this note we present a new parametrization for the pole placement
problem. This parametrization generalizes the result presented in [1] and
can be presented in a form compatible with the parameter estimation form
presented in [2]. Together with sufficiently exciting input and the *‘block
invariant’” concept, convergence is guaranteed. However, the same
parametrization can be used, together with a reference model, as a basis
for what we referred to as model reference adaptive pole placement
(MRAPP). This approach has the potential of providing a controller
which does not require sufficient excitation or the restrictive assumptions
of the MRAC. It should be pointed out that the two approaches described
in this note—one as a parameter estimation problem and the second the
MRAPP with augmented error—result in fact in identical error terms to
drive the corresponding adaptation algorithms.

II. THE BASIC PARAMETRIZATION

Consider a discrete-time single-input single-output system modeled by
a strictly proper transfer function

_r@
T,(2) =2 Q.1
where »
r(z)= 2 iz 2.2)
and !
p)=2"+ Y, piz"~'. 2.3)

i=1

Using only the assumption that # is known, it is possible to describe the
relationship between system input u(f) and output y(¢) through an #-
dimensional canonical system

Xp(t+ 1) =Agx, (1) + bou(t) — bo fx,(1)
2.9
y(£)=coxp (1) — cx, ()

where (Ao, by, Co) is any n-dimensional canonical system preselected so
that A, is strictly stable and f and c are row vectors of unknown
parameters. The above follows directly from the following lemma which

is a variation on results appearing in [5] and [6].
Lemma 2.1: There exist row vectors f and ¢ such that
(co— )Mz = (Ao— bof ) 1bo=Tp(2). 2.3)

Proof: Since (Ayp, by) is a reachable pair there exists a row vector f
such that

char.pol. (Ao—bof)=p
and the vector
P Iz—(Ao—bof)} by

spans the n — 1 order polynomial subspace.
Hence, there exists a row vector & such that

P(R)EIz—(Ao— b}~ 'bo=r(2)

then choosing ¢ = ¢ — ¢ completes the proof. O
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Fig. 1. Block diagram of system’s basic parametrization.

Remark 2.1: We note in (2.4) the feedback and feedforward form in
which fand ¢ enter (see Fig. 1). The feedback part, with f, determines the
poles of the system while the feedforward part, with c, the zeros. This
observation is the basis for the model reference adaptive pole placement
(MRAPP) configuration we introduce in the sequel.

We would like to use feedback control to place the system poles in some
desired locations represented by the polynomial

n
PHRY=2"+ Y, pFani.

2.6
i=1
For simplicity, we choose A, so that
char.pol. (A4g)=p*(z) 2.7

then, clearly, if we could take the control u* = fx, + v, with v external
command input, the pole placement would have been accomplished.
However, we do not know f and cannot measure X, hence, we attempt to
generate an estimate of the product fx,. To do that, use is made of
sensitivity function filters of the form

3 (1+ 1)=AB (1) + biu(r)

8'}_(t+l)=A,»3;(t)+b,-y(1) i=1, 2 (2.8)
where (A;, b;) are reachable pairs and
char.pol. (4,)=¢(z) i=1, 2 2.9)
with
q'(z)=2"+ E giz"! (2.10)

J=1

stable polynomials.

Now we make use of the following lemma which again is an adaptation
of results in [5] and [6].

Lemma 2.2: There exist vectors k,, k., /,, and /, so that

fx,,(t)=k[3,‘l(t)+k;3;(t) (e) (2.11)

cx,,(t)=118i(t)+l§6f,(t) (&) (2.12)

where we write ( ) = ( ) (¢) if each element of the difference ( ) — ( )is
a linear combination of decaying exponentials.
Proof: Since we assumed that (Ag — by f, by, ¢; — ) is canonical

and (A,, b)) is reachable, there exists a nonsingular matrix Q; and a
vector A, so that
Q=5
and
OQi(Ao=bo Q[ =4+,
where

=(co-0)Q".
Then for x,(f) = Q1x,(7), (2.4) and the above imply

xi(t+ D =Aux () + bu(t) + b y(t). (2.13)

783

NowifE‘ [3‘ AB‘ A"‘IB']B"arldEl—[al AB‘
Ay '6‘]B i where B is the controllablhty matrix of (A;, bl) then from
Q. 8)E‘(t +1) = AEN) + u@) and EN¢ + 1) = AiELQ) + D).
This and (2.13) clearly imply that if x = E‘bl + E iy

xi(#) = x(£) = (A1) (x:(0) — x(0))
or, since A, is stable

wn@=x) (9

P (=0 x(1) (e) and
=fQr'8., A8., ---, A713}18-1p,
+fQ79,, A}, <, ATTANB Ry (o)

Then (2.11) follows directly for k£, = F7B~'b, and k, = FTB~'h,
where F is the observability matrix of (fQ[!, A)!. A similar derivation
will result in /, and /, to prove (2.12). O

Substitution of (2.11) and (2.12) into (2.4) will result in

Xt + 1)=Aox, (1) + bote () — bok T8 (1) = bok 731(1)

()= coxp (1)~ 1T02%(2) — 1T32(2) (e} .14
which together with (2.8) is a Sn-dimensional realization of the transfer
function (2.1) through the 47 parameters k,, k,, /,, [,. This parametriza-
tion provides a basis for the model reference adaptive pole placement
scheme described next.

I1II. MODEL REFERENCE ADAPTIVE POLE PLACEMENT

Starting with (2.8) and (2.14) we proceed in two philosophicaily
different approaches resulting, however, in the same error terms. The
first, as a parameter estimation problem as was done in [1] and [2].

For this we define

zZ(t+ 1) =Apz(£) + bou(i)

J()y=coz(t) @a.n
H(t+1)=AoH(2) + bol3 (67, 9,(5)7]
P (D) T=coH(t) (3.2
then (2.14) implies that x,(f) = 2() — H()[] (¢ thus
YO =7() ()73 (e)
or
o) =J()—y(t) (o (3.3a)
where
P(7=[p'(1)7, 3%(1)7, 83(£)7] (3.3b)
and
dr=1k], k], 17, IT]. (3.30)

Using the delay operator notation used in [1] and {2] where Dx(#) = x{t
— 1) and denoting for any polynomial a{D) = apD” + o D" + ---
+ an

a(D)=ag+ay(D)+ - + oty D" '+, D™ (3.4)
! Note that in fact k] = £iQ[".
2IBD) = Bo-mD™ + Buem—1 D™+ -0+ By, m < nthenB(D) = DBy
+ Bn—m—ID + oo

+ B.Dm).
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we get for (2.14) and (2.8) combined

7o) [u(t)— D) (- 2D y(z)]

p*(D)

Y= 7@ V7D

D) . D)
} [ 70 " o) (”]

where we used (2.8)-(2.10) to write

© (.5

k (D)
7'(D)

KD)
PR

KDY A(D)
u(t)_ql(D_l) u(t)_k;-a,l,(t)) q_l(D)
_ (DY
T qdD™Y)

k(DY
g'(D™Y

D
q¥D Y

y(0)= PO=KTOY(D)
(D)

© D)

u(t)=178%(1),

y(t)= () =178%(0).

Equation (3.5) can be rewritten in the form
[FH(D)GADYK(D) + pX(D)q(DYS(Du(r)
+ [P(D)FUDYR(D) + pH(D) G (DYF( D)y (1)
=r(DYGUD)GHD)u(t) — p*(D)G(D)GHD)y(r) (e} (3.6)

which is compatible with (2.11) in [2]. Using the system equation in the
form

PD)y(t)=F(D)u(r)

in (3.6) will result in the following polynomial equation for the
polynomials £(D), A(D), §(D), 7(D)

PHDYGHD) p(DYK(D) + F(DYA(D)]
+54(D)g (D) H(D)S(DY+ A DYy(D)]

=g (DYgDIHD)p(D) - p*(D)(D)). 3.7
It can readily be observed that £(D), /(D) which satisfy
PDY(D)+F(DYA(D) = g{DYH(D) ~ pX(D)] 3.8)
and §(D), (D) which satisfy
p(D)S(D)+A(DY(D) = g{D)A(D)—AD)] 3.9

are also solutions of (3.7). Since we have assumed that #(D) and (D) {or
#D-Y and p(D~Y)] are relatively prime, k(D) and £(D) are unique
solutions of (3.8) and §(D), ¥(D) are unique solutions of (3.9). However,
for them to be unique solutions of (3.7) as well we must have that
FD)YGHD) and gx(D)gN(D) are aiso relatively prime.

With the above conditions satisfied the approach proposed in [1] and
further studied in [2] can be adopted. The control to be used is

u(t)= K (1)TO () + K (D)7 () + u(?) (3.10)

where &,(7) and l?,.(t) are estimates of k, and k, generated by the
parameter estimation algorithm. However, in the controller, they are not
updated every sampling period but only after every finite number of steps.
This scheme, termed in [2] ‘‘block invariant,”” together with sufficient
exciting input v(?), will guarantee parameter convergence with the desired
pole placement accomplished. For detailed discussion and analysis of the
scheme, the reader is referred to [2].

We would like, however, to point out that in any parameter estimation
algorithm deployed here the error term used will be {see (3.1)]

&=o(1)78(1) - (L) + y(1)

=e(78(1)

where 8(7) is an estimate of 8, and 8(f) = 8() — dq.

The second approach is based on providing a reference model and
having the controlled system output track the reference model output.
Since we are interested in pole placement the reference model will have
the desired poles and a term reflecting estimates of system zeros (see Fig.

(3.11)
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Fig. 2. The general configuration of model reference adaptive pole placement
(MRAPP).

2). Specifically, the reference model will be
X, (t+ 1) =Aex,(£) + bov(t)

Yt) = cox () = L,()T32(1) — (1) Ta%(1) (3.12)

where the sum 7,(7) T8%(1) + INOU: ﬁ(t) is an estimate of the feedforward
term cx,(?) in (2.4).

Now, using the control defined in (3.10) together with (2.12) and
(3.12), we can readily verify that the tracking error

e(n=y(-y.(1) (3.13)
satisfies
e(t)=cox (D + LTI+ LTI (©
X (2 + 1= Apxe(£) + bl K (1) TOL(D) + K, (£)TB1(1)). (.19

We make now use of the ‘‘augmented error’” é(7) introduced by
Monopoli [7] and defined through

&(r) =e(?) + [£.()7, £(D7T1e" ()~ coza(t) (3.15)

2+ 1)=Azi1) + bol K, (1) T8 L) + K, (1) T8 (1)) (3.16)

where ¢!(?) is defined in (3.2).
From (3.2), (3.14) and (3.16) one readily observes that

e(=cz(-[k], k]1'(O+LNOTIAN+T(NDTN)

hence, substitution in (3.15) results in

e =1k, KON O+LOTBAD+LNTIND (. (.17

The above form is the basis for many of the model reference adaptive
control (MRAC) algorithms. To complete the algorithm description the
parameter adjustment law must be specified. One could use the projection
algorithm (as was done in [6] for the model matching problem) or a
recursive least squares algorithm. At this point we do not have a global
stability proof for the approach with either adjustment law.

Remark 3.1: By comparing (3.11) to (3.17) and recalling (3.3b) and
(3.3c) we clearly observe that, here, the estimation error &(¢) is identical
to the augmented error &(?).

Remark 3.2: Every step of the parametrization described here carries
through in continuous system resulting in the same equations (3.11) or
3.17).
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Nonparametric Fitting of Multivariate Functions

TOMASZ GALKOWSKI AND LESZEK RUTKOWSKI

Abstract—A nonparametric algorithm, based on the multiple Fejér’s
sum, for fitting of multivariate functions is proposed. The mean square
error convergence and the speed of convergence are investigated.

I. INTRODUCTION

This note is concerned with nonparametric estimation of the function R
in the model

y»=R(x)+Z, r=1, >+, n )]

relating the scalar output y,, the input x, (d-vector) selected by the
experimeter, and the independent white measurement noise Z,

EZ,=0, EZ?=§2<8?, r=1, +-+, n. (04}

Consider the d-dimensional space Q, = {x: [x| < =}, x is the d-
dimensional vector, |x| = max (|x;], |x2|, - -, |X4]). We shall use the
complete orthonormal system defined on Qy

1
gk(x)=W et k=(k;, -+, ka),
k=0, £1, 2, +=o, j=1, ==, d, },
d
kx=2 kix;.
Jj=1

In the multidimensional case the Nth Fejér’s sum o, of the function R
is defined by

on(x)= Y, Bibie™, )

k<N
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where

H( |k»|>
Bu= -l ), 4
e N+1 @

1

b=y

g R(x)e~ dx. )
2]

Generally, one has some problems with the convergence of the
multidimensional expansions. Even in the unidimensional case, the
condition for uniform convergence of different series are satisfied if the
expanded functions are sufficiently smooth (see [7]). Fortunately, from
the theory of multiple Fourier series (see, e.g., [4, Sect. 15.11]), it
follows that the Nth Fejér’s sum oy (3) of any continuous function R is
uniformly convergent to R. This nice property is the reason for
construction of the algorithm derived from multiple Fourier series. The
algorithm presented in Section II is an extension to the multidimensional
case of that proposed in [6]. It should be noted that the rule of selection of
signals x; by the experimenter is much more convenient from a
computational point of view than that suggested in [5].

II. ALGORITHM

Letn'¥be anintegerand i; = 1, - -+, n¥/d,j = 1, -+ -, d. Partition the
interval (—m, ) on the jth axis into n'/ subsets Ax;,. Define the
following Cartesian product:

Axl,,-l XAXZ’I-ZX e XAxd,,-d=Qd,,'1...,-d=Qd,,-.

Let Qs; A Qqy = Ofori # land UQ,; = Q. In the sequel we shall
denote | - || the Euclidean norm and AX;;, the length of the interval Ax;,
=1, j =1, d

Relation (1) can be expressed in another way

Yi=R(x))+Z, (6)

where the outputs y; € R, and the inputs x; are selected so that x; € Q.

Fig. 1 presents the partition of Q; = [—, 7]? for n = 16 and equal
intervals Ax,-_,-j, Jj=12,i=1,2, 3, 4. We propose the following
algorithm

R"(x)= E 61;5,‘8“‘* )
k| &N
where
k=_l_ Yi g e~ dt 8)
(27r)d {if<nte Qq4,;

and N depends on the mumber of observations #, i.e., N = N(n). From
properties of the multiple Fejér’s sum (see [4]) it follows that the
computation of algorithm (7) can be realized by

1
Rio=2 3 x|
7rd |"|Snl/d Qd,,'

@N(t—x) dt

where

d N
ont-x)=]] [1/2+E (1— L )cos 1,-(t,-—xj):| .
i Pt N+1

III. CONVERGENCE

Theorem (Mean Square Error Convergence): If

[R(x)=R| < Lix-y ®
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