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niques developed in relation to RDFT can be used with the
other transforms and vice versa. All the transforms can also
be computed with basically the same hardware.

Recently, we have generalized the results presented in this
paper to DCT. It turns out that DCT is a weighted sum of
G () and Go(-) after proper permutations of input data.
Further generalizations to other trigonometric transforms
[11] are in progress. These results will be published in sub-
sequent papers. ‘
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Convergence Analysis of LMS Filters with
Uncorrelated Gaussian Data

ARIE FEUER anp EHUD WEINSTEIN

Abstract—Statistical analysis of the least mean-squares (LMS) adaptive
algorithm with uncorrelated Gaussian data is presented. Exact analytical
expressions for the steady-state mean-square error (mse) and the per-
formance degradation due to weight vector misadjustment are derived.
Necessary and sufficient conditions for the convergence of the algorithm
to the optimal (Wiener) solution within a finite variance are derived. It
is found that the adaptive coefficient u, which controls the rate of con-
vergence of the algorithm, must be restricted to an interval significantly
smaller than the domain commonly stated in the literature. The out-
come of this paper, therefore, places fundamental limitations on the mse
performance and rate of convergence of the LMS adaptive scheme,
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I. INTRODUCTION

ARLY studies on the convergence of the least mean-square

(LMS) algorithm concentrated on the necessary conditions
required for the weight vector mean to converge to the optimal
(Wiener) solution (e.g., [1], [2]). These conditions do not
however, guarantee, a finite variance for the weight vector,
neither do they guarantee finite mean-square error (mse).
Hence, as many users of the algorithm realized, considerably
more stringent conditions were required to ensure convergence
of the algorithm.

The need to study the convergence properties of the weight
vector convariance matrix was identified by Horowitz and
Senne [3]. They derived a recursive equation characterizing
the transient response of the covariance matrix and found

0096-3518/85/0200-0222501.00 © 1985 IEEE
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necessary and sufficient conditions for the convergence of this
equation. Unfortunately, these results are not the focus of
{3], hence overlocked by many readers.

Our purpose in this paper is twofold. We intend to highlight
the results in [3] by deriving them in a different way. Then,
carry the study further by translating the convergence condi-
tions into bounds on the adaptation coefficient u. In addition,
an exact analytical expression for the steady-state mse and a
new measure for the rate of convergence of the algorithm are
derived. '

A parallel set of results is also obtained for the partially adap-
tive LMS algorithm introduced by Griffiths [4]. The two algo-
rithms are then compared on the basis of their convergence
properties and their steady-state mse performance.

II. STEEPEST DESCENT (SD), LEAST MEAN-SQUARE
(LMS), AND THE MODIFIED LEAST MEAN-SQUARE
(MLMS) ALGORITHMS

The basic system of interest here is illustrated in Fig. 1, where
X (k) is the data vector at the kth time instant, W is a vector
of constant weights, d(k) the desired (training) signal, and y (k)
represents its estimate. The problem is to find W which mini-
mizes the mse, namely, '

e = E{é* ()} = E{(d(k) - y(k))*
= E{(d(k) - WTX(k))*}

where £{ } stands for the statistical expectation of the brack-
eted quantity. If X(k)and d(k) are jointly stationary, then

e=E{d*(k)} - 2WTr+ wiRwW )
where

r=E{X (k) d(k)} ()
and -

R=E{X(k)X(*)"}. €))

Since € is a quadratic functional of W, it has a unique minimum
(whenever R is nonsingular) obtained by choosing

W*=Rr. @)

This is the well-known Wiener solution. Substituting (4) into
(1), the minimum attainable mse is given by

e*=E{d*(k)} - r'R'r. 5)

To avoid a direct inversion of R, an iterative solution can be
used, based upon a gradient-following method. The resulting
algorithm, known as the steepest descent (SD) algorithm, is
characterized by the equation

Wk +1)=( - 2uR) W(k) + 2ur ©)

where W(k) is the weight vector.of the kth iteration cycle and
u is a constant gain which controls the rate of convergence of

the algorithm. It has been shown [1], [2] that W(k) converges
to W* as k = %0 50 long as

0<u<

Q)

)\max

where Apmax denotes the largest eigenvalue of R.
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In many practically interesting situations, prior knowledge
of r and R is not available. In that case the matrix quantities
appearing in (2) and (3) can be replaced by their instantaneous
estimates X (k) d(k) and X (k) X(k)7, respectively. This is a
common procedure in stochastic approximation. The resulting
equation is given by

Wk +1)= (I - 20X (k) X(%)T) W(K) + 2pud(k) X (k)
= W(k) + 2 e (k) X (k)

This is Widrow’s well- known LMS algorithm [1], [2].

In [4] Griffiths addresses the problem where no reference
signal. is available but the cross-correlation vector r is known.
The algorithm presented in [4] is obtained by simply sub-
stituting X(k) X(k)” for R in (6). One obtains

Wk +1)=( - X(k) XT(k)) W) +2pr. ©)

The Griffiths algorithm can be viewed as a cross between the
SD and LMS and will be referred to as the modified LMS
(MLMS) algorithm.

In both the LMS and MLMS, W(k) is obtained through a
stochastic equation. It is, in general, a random vector quantity.
Its relation to the optimal (Wiener) solution can therefore be
measured only in a statistical sense.

If we assume that the various X (k), k=0,1, 2, - - - are statis-
tically independent, then W(k) is independent of X (k) and the
weight vector mean for both the LMS and MLMS satisfies (6).
One, therefore, concludes that both algorithms are asympto-
tically unbiased (i.e., E{W(k)} > W* as k - ) as long as the
adaptation coefficient u satisfies (7).

However, as was recognized in [3] and pointed out in the
introduction section, considerably more stringent conditions
than those given by (7) are required to ensure the convergence
of the weight vector covariance matrix, hence, the resulting
mse. This is the subject of the next section.

@®

III. CONVERGENCE OF THE LMS AND THE MLMS

Before we proceed, let us introduce some notation which
will be used throughout the remainder of the paper. Since R

is symmetric there exists a unitary transformation U (where
UT = U™") such that

URUT = A =diag [A{, N2, - Ap] (10)

A; are the eigenvalues of R. Let

V(k) = UW(E) - W*) (11)
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Mik) = E{V(k)} 12)
and

C(k) = E{V(k) VT (k)}. (13)

The above notation will be used for the LMS scheme. Similar
notation with “~” will be used for the MLMS.

Using the assumption that the various data vectors are mutu-
ally independent, together with an additional assumption that
X(k) is zero mean and Gaussian, Horowitz and Senne [3] de-
rived the following recursive equation satisfied by C(k):

C(k +1)=C(k) - 2u[AC(K) + C(k) A] +8u?AC(k) A
+4u* tr [AC(K)] A +4ue*A (14)

where tr [ ] stands for the trace of the bracketed matrix. The
matrix equation (14) can be decomposed into the following
n? scalar equations:

Cutl + 1= uCilk) + 410X 32 2y Cpp () + 44,
p=
(15)
and for i #7 |
Cij(k + 1) = p;; Cy (k) (16)
where C;; (k) is the (i, /) element of C(k) and
py=1- 2u(h; ) + 812 A (17)

Since C?j(k) < Cy;(k) Gjj(k), the convergence of the diagonal
elements of C(k) ensures the convergence of the off-diagonal
elements. We shall, therefore, concentrate on (15). Concat-

enating the # equation into a vector form, one obtains

ok +1)=Fa(k) + 41 €*\ (18)
where
o (k)= [Ciy(k), Caa k), "+, Can®)] T (19)
F=diag [py,p5, ", pu] +4u> AT (20)
and
PN YV PREEE ¥ 1)

Following similar considerations for the MLMS scheme one
finds (see Appendix)
Gk + 1)= Fa(k) + 4u’ g(k) (22)

where @(k) consists of the diagonal elements of C(k) and g(k)
is defined in (A7). It can easily be observed that g(k) is bounded
whenever u satisfies (7). Hence, the convergence of both o(k)
and o/(k) depends on the matrix F. Both will converge if and
only if the eigenvalues of F are all within the unit circle. The
eigenvalues of F are the solution of the following equation in «

det [F-al] 0 23)

where det [ ] is the determinant of the bracketed matrix.
Now

det | F - al] = det {diag (o,
+4u2 AT}

_a,p2“a:“',pn_‘a)
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= det {diag (o, - o)}

—a7p2_as'.',pn

- det [1 +4u° diag

[ 1 , ! 1 ])\)\T:}
P -0 Py -a Pn-Q
S T

> (pj-a) l:l+4u2)t diag
i=1

e
. ’lca, A

Py -« Pn -

n n 7\2
[T Coj-)f | 1+44° Z

i=1 T @

where for notational convenience we define pjé 0. Since
the common denominator of the sum of terms Z%, M/(p; -

1}

@4

o) is H}Zl (p;j - @), one needs only to consider the equation
2
f@)=1+42 Y. (25)
j=1 pl ’
Clearly, the poles of f(a) are the p;’s and from (17)
p; =1 - AuN; + 807 = (1 - 2uN;)? +44°0} >0.
(26)

Hence, the various poles of f(a) are placed on the positive real
axis. We further observe that

df (04)

2

=4 Z (p; - oz)2 >0

@27)

f(a) must therefore assume the general form illustrated in
Fig. 2. Between each pair of successive poles, f() has a single
zero. If we arrange the poles in an increasing order, ie., 0 <
p1 < pa << p,,then'

0<p, <ar<py <o < <ap, <pn<ay  (28)

where o;’s are the zeros of f(a), hence the eigenvalues of F.
The last inequality in (28) can easily be explained by observing
that f(«) never crosses zero to the left of oy, thus the nth
zero-crossing must occur to the right of p,,. Hence, if we re-
quire that a, <1, all the eigenvalues of F will be located within
the unit circle. From Fig. 2 one immediately observes that
a, <1 if and only if

pj<1, j=1,2,--",n

and
2

A2
f(a)'a 1“1+4#2v =
j=1 P~

>0. (29)

Substitution of (17) into (29) yields the following necessary

1For every Ay which has multiplicity Mg > 1, F has Mg — 1 eigenvalues
equal to pg.
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fta)

v
S R
'
'
'
'
v
H
'

and sufficient conditions

1
0<pu<—, j=1,2,",n 30a
4 TR i (30a)
and
n .
Z BN, (30b)

2u)\

These are the same conditions as given in {3].

It is of important practical interest to translate conditions
(30) into direct bounds on the adaptive coefficient u. To do
this we first observe that the left-hand side of (30b) is a strictly
monotonically increasing function of u which has singularities
at 1/2X;,j=1, 2, -, nand is equal to zero for u = 0. Hence,
if we let y; denote the solutions of the equation

'=1 2#7\]

31

‘we have, very much like in (28), assuming the A;’s are ordered
)\1<)\2< "é}\", ‘

1

2N

0<py < <p, < <<y, <

1

Then, it is clear that the condition
0 <p<puy =min (u;)

is equivalent to conditions (30).

In general, a closed form expression for u; cannot be found.
However, following the analytical considerations outlined in
Appendix B, a tight lower bound on u; is given by
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a set of numerical examples indicate that i is an extremely
tight lower bound on u;. We note in passing, that condition
(7) is very clearly dominated by (33).

We further observe that

1 1

u= = . 34
b= 3t [R] (34)

332

j=1
Hence a more conservative region is
1

o<us——m——. 35

3340 [R] (35)

The upper bound in (35) has a distinct practical advantage.
tr [R] is, by definition, the total average input signal power
which can easily be estimated from the received signal.

IV. STEADY -STATE PERFORMANCES OF THE LMS
The overall efficiency of the LMS scheme can be measured
by its steady-state mse and the rate of convergence of the algo-
rithm. The mse at the kth iteration cycle, denoted by e(k),
is given by
e(k) 2 E {? (0} = E {[d®)" - X&) W()]*}
= E{[d(k) - X(&)T W* - X(k)T (W(k) - WH)]}*}
-2E{X®)T (W(K) - W*) [d(k) - X(k)T w*]}
CHE{WE) - wHT XE) XE)T (WK) - W)}
(36)
As the data vectors at distinct times are assumed to be un-
correlated as well as Gaussian, X (k) and W(k) are statistically
independent. We further observe that X(k) and [d(k) -

X(k)T w*] are also mutually uncorrelated hence, indepen-
dent. This is true since

E{X(k) [d(k)- X(K)T W*]1}=r- RW* =0. 37

Hence, in the second term of (36), £ {X (k) T} can be factored
out. As X (k) is assumed to be zero mean, this term equals
zero and we are left with

e(k) = e* +tr [E {W(K) - W*) (W(K) - w)T}

My =
n n
3 Z A+ 9(n- 1) Z
i=1 1i=1

A “safe” choice for u is therefore any value in the interval
o<u<gpu. -

For the case n =2 (arbitrary A; and A;) and the case A; =
N j=1,2,-+,n, where u, can be calculated analytically, it
can easily be shown that i coincides with u; . In more compli-
cated situations M, cannot be calculated analytically, however,

(33)

E{XE)X(K)T}]
=e* +1r [UTC(k) UUTAU]
=¢e* + No(k). (38)
n A -
2 =M. ’
x,-] 8- 1) 3 AN (32)

i #j

Assuming that u is chosen so that or(k) convergences to a
finite value, one immediately obtains

e() = e* + Mo () (39)
where from (18)

o) =4pte*(I- F)'\. (40)
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€(>0) is, by definition, the steady-state mse and e* is the mini-
mum attainable mse (when r and R are known a priori). The
second term in (39), therefore, represents the access mse due
to weight vector misadjustment. A dimension-free measure for
the degradation in performance is defined as (see [4], [5])

e()- ey
€. -

M,= (1)

Substituting (39) and (40) into (41), one immediately obtains
M,=4 2 N'(I- Fy '\ . 42)

The rate of convergence of the mse to its steady-state can be
measured by the following sum

oo

=2 le®) - e(=)] (43)
with small J indicating fast convergence rate. Denoting
A(k) =a (k) - o (=) (44)
we get from (39)
e(®) - €(=) = X' [o(k) - 0(=)] = A"AGK). (45)
Making use of (18) and (40) it can easily be shown that
A(k +1)=FA(%). (46)
It follows that
J=AT i Ak) = )\T< f Fk) A(0)
k=0 k=0
=AU - F) ' Ao). @7

Substituting (20) and (21) into (42) and (47) and some algebra®
one finds

T

51 2#7\
M= @8)
n
Zl - ”M
i [A©)];
_ 1 i=1 1- 2/17\,
J=— . (49)
4 Z": MA;
wlt- .
[ i=1 1- 2/-1>\i]

One observes that M can be controlled through the choice
of y. The smaller u is, the smaller M will be. On the other
hand, a small u may slow down the convergence of the algorithm
as indicated by (49). There exists a value of u resulting in the
fastest convergence (smallest J) and up to this value there is a
clear tradeoff in the choice of u between steady-state mse and
rate of convergence.

2To invert the matrix (/ - F) we have used the Bartlet formula given by

— - oo — -
Crouuyt=rt - rluuTrt
l+ou’'T 'u

where I' is a nonsingular matrix, & a vector, and « a scalar.
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To find this optimal 4 one may try to solve the equation
oS 50
S (50)

Note that the solution to (50) generally depends on the initial
value A(0), hence, of limited practical use. For the special case

ANj=Ni=1,2, -, n,(49) assumes the simplified form
n
. > [A)];
i=1
J=— 51
4 ufl-pmE+2)A]° 1)

Assuming that A(o) is independent of g, (51) is minimized by
the choice

1

e I
T

(52)

Equation (52) agrees with the result in [3], which was obtained
from different considerations.

V. CoMPARISON BETWEEN THE LMS AND MLMS
Following the same considerations for the MLMS one finds

Z": ugi()
M i=1 (1 - 2y’>\l) €* 3
= 5
s N Z": Y (53)
o1 1-2ul;

where g;(k) is defined in Appendix A [see (A7)]. Since M k)~
0 as k — o0, g; () is given by

8i(*)= (7)Y + Z (r;)? 1N (54)

where r{ is the ith component of r° = Ur. Comparison be-
tween (48) and (53) reveals an interesting insight into the two
algorithms. While M is completely independent of the amount
of correlation between the data and the desired signal,]l?s is
highly dependent on the components of r. Thus, weak correla-
tion (the information content of the data is small) will result
in ]I7IS smaller than M, while with high correlation M, will ex-
ceed M. This phenomenon can be explained by looking at (8)
and (9). By using r rather than its instantaneous estimate X (k)
d(k), the MLMS is more “cautious” than the LMS. This pays
off whenever X (k) d (k) is misleading in relation to X (k) X (k)7
in other words, whenever the correlation between X (k) and
d(k) is weak. The conclusion from the above discussion is that
if one does have the choice and both d(k) and r are available,
LMS should be preferred when the correlation is high and
MIMS when it is low.

VI. SIMULATION RESULTS

To demonstrate and support our analysis, extensive simula-
tions were carried out on the computer. The case we are con-
sidering here is likely to occur in passive sonar applications.
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Let the data vector be presented by The eigenvalues of R are Ay =X, =23 =1, Ay S Apax =1+

402, To ensure convergences of the weight vector mean, one
k K+n,k . )
*1(k) s(k) + 11 (k) requires only that u < 1/Ay,, =0.2. However, the convergence
x4 (k) s(k) + ny (%) 55) of the weight vector covariance, hence, the resulting mse, is
x5 (k) s(k) + 15 (k) guaranteed only when

. q

xq(k s(k) + na(k 0=
(B O] N T T W - 57)
and the reference (training) signal be given by
_ a2 . and for 6=1, u=0.0610. We note in passing that the exact
d(k)=ask) +(1 - o ), n(k). (56) bound of u can also be calculated here from (31) and is found
s(-), n;(+), n(-) are sample functions from mutually uncorre- to be u; =0.0613.
lated zero-mean white Gaussian sequences. The n;(k)’s have In Fig. 4 the tradeoff between rate of convergence and steady-
unit variance; s(k) and n(k) have a variance of 6*>. o <a<1 state performance is illustrated. The curves in this figure were
will be used to control the correlation between X(k) and d(k) generated recursively using (18) and (38).
while preserving the power of d(k). ‘ The existence of an optimal u (from a convergence rate point
Fig. 3 presents averages of ten independent runs using the of view) is demonstrated in Fig. 5. The curve in this figure
LMS algorithm on random data generated by the computer corresponds to a choice of initial conditions such that [A(0)} ;=
for the case =1 and & = 1. From Fig. 3(2) it is clear that for A, i=1,2,---, n. Hence, u* ~0.035 is an optimal choice
both u=0.06 and u =007 the weight vector mean converges only in that neighborhood; however, the basic trend is clear.
(only the first component is presented, but it is typical to the  In Fig. 6 we compare the mse performance of the LMS and
others). The conclusion concerning Fig. 3(b) is very different; MLMS using the recursive equations developed in the analysis.
while for u =0.06 the resulting mse converges, for u=0.07it With a high degree of correlation between X(k) and d(k)
does not. These observations are consistent with our analysis. (@ =1), the LMS clearly outperforms the MLMS [Fig. 6(a)],
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while with a low degree of correlation (a=0.2) the trend is
reversed [Fig. 6(b)]. This is also demonstrated in Fig. 7, where
the curves are obtained by averaging fifty independent simula-
tion results on computer generated random data.

VII. CONCLUSIONS

Convergence analysis of the LMS adaptive algorithm with
uncorrelated Gaussian data is presented. Necessary and suffi-
cient conditions under which the weight vector converges to
the optimal (Wiener) solution within a finite variance are estab-
lished. These conditions are then translated into bounds on
the adaptation coefficient u. These bounds are found to be
significantly smaller than those required for the weight vector
mean to converge. Exact analytical expressions for the steady-
state mse and the performance degradation due to weight vec-
tor misadjustment are derived. . :

A new measure for the rate of convergence of the algorithm
(for comparison purposes mainly) is suggested. This measure
is then used to demonstrate the tradeoff between steady-state
mse and convergence rate. The existence of an optimal u which
maximizes the rate of convergence is also demonstrated.

The LMS scheine is compared with a more “conservative”
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algorithm proposed by Griffiths [4]. The LMS turns out to be
superior when the correlation between the received data and
the desired (training) signal is high and inferior when the degree
of correlation is low.

APPENDIX A

Using the notation defined by (10) through (13), (9) can be
rewritten in the form '

Vk+1)=( - 2uX°k) X°T (k) V(k) + 2ue,(k)  (AD)
where |

X°(k)=UX(k),r° =Ur,W° =UW?*=A"r° (A2)
and

e (k) =% - X°(k) X°T () W | (A3)
Note that

E{e,(k)} =r° - AN'r° =0. (A4).

Following the same considerations leading to (14) (see [3]
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for details), one finds
Gtk + 1) = C(k) - 2u[AC(K) + C(k) A
+4p2 2AGH) A+t [AGGO) A}
+ 412 {ror°7 + rPTA PO A + 1M (k)T A

+ AM(K)r°T + 2M7 (k) r°A}. (AS)
From (AS), one immediately obtains
Gk + 1) = Fo (k) + 41 g (k) (A6)

where (k) consists of the diagonal components of C(k) and
g(k) is the vector whose ith component is given by

&)= (9Y + Z o7 )2/>\

=1

: - n —
+ 2)\i[r§’M;(k) + 3 oM (k)].
j=1

(A7)

APPENDIX B

Let puy Sp, <-- -<p,_,'be't'he solution to (31). Our ob-

jective is to set a lower bound on ;. To do that let us rewrite

229
(31)in the form
n 1 H-1 1 n-2
RO R
u i K
n 1 1 .
(3D o
\e
where by direct comparisdn with (31) one observes that
n . nn
a1 =33 N, =423 NN (B2)
j=1 i+]

In this setting 1/;11 is the largest root of (B1). A theorem
developed in [5] asserts that 1/u, can be closely bounded
from above by

< '1" [Sz +/ (- 1) (ns; - $2) ] (B3)
Hy M
where
no1
= (B4)
B Zi Hj
and
2 n o1 nn_ i 1
> (u,) [23 7] R (5)

By comparmg the first and second versions of (Bl) one im-
mediately obtains

. 1 )Ip Dt (B6)
—=a, 2T T B
]Z;:l My it Mi My
It follows that
n
s1=a; =3 N (B7)
j=1
8, =a3 - 2a,
n % nn _
j=1 i+

~ Substituting (B7) and (B8) into (B3) one immediately ob-
tains (32).
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Root Properties and Convergence Rates of
Median Filters

J. PATRICK FITCH, EDWARD J. COYLE, MEMBER, IEEE, AND NEAL C. GALLAGHER, JR., MEMBER, IEEE

Abstract—-Median filters are a special class of ranked order filters used
for smoothing signals. Repeated application of the filter on a quantized
signal of finite length ultimately results in a sequence, termed a root sig-
nal, which is invariant to additional passes of the median filter. In this
paper, the theory is developed both for determining the cardinality of
the root signal space of arbitrary window width filters applied to signals
with any number of quantization levels and for counting or estimating
the number of passes required to produce a root for binary signals.

I. INTRODUCTION

median filter maps a class of input signals into an asso-

ciated set of root sequences. Each of these root signals
is, by definition, invariant to additional filter passes and is the
result of repeated filter passes on one or more of the input sig-
nals. One effective use of median filters has been the reduc-
‘tion of high-frequency and impulsive noise in digital images
without the extensive blurring and edge destruction associated
with linear filters [1]. Other applications include the smooth-
ing of noisy pitch contours in speech signals and data compres-
sion using the root signal properties combined with a block
truncation coding (BTC) technique [2], [3]. In practice, pro-
cessing and delay times, possible coding schemes, and output
signal space characteristics can all be influenced by both the
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Engineering, Purdue University, West Lafayette, IN 47907.

number of roots and the number of filter passes necessary to
reach a root. ‘ '

The implementation of a median filter requires a simple non-
linear digital operation. To begin, take a sampled signal of
length L; across this signal, slide a window that spans 2N + 1
points. The filter output at each window position is given the
same position as the sample point at the center of the window
and is set equal to the median value of the 2NV + 1 signal sam-
ples in the window. Start-up and end effects are accounted for
by appending N samples to both the beginning and the end of
the sequence. The front appended samples are given the value
of the first signal sample; similarly, the rear appended samples
receive the value of the last sample of the signal. In Fig. 1 we
present an example where median filters of window widths
three, five, and seven are applied to the same binary sequence.
Note that appended bits are denoted by crosses (x) and the
window is moved from left to right. The basic idea is to rank
the samples in the window and select the median value as the
fitter output. '

Gallagher and Wise [4] obtained some theoretical results re-
lating signal length to the maximum number of filter passes re-
quired to reach a root. Because our current work extends
these results, several of the definitions and theorems are worth
listing here. . '

1) A constant neighborhood is at least N+ 1 consecutive
identically valued points. C

2) An edge is a monotonic region between two constant
neighborhoods of different value. The connecting nionotonic
region cannot contain any constant neighborhood.

3) A root signal is a sequence which is invariant to the me-
dian filter. '

0096-3518/85/0200-0230$01.00 © 1985 IEEE



