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Figure 1: Left: Image captured usingour codedaperture. Center: Top, closeupof captured image. Bottom,closeupof recovered sharp
image. Right: Recovereddepthmapwith color indicatingdepthfromcamera (cm)(in this thiscase, withoutuserintervention).

Abstract

A conventionalcameracapturesblurredversionsof sceneinforma-
tion away from theplaneof focus.Camerasystemshave beenpro-
posedthat allow for recordingall-focus images,or for extracting
depth,but to recordbothsimultaneouslyhasrequiredmoreexten-
sive hardwareandreducedspatialresolution.We proposea simple
modi�cation to a conventionalcamerathatallows for thesimulta-
neousrecovery of both (a) high resolutionimageinformationand
(b) depthinformationadequatefor semi-automaticextractionof a
layereddepthrepresentationof theimage.

Our modi�cation is to inserta patternedoccluderwithin theaper-
tureof thecameralens,creatinga codedaperture.We introducea
criterionfor depthdiscriminabilitywhichweuseto designthepre-
ferredaperturepattern.Usingastatisticalmodelof images,wecan
recover both depthinformationand an all-focus imagefrom sin-
gle photographstaken with the modi�ed camera.A layereddepth
mapis thenextracted,requiringuser-drawn strokesto clarify layer
assignmentsin somecases.Theresultingsharpimageandlayered
depthmapcanbecombinedfor variousphotographicapplications,
includingautomaticscenesegmentation,post-exposurerefocusing,
or re-renderingof thescenefrom analternateviewpoint.

Keywords: ComputationalPhotography, CodedImaging,Depth
of �eld, Rangeestimation,Imagestatistics,Deblurring

1 Intr oduction

Traditionalphotography capturesonly a 2-dimensionalprojection
of our 3-dimensionalworld. Most modi�cations to recover depth
requiremultipleimagesor activemethodswith extraapparatussuch
as light emitters. In this work, with only minimal changefrom a
conventionalcamerasystem,we seekto retrieve coarsedepthin-
formationtogetherwith a normalhigh resolutionRGB image.Our
solutionusesa single imagecapture,anda small modi�cation to
a traditionallens– a simplepieceof cardboardsuf�ces – together
with occasionaluserassistance.This systemallows photographers
to captureimagesthe sameway they always have, but provides
coarsedepthinformationasabonus,allowing refocusing(or anex-
tendeddepthof �eld) anddepth-basedimageediting.

Our approachis anexampleof computationalphotographywhere
an optical elementalters the incident light array so that the im-
agecapturedby the sensoris not the �nal desiredimagebut is
codedto facilitatetheextractionof information.Moreprecisely, we
build on ideasfrom codedapertureimaging[FenimoreandCannon
1978] and wavefront coding [Cathey and Dowski 1995; Dowski
andCathey 1994] andmodify the defocusproducedby a lens to
enableboththeextractionof depthinformationandtheretrieval of
astandardimage.Ourcontributioncontrastswith otherapproaches
in this regard - they recover eitherthe imageor the depthbut not
bothfrom a singleimage.Theprincipleof our approachis to con-
trol theeffect of defocusso thatwe canbothestimatetheamount
of defocuseasily– andhenceinfer distanceinformation– while at
thesametime makingit possibleto compensatefor at leastpartof
thedefocusto createartifact-freeimages.

Principle To understandhow wecancontrolandexploit defocus,
considerFigure2 which illustratesasimpli�ed thin lensmodelthat
mapslight raysfrom thesceneonto thesensor. Whenanobjectis
placedat thefocusdistanceD, all theraysfrom apoint in thescene
will converge to a single sensorpoint and the output imagewill
appearsharp.Raysfrom anobjectat a distanceDk, away from the
focusdistance,landonmultiplesensorpointsresultingin ablurred
image.Thepatternof thisblur is givenby theaperturecrosssection
of thelensandis oftencalleda circle of confusion.Theamountof
defocus,characterizedby theblur radius,dependson thedistance
of theobjectfrom thefocusplane.
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Figure 2: A 2D thin lensmodel.At theplaneof focus,a distance
D fromthelens,light rays(shownin green)emanatingfroma point
are focusedto a pointon thecamera sensor. Raysfroma pointat a
distanceDk (shownin red)no longer mapto a pointbut ratherto a
region of thesensor, knownasthecircle of confusion.Thepattern
within thiscircle is determinedby theapertureshape.

For a simpleplanarobjectat distanceDk, the imagingprocesscan
bemodeledasaconvolution:

y = fk � x (1)

wherey is the observed image,x is the true sharpimageandthe
blur �lter fk is a scaledversionof the apertureshape(potentially
convolvedwith thediffractionpattern).Figure3(a)shows thepat-
tern of blur from a conventional lens, the pentagonaldisk shape
being formedby the intersectingdiaphragmblades. The defocus
from suchaperturedoesprovide depthcues,e.g. [Pentland1987],
but they arechallengingto exploit becauseit is dif�cult to precisely
estimatetheamountof blur andit requiresmultiple images.

In this paperwe explore what happensif patternsaredeliberately
introducedinto theaperture,asillustratedin Figure3(b). As before,
thecapturedimagewill still beblurredasa functionof depthwith
theblur beinga scaledversionof theapertureshape,but theaper-
ture�lter canbedesignedto discriminatebetweendifferentdepths.

Revisiting the imageformationEqn.1 andassumingthe aperture
shapeis known and�x ed,only a singleunknown parameterrelates
theblurredimagey to its sharpversionx – thescaleof theblur �l-
ter. However in realscenesthedepthis rarelyconstantthroughout.
Insteadthescaleof theblur in theimagey, while locally constant,
will vary over its extent. So the challengeis to recover not just a
singleblur scalebut a mapof it over theimage.If this canbereli-
ably recoveredit would have greatpracticalutility. First, thedepth
of thescenecanbedirectly computed.Second,we candecodethe
capturedimagey. That is, invert fk andso recover a fully sharp
imagex. Henceourapproachpromisestherecoveryof bothadepth
mapandasharpimagefrom thesingleblurry imagey. In thispaper
we explore how the scalemapof the blur may be recoveredfrom
the capturedimagey, designingaperture�lters which arehighly
sensitive to depthvariations.

Theabove discussiononly takesinto accountgeometricoptics. A
morecomprehensive treatmentmust includewave effects,and in
particulardiffraction. Thediffractioncausedby anapertureis the
Fourier power spectrumof its crosssection. This meansthat the
defocusblurring kernel is the convolution of the scaledaperture
shapewith its own power spectrum.For objectsin focus,diffrac-
tion dominates,but for defocusedareas,the shapeof the aperture
is mostimportant. Thus,the analysisof defocususuallyrelieson
geometricoptics.While our theoreticalderivationis basedon geo-
metricoptics,in practicewe accountfor diffractionby calibrating
theblur kernelfrom realdata.

1.1 Related work
Depthestimationusingopticalmethodsis anactiveareaof research
whichcanbedividedinto two mainapproaches:activeandpassive.

(a)Conventional (b) Coded

Figure 3: Left : Top, a standard Canon50mmf =1:8 lenswith the
aperture partially closed. Bottom,the resultingblur pattern. The
intersectingaperture bladesgive the pentagonal shape, while the
small ripples are dueto diffraction. Right: Top, the samemodel
of lensbut with our �lter insertedinto the aperture. Bottom,the
resultingblur pattern, which allows recovery of both image and
depth.

Active methodsincludelaserscanning[Axelsson1999]andstruc-
tured light methods[Nayar et al. 1995; Zhangand Nayar 2006].
While theseapproachescanproducehigh quality depthestimates,
they involve additionalillumination sources. In contrast,passive
approachesaim to capturethe world without suchadditional in-
tervention,the 3D informationbeingrecoveredby the analysisof
changesin viewpointor focus.

Multiple viewpoints may be obtainedby capturingmultiple im-
ages,as in stereo[ScharsteinandSzeliski2002]. Multiple view-
points can also be collectedin a single imageusing a plenoptic
camera[AdelsonandWang1992;Ng et al. 2005;Georgiev et al.
2006; Levoy et al. 2006] but at the price of a signi�cant loss in
the spatial resolutionof the image. The secondclassof passive
depthacquisitiontechniquesaredepthfrom focusanddepthfrom
defocustechniques[Pentland1987;Grossmann1987;Hasinoff and
Kutulakos 2006; Favaro et al. 2003; Chaudhuriand Rajagopalan
1999],which involve capturingmultiple imagesof theworld from
a singleviewpoint usingmultiple focussettings.Depthis inferred
from theanalysisof changesin defocus.Someapproachesto depth
from defocusalsomake usageof optical masksto improve depth
discrimination[Hiura andMatsuyama1998;Farid andSimoncelli
1998; Greengard et al. 2006], althoughtheseapproachesstill re-
quiremultiple images.Many of thesedepthfrom defocusmethods
have only beentestedon highly textured images,unlike the con-
ventionalreal photographsconsideredin this paper. Additionally,
many of thesemethodshavedif�culty in accuratelylocatingocclu-
sionboundaries.

While depthacquisitiontechniquesutilizing multiple imagescan
potentiallyproducebetterdepthestimatesthanour approach,they



are complicatedby the needto capturemultiple images,making
them impractical in most personalphotography settings. In this
work our goal is to infer depthandan imagefrom a singleshot,
without additional user requirementsand without loss of image
quality. Therehave beensomeprevious attemptsto useoptical
masksto recover depthfrom a singleimage,but noneof theseap-
proachesdemonstratedthereconstructionof ahighqualityimageas
well. Dowski andCathey [1994] usea phaseplatedesignedto be
highly sensitive to depthvariationsbut theimagecannotberecov-
ered. Otherapproacheslike [Lai et al. 1992] demonstrateresults
only onsyntheticbarimages,and [JonesandLamb1993]presents
only 1D plotsof imagerows.

Thegoalof themethodsdescribedabove is to producea depthim-
age.Anotherapproach,relatedto theothergoalof oursystem,is to
createanall-focusimage,independentof depth.Wavefrontcoding
[Cathey andDowski 1995],deliberatelydefocusesthelight raysus-
ing phaseplatessothatthedefocusis thesameatall depths,which
thenallows a singledeconvolution to outputan imagewith large
depthof focus,but without allowing thesimultaneousestimatesof
depth.

Codedaperturemethodshave beenemployed previously, notably
in astronomyandmedicalimagingfor X or gammaraysasa way
of collectingmorelight, becausetraditionallensescannotbeused
at thesewavelengths.In mostof thesecases,all incominglight rays
areparallelandhenceblur scaleestimationis not an issue,asthe
blur obtainedis uniform over the image. Theseincludegeneral-
izationsof thepinholecameracalledcodedapertureimaging[Fen-
imore andCannon1978]. Similarly, Raskaret al [2006] applied
codedexposurein thetemporaldomainfor motiondeblurring.

Our methodexploits a statisticalcharacterizationof imagesto �nd
thecombinationof depth-dependentblur andunblurredimagethat
bestexplainstheobservedimage.Thisis closelyrelatedto theblind
deconvolutionproblem[KundurandHatzinakos1996].Despitere-
centprogressin blind deconvolution usingmachinelearningtech-
niques,theproblemis still highly challenging.Recentapproaches
assumetheentireimageis blurreduniformly [Ferguset al. 2006].
In [Levin 2006] the uniform blur assumptionwas somewhat re-
laxed,but restrictingthediscussionto asmallfamily of 1D blurs.

1.2 Overview

Thestructureof thepaperis asfollows: Section2 explainsthede-
sign processfor the coded�lter andstrategies for identifying the
correctblur scale.In Section3 we detail how theobserved image
may be deblurredto give a sharpimage. Section4 thenexplains
how a depthmapfor the imagecanbe recovered. We presentour
experimentalresultsin Section5, showing acalibratedlenscaptur-
ing realscenes.Finally, we discussthelimitationsof our approach
andpossibleextensions.

Throughoutthe paperwe will uselower casesymbolsto denote
spatialdomainsignalswith uppercasecorrespondingto their fre-
quency domainrepresentations.Also, for a �lter f , we de�ne C f
to bethecorrespondingconvolutionmatrix (i.e.Cf x � f � x). Simi-
larly, CF will denoteaconvolution in thefrequency domain(in this
case,adiagonalmatrix).

2 Aper ture Filter Design
Thetwo key requirementsfor anaperture�lter are:(i) it is possible
to reliably discriminatebetweentheblursthatresultfrom different
scalingsof the�lter and(ii) the�lter canbeeasilyinvertedsothat
thesharpimagemayberecovered.Giventhehugespaceof possible
�lters, selectingthe optimal �lter underthesetwo criteria is not
a straightforward task. Before formally presentingour statistical

approach,it will beusefulto considerasimpleexampleto build an
intuition abouttheproblem.
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Figure 4: A simple1D exampleillustrating how the structure of
zeros in the frequencydomainshiftsasa toy �lter is scaledin the
spatialdomain.

Figure4 shows a 1D coded�lter at 3 differentscales,alongwith
the correspondingFourier transforms.The ideais to considerthe
structureof frequenciesat which theFouriertransformof the�lter
is zero [PremaratneandKo 1999]. For example,the �lter f1 (at
scale1) hasazeroatw1. Thismeansthatif theimagey wasindeed
blurredby f1 thenY(w1) = 0. Hencethezerosfrequenciesin the
observedimagecanrevealthescaleof the�lter andhenceits depth.

Thisargumentcanalsobemadein thespatialdomain.If Y(w1) = 0
it meansthaty canno longerbeanarbitraryN dimensionalvector
(N beingthenumberof imagepixels)astherearelinearconstraints
it mustsatisfy. As the �lter is scaled,the locationof thezerofre-
quenciesshifts(e.g.moving from scale1 to 2, the�rst zeromoves
from w1 to w2, seeFigure4). Henceeachdifferentscalede�nes
a different linear subspaceof possibleblurry images. Given an
N dimensionalinput image,identifying the scaleby which it was
blurred(andthusidentifying theobjectdepth)reducesto identify-
ing thesubspacein which it lies.

While in theory identifying the zero frequenciesor equivalently
�nding thecorrectsubspacesoundsstraightforward,in practicethe
situation is more complex. First, noise in the imaging process
meansthat no frequency will be exactly zeroed(thusthe imagey
will not exactly lie on any subspace).Second,zerofrequenciesin
theobservedimagey mayjust resultfrom azerofrequency content
in the original imagesignalx. This point is especiallyimportant
sincein orderto accountfor depthvariations,onewould like to be
ableto makedecisionsbasedonsmalllocal imagewindows. These
issuessuggestthatsomeaperture�lters arebetterthanothers.For
example,�lters with zerosat low frequenciesarelikely to bemore
robust to noisethanthosewith zerosat high frequencies,sincea
typical imagehasmostof its energy at low frequencies.Also, if w1
is a zerofrequency of f1, we want the �lter at otherscalesf2; f3
etc. to have signi�cant frequency contentat w1, so thatwe do not
confusethefrequency responses.

Note thatwhile a distinctpatternof zerosat eachscalemakesthe
depthidenti�cation easy, it makesinvertingthe�lter hardsincethe
deblurringprocedurewill be very sensitive to noiseat thesefre-
quencies.To be ableto retrieve depthinformationwe mustsacri-
�ce someof theimagecontent.However, if only a modestnumber
of frequenciesis sacri�ced, the usageof imagepriors canreduce
thenoisesensitivity makingit possibleto reliablydeblurkernelsof
moderatesize(� 15 pixels). In this work, we mainly concentrate
on optimizingthedepthdiscriminationof the�lter . This is theop-
positefocusof previouswork suchas[Raskaretal.2006]wherethe
coded�lters weredesignedto haveavery�at spectrum,eliminating
zerosto make thedeblurringaseasyaspossible.

To guidethedesignof theaperture�lter , we introducea statistical



modelof realworld images.Usingthis modelwe cancomputethe
statisticsof imagesblurredby a speci�c �lter kernel. The model
leadsto a principledcriterionfor measuringthescaleselectivity of
a �lter whichweuseaspartof arandomsearchoverpossible�lters
to pick agoodone.

2.1 Statistical Model of Images

Realworld imageshave statisticsquitedifferentfrom randomma-
tricesof whitenoise.Onewell known statisticalpropertyof images
is that they have a sparsederivative distribution [Olshausenand
Field 1996]. We imposethis constraintduring imagereconstruc-
tion. However, in the �lter designstage,to make our optimization
tractablewe assumethatthedistribution is Gaussianinsteadof the
conventionalheavy-tailed density. That is, our prior assumesthe
derivativesin theunobservedsharpimagex follow a Gaussiandis-
tributionwith zeromean.

P(x) µ Õ
i; j

e� 1
2 a ((x(i; j)� x(i+ 1; j))2+( x(i; j)� x(i; j+ 1))2) = N(0;Y) (2)

wherei; j arethepixel indices.Y � 1 = a (CT
gx

Cgx + CT
gy

Cgy), where
Cgx;Cgy aretheconvolutionmatricescorrespondingto thederivative
�lters gx = [1 -1] andgy = [1 -1]T . Finally, thescalara is setso
thevarianceof thedistribution matchesthevarianceof derivatives
in natural images(a = 250 in our implementation).This image
prior impliesthatthesignalx is smoothandits derivativesareoften
closeto zero. The above prior can also be expressedin the fre-
quency domainand,sincederivativesareconvolutions,theprior is
diagonalin thefrequency domain(if boundaryeffectsareignored):

P(X) µ e� 1
2 a XT Ȳ � 1X whereȲ � 1 = a diag(jGx(n;w)j2+ jGy(n;w)j2)

(3)
wheren;w arecoordinatesin thefrequency domain.We observe a
noisyblurredimagewhich,assumingconstantscenedepth,is mod-
eledasy = fk � x+ n. Thenoisein neighboringpixels is assumed
to beindependent,following aGaussianmodeln � N(0;h 2I ) (h =
0:005 in our implementation).We denotePk(y) asthedistribution
of observedsignalsundera blur fk (that is, thedistribution of im-
agescomingfrom objectsat depthDk). Theblur fk linearly trans-
formsthedistribution of sharpimagesfrom Eqn.2, sothatPk(y) is
alsoa Gaussian1: Pk(y) � N(0;Sk). Thecovariancematrix Sk is a
transformedversionof theprior covariance,plusnoise.

Sk = CfkYCT
fk + h 2I Fourier� !

transform
S̄k = CFkȲCT

Fk
+ h 2I (4)

wheretransforminginto thefrequency domainmakestheprior di-
agonal2. In thediagonalversion,thedistribution of theblurry im-
agein theFourierdomainbecomes:

Pk(Y) µ exp(�
1
2

Ek(Y)) = exp(�
1
2 å

n;w
jY(n;w)j2=s (n;w)) (5)

wheres (n;w) arethediagonalentriesof S̄k:

s (n;w) = jFk(n;w)j2(a jGx(n;w)j2 + a jGy(n;w)j2)� 1 + h 2 (6)

Eqn.6 representsa soft versionof the zerofrequenciestestmen-
tionedabove. If the �lter fk hasa zeroat frequency (n;w) then
s (n;w) = h 2, typicallyaverysmallnumber. Thus,if thefrequency
contentof theobservedsignalY(n;w) is signi�cantly biggerthan0,
theprobabilityof Y comingfrom thedistributionPk is very low. In
otherwords,if we�nd frequency contentwherethe�lter hasazero,
it is unlikely thatwehavethecorrectscaleof blur. Wealsonotethat
thecovarianceat eachfrequency dependsnot only on F(n;w) but
alsoonourprior distribution,thusgiving asmallerweightto higher
frequencieswhicharelesscommonin naturalimages.1If X;Y arerandomvariablesandA alineartransformationwith X Gaus-
sianandY = AX, thenCov(Y) = ACov(X)AT .

2This follows from (i) theFouriertransformof aconvolutionmatrix is a
diagonalmatrixand(ii) all thematricesmakingupSk areeitherdiagonalor
convolutionmatrices.
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Figure 5: A theoretical andpractical comparisonof conventional
andcodedaperturesusingthecriterion of Eqn.8. On theleft side
of the graph we plot the theoretical performance(KL distance–
larger is better)for a conventionalaperture (red),randomsymmet-
ric coded�lter s (greenerror bar) and randomasymmetriccoded
�lter s (blue error bar). On the right side of the graph we show
the performanceof the actual �lter s obtainedin calibration, both
of a conventionallensanda codedlens(seeFigure 9). While the
performanceof theactual �lter s is lower than the theoretical pre-
diction (probablydueto high frequenciesbeinglost in theimaging
process),thecoded�lter still performsbetterthantheconventional
aperture.

2.2 Filter Selection Criterion

The proposedmodelgives the likelihoodof a blurry input image
y for a �lter f at a scalek. We now show how this may be used
to measuretherobustnessof a particularaperture�lter at identify-
ing thetrueblur scale.Intuitively, if theblurry imagedistributions
Pk1(y) andPk2(y) at depthsk1 andk2 aresimilar it will behardto
tell the depthsapart. A classicalmeasureof the distancebetween
distributionsis theKullback–Leibler(KL) divergence:

DKL(Pk1(y);Pk2(y)) =
Z

y
Pk1(y)( logPk1(y) � logPk2(y)) dy (7)

A �lter thatmaximizesthisdistancewill haveatypicalblurry image
at depthk1 with a high likelihood undermodel Pk1(y) but a low
likelihoodunderthemodelPk2(y) for depthk2. Usingthefrequency
domainrepresentationof ourmodel(Eqns.5 & 6) in Eqn.7, theKL
divergencereduces(up to aconstant)to 3

DKL(Pk1;Pk2) = å
n;w

�
sk1(n;w)
sk2(n;w)

� log
�

sk1(n;w)
sk2(n;w)

��
(8)

Eqn.8 impliesthatthedistancebetweenthedistributionsof two dif-
ferentscaleswill belargewhentheratioof their expectedfrequen-
ciesis high. This ratio may be maximizedby having frequencies
n;w for which Fk2(n;w) = 0 andFk1(n;w) is large. This re�ects
the intuitions discussedearlier, that the zerosof the �lter areuse-
ful for discriminatingbetweendifferentscales.For a zero in one
scaleto beparticularlydiscriminative,otherscalesshouldmaintain
signi�cant signalcontentin thesamefrequency. Also, thefactthat
sk(n;w) weightsthe �lter frequency contentby the imageprior
(seeEqn.6), indicatesthat zerosaremorediscriminative in lower
frequencies,in which theoriginal imageis expectedto havesignif-
icantcontent.

2.3 Filter Search

Having introduceda principledcriterion for evaluatinga particu-
lar �lter , we addresstheproblemof searchingfor theoptimal�lter

3SincetheprobabilitiesareGaussians,their log is quadratic,andhence
theaveragedlog is thevariance.
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Figure 6: TheFourier transformsof a 1D slide throughthe blur
patternfromconventionalandcodedlensesat 3 differentscales

shape. When selectinga �lter , a numberof practicalconstraints
shouldto be taken into account. First, the �lter shouldbe binary
sincenon-binary�lters arehard to constructaccurately. Second,
we shouldbeableto cut the �lter from a singlepieceof material,
without having �oating particlesin thecenter. Third, to avoid ex-
cessive radialdistortion(asexplainedin section5), we avoid using
the full aperture.Finally, diffraction imposesa minimum sizeon
theholesin the�lter .

Balancingtheseconsiderations,we con�ned our searchto binary
13� 13 patternswith 1mm2 holes. We randomlysampleda large
numberof 13� 13patterns.Foreachpattern,8differentscaleswere
considered,varyingbetween5 and15pixelsin width. Therandom
patternwasscoredaccordingto the minimum KL-divergencebe-
tweenthedistributionsof any two scales.

Figure 5 plots KL-divergencescoresfor the randomlygenerated
�lters, distinguishingbetweentwo classesof patterns– symmet-
ric andasymmetric.Our observation wasthat symmetricpatterns
producehigherKL-divergencescorescomparedto asymmetricpat-
terns. Examiningthe frequency structureof asymmetric�lters we
observed that such�lters have few zerofrequencies.By contrast,
symmetric�lters tendto producearicherzerosstructure.Thesym-
metricpatternwith thebestscoreis shown in Figure3(b). For com-
parisonwealsoplottedtheKL-divergencescorefor aconventional
aperture.Also plottedin Figure5 aretheKL scoresfor actual�lters
obtainedby calibratinga codedaperturelens and a conventional
lens.

In Figure6 weplot a1D slicesof theFouriertransformof boththe
bestperformingpatternanda conventionalapertureat threediffer-
ent scales.In the caseof the codedpatterneachscalehasa quite
differentfrequency response,in particulartheir zerosoccurat dis-
tinct frequencies.On theotherhand,for theconventionalaperture
thezerosin differentscalesoverlapheavily, makingit hardto dis-
tinguishbetweenthem.

3 Deblurring
Having identi�ed the correctblur scaleof an observed imagey,
thenext objective is to remove theblur, reconstructingtheoriginal
sharpimagex. This taskis known asdeblurringor deconvolution.
Underourprobabilisticmodel

Pk(xjy) µ exp(� (
1

h 2 jCfkx� yj2 + a jCgxxj2 + a jCgyxj2)) (9)

Thedeblurringproblemcanthusbeposedas�nding themaximum
likelihoodexplanationfor y, x� = argmaxPk(xjy). For a Gaussian
distribution, this reducesto a leastsquaresoptimizationproblem

x� = argmin
1

h 2 jCfkx� yj2 + a jCgxxj2 + a jCgyxj2 (10)

By minimizing Eqn. 10 we searchfor the x minimizing the re-
constructionerror jCfkx � yj2, with the prior preferringx to be as
smoothaspossible.

WenotethattheoptimalsolutiontoEqn.10canbefoundbysolving
asparsesetof linearequations:Ax= b for

A =
1

h 2CT
fkCfk + aCT

gx
Cgx + aCT

gy
Cgy b =

1
h 2CT

fky (11)

Eqn. 11 canbe solved in the frequency domainin a few seconds
for megapixel sized image. While this approachdoesproduce
wrap-aroundartifactsalong the imageboundaries,theseareusu-
ally unimportantin largeimages.

Deblurringwith aGaussianprior onimagederivativesis simpleand
ef�cient, but tendsto over-smooththe result. To producesharper
decodedimages,a strongernaturalimageprior is required,anda
sparsederivativesprior wasused.Thus,to solve for x weminimize

jCfkx� yj + å
i j

r (x(i; j) � x(i + 1; j)) + r (x(i; j) � x(i; j + 1)) (12)

wherer is a heavy-tailed function, in our implementationr (z) =
jzj0:8. While a Gaussianprior prefers to distribute derivatives
equallyover the image,a sparseprior opts to concentratederiva-
tivesatasmallnumberof pixels,leaving themajorityof imagepix-
elsconstant.This producessharperedges,reducesnoiseandhelps
to removeunwantedimageartifactssuchasringing. Thedrawback
of a sparseprior is that the optimizationproblemis no longer a
simpleleastsquaresone,andcannotbeminimizedin closedform
(in fact, the optimizationis no longerconvex). To optimize this,
weuseaniterativereweightedleastsquaresprocesse.g.[Levin and
WeissTo appear]which posesthe optimizationas a sequenceof
leastsquaresproblemswhile the weight of eachderivative is up-
datedbasedon the previous iterationsolution. The re-weighting
meansthat Eqn.11 cannotbe solved in the frequency domain,so
we are forced to work in the spatialdomainusing the Conjugate
Gradientalgorithme.g.[Barrettetal.1994].Thebottleneckin each
iterationof thisalgorithmis themultiplicationof eachresidualvec-
tor by the matrix A. Luckily the form of A (Eqn.11) enablesthis
to be performedef�ciently asa concatenationof convolution op-
erations. However, this procedurestill takes around1 hour on a
2:4GhzCPUfor a 2 megapixel image.Our sparsedeblurringcode
is availableon theprojectwebpage:http://groups.csail.
mit.edu/graphics/CodedAperture .

Figure7 demonstratesthe differencebetweenthe reconstructions
obtainedwith aGaussianprior andasparseprior. While thesparse
prior producesasharperimage,bothapproachesproducebetterre-
sultsthantheclassicalRichardson-Lucy deconvolutionscheme.

3.1 Blur Scale Identi�cation

Theprobabilitymodelintroducedin Section2.1allowsusto detect
thecorrectblur scalewithin anobservedimagewindow y. Thecor-
rect scaleshould,in theory, be given by the modelsuggestingthe
most likely explanation:k� = argmaxk Pk(y). However, a variety
of practicalissuessuchasthehigh-frequency noisein the�lter es-
timatesmeanthatthisprovedto beunreliable.A morerobustalter-
nativeis to usetheunnormalizedenergy termEk(y) = yTS� 1

k y from
the model,in conjunctionwith a setof weightingsfor eachscale:
k� = argmink l kEk(y). Theweightsl k werelearntto minimizethe
scalemisclassi�cationerror on a set of training imageshaving a
known depthpro�le. SinceevaluatingyTS� 1y is very slow, we ap-
proximatetheenergy termby thereconstructionerrorachievedby
theML solution:

yTS� 1
k y �

1
h 2 jCfkx

� � yj2 (13)

wherex� is thedeblurredimage,obtainedby solvingEqn.11.

4 Handling Depth Variations

If the capturedimagewere �lled by a planarobjectat a constant
distancefrom the camera,the blur kernelwould be uniform over



(a)Capturedimage (b) Richardson-Lucy

(c) Gaussianprior (d) Sparsityprior

Figure 7: Comparisonof deblurringalgorithmsappliedto an im-
age capturedusingour codedaperture. Notethe ringing artifacts
in theRichardson-Lucyoutput.Thesparsityprior outputshowsless
noisethantheothertwoapproaches.

the image. In this case,recovering thesharpimagewould involve
theestimationof a singleblur scalefor theentireimage.However,
interestingrealworld scenesincludedepthvariationsandsoasepa-
rateblur scaleshouldbeinferredfor every imagepixel. A practical
compromiseis to usesmall local windows,within which thedepth
is assumedto beconstant.However, if thewindows aresmall the
depthclassi�cationmay be unreliable,particularlywhenthe win-
dow containslittle texture. This issueis commonto mostpassive
illuminationdepthreconstructionalgorithms.

Westartby deblurringtheentireimagewith eachof thescaledker-
nels(accordingto Eqn.10), providing K possibledecodedimages
x1; ::;xK . For eachscale,the reconstructionerror ek = y� fk � xk
is computed.A decodedimagexk will usuallyprovide a smooth
plausiblereconstructionfor partsof the imagewherek is the true
scale.Thereconstructionin otherareas,whosedepthsdiffer from
k, will containseriousringing artifactssincethoseareascannotbe
plausiblyexplainedby thekth scale(seeFigures11& 12for exam-
plesof suchartifacts).Theseartifactsensurethatthereconstruction
errorfor suchareaswill behigh. UsingEqn.13wecomputealocal
approximationfor the energy Ek(y(i)) aroundthe ith imagepixel,
by averagingthereconstructionerroroverasmall localwindow:

Êk(y(i)) � å
j2Wi

ek( j)2 (14)

The local energy estimateis thenusedto locally selectthe depth
d(i) in theith pixel

d(i) = argmink l kÊk(y(i)) (15)

A local depthmap is shown in Figure8(b). While this local ap-
proachcapturesa surprisingamountof information, it is quite
noisy, especiallyfor uniform texture-lessregions. In orderto pro-
ducea visually plausibledeconvolved image,the local depthmap
is often suf�cient, sincethe texture-lessregionswill not produce
ringingwhendeconvolvedwith thewrongscaleof �lter . Hencewe
canproducea high quality sharpimageby picking eachpixel in-
dependentlyfrom thelayerwith smallestreconstructionerror. That
is, weconstructthedeblurredimageasx(i) = xd(i) (i), usingthelo-
cal depthestimatesd(i) de�ned in Eqn.15. Examplesof deblurred
imagesareshown in Figure10.

However, to producea depthestimatewhich could be useful for
taskslike objectextractionandscenere-rendering,the depthmap

hasto besmoothed.We seeka regularizeddepthlabelingd̄ which
will be close to the local estimatein Eqn. 15, but will also be
smooth.Additionally, we preferthe depthdiscontinuitiesto align
with the imageedges.We formulatethis asan energy minimiza-
tion, usinga Markov random�eld over the image,in the manner
of classicstereoandimagesegmentationapproaches(e.g.[Boykov
etal. 2001])

E(d̄) = å
i

E1(d̄i) + nå
i; j

E2(d̄i ; d̄ j ) (16)

wherethelocalenergy termis setto

E1(d̄i) =
�

0 d̄i = di
1 d̄i 6= di

Thereis alsoa pairwiseenergy term betweenneighboringpixels
makingdepthdiscontinuitiescheaperwhenthey align with theim-
ageedges:

E2(d̄i ; d̄ j ) =
�

0 d̄i = d̄ j

e� (yi � y j )2=s 2
d̄i 6= d̄ j

We then searchfor the minimal energy labeling as a min-cut in
a graph. The resultingsmootheddepthmap is presentedin Fig-
ure 8(c). Occasionally, the depthlabelingmissesthe exact layer
boundariesdueto insuf�cient imagecontrast.To correctthis,auser
canapply brushstrokes to the imagewith the requireddepthas-
signment.Thestrokesaretreatedashardconstraintsin theMarkov
random�eld andresultin animproveddepthmap,asillustratedin
Figure8(d).
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(a)Capturedimage(plususerscribbles) (b) Raw depthmap
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(c) Graphcuts (d) After usercorrection

Figure8: Regularizingdepthestimation

5 Results

We �rst detailthephysicalconstructionandcalibrationof our cho-
senaperturepattern. Thenwe show a variety of real scenes,re-
coveringboth thedepthmapandfully sharpimage.As a baseline
experiment,wethencomparetheperformancesof conventionaland
codedapertures,usingthesamedeblurringanddepthestimational-
gorithms.Finally, weshow someapplicationsmadepossibleby the
additionaldepthinformationfor eachimage,suchasrefocusingand
scenere-rendering.

5.1 Calibration

Thebestperforming�lter underthecriterionof Eqn.8 wascutfrom
graycardandinsertedinto anoff-the-shelfCanon50mmf =1:8 lens
(shown in Figure3(b))mountedonaCanon20DDSLR.Tocalibrate



thelensthefocuswaslockedatD = 2mandthecamerawasmoved
backuntil Dk = 3m in 10cmincrements.At eachinterval, a planar
patternof randomcurveswascaptured.After aligningthefocused
calibrationimagewith eachof the blurry versionsthe blur kernel
was deducedin a least-squaresfashion,using a small amountof
regularizationto constrainthe high-frequencieswithin the kernel.
WhenDk is closeto D the blur is very small (< 4 pixels) making
depthdiscriminationimpossibledueto lackof structurein theblur,
althoughthe imageremainsrelatively sharp. For our setup,this
“dead-zone”extendsup to 35cmfrom thefocalplane.

Since the lens doesnot perfectly obey the thin lens model, the
kernelvariesslightly acrossthe image,the distortionbeingmore
pronouncedin the horizontalplane. Consequently, kernelswere
inferredat 7 differenthorizontallocationswithin the image. The
computedkernelsat a numberof depthsareshown in Figure9. To
enableadirectcomparisonbetweenaconventionalandcodedaper-
tures,wealsocalibratedanunmodi�ed Canon50mm f =1:8 lensin
thesamefashion.

35 cm 45 cm 55 cm 65 cm

75 cm 85 cm 95 cm 105 cm

Left - 105 cm

Right - 105 cm

Figure 9: Left: Calibratedkernelsat a varietyof depthsfromthe
focusplane. All are taken from the centerof the frame. Right:
Kernelsfrom the far left and right of the frameat 1.05mfrom the
focalplace, showingsigni�cant radial distortion.

5.2 Test Scenes

To evaluateour systemwe capturea numberof 2 megapixel im-
agesof sceneswhosedepthvariesover the samerangeusedin
calibration(between2 and 3:05m from the camera). All the re-
coveredimages,unlessotherwiseindicated,utilized a sparseprior
in deblurring.Owing to thehigh resolutionof many of theresults,
we includefull-sizedversionsin thesupplementarymaterialon the
projectwebpage.

Thetablesceneshown in Figure1 containsobjectsspreadat a va-
riety of depths.Theclose-upsshow thesuccessfulremoval of the
codedblur from the bottleson the right sideof scene.The depth
map(obtainedwithout userassistance)givesa fairly accuratere-
constructionof distancefrom thecamera.For example,thecentral
two beerbottlesareplacedonly 5� 10cmin front of theperipheral
two, yetdepthmapstill capturesthisdifference.

Figure10showstwo womensittingonasofa. Thedepthmap(pro-
ducedwithout manualstroke hints) revealsthatoneis sitting back
while the other is sitting forward. The tilted poseof the woman
on theright resultsin thedepthmapsplitting acrossherbody. The
deptherrorsin the backgroundon the left aredueto specularities
which, asidefrom beingsaturated,originatefrom a differentdis-
tanceto the restof the scene.The armsof the womanon the left
have beenmerged into the backgrounddue to lack of distinctive
high-frequency textureon them.

Notethattherecoveryof theall-focusimagedirectlyusesthelocal
depthmaps(asin Figure8(b)) without regularizationandwithout
usercorrections.Any ambiguitiesin thelocaldepthmapmeanthat
thatmorethanoneblur scalegivesaringingfreeexplanation(thisis

especiallytruefor uniformimageareas).Hencesucherrorsin depth
estimationwill not resultin visualartifacts. However, regularized
depthmapswereusedfor refocusingandnovel view synthesis.

All-focus image
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Figure 10: The recovered sharp image of a sofascenewith two
womenand associateddepthmap. Theclose-upimagesshowthe
extendeddepthof focusofferedbyour method.

5.3 Comparison with a Conventional Aper ture

To assessthe importanceof the codedaperturein our system,in
Figure12wemakeapracticalcomparisonbetweencodedandcon-
ventionalapertures.The samescenewas capturedwith conven-
tional andcodedlensesandanall-focusimagerecoveredusingthe
appropriatesetof �lters obtainedin calibration.Thecodedaperture
result is mostly sharpwhereasthe conventionallensresultshows
signi�cant artifactsin the foregroundwherethe depthestimateis
drasticallywrong.

Wealsoperformedaquantitativecomparisonbetweenthetwo aper-
ture typesusingimagesof planarscenesof known depth,giving a
evaluationof the robustnessof our entiresystem.Whenconsider-
ing local evidencealone,the codedapertureaccuratelyclassi�ed
thedepthin 80%of theimageswhile theconventionalapertureac-
curatelyclassi�ed the depthonly 40% of the time. Theseresults



largerscale correctscale smallerscale

Figure 11: Deblurring with varyingblur scale. Top: codedaper-
ture, Bottom:conventionalaperture.

validatethe theoreticalpredictionfrom Figure 5 and justi�es the
useof acodedapertureoveranunmodi�ed lens.

To further illustratethe difference,Figure11 presentsimagewin-
dows capturedusingconventionalandcodedlenses. Thosewin-
dows weredeblurredwith the correctblur scale,too large a scale
andtoo smalla scale.With a codedlensshifting thescalein both
directionsgeneratesringing, however with a conventionalkernel
ringingoccursonly in onedirection.It shouldbenotedthatringing
indicatesthat theobservedimagecannot bewell explainedby the
proposedkernel. Thuswith a conventionallensa smallerscaleis
alsoa legal explanation,leaving a larger uncertaintyon the depth
estimation. A codedlens, on the other hand,is betterin nailing
down thecorrectscale.

5.4 Applications

In Figure 13 we show how an all-focus image can be syntheti-
cally refocusedto selectively pick out any of the individuals, in
the style of Ng et al [2005]. The depthinformation can also be
usedto translatethecameralocationpost-capturein arealisticman-
ner, shifting eachdepthplaneaccordingto its distancefrom the
camera. The new partsof the scenerevealedby the motion are
in-paintedfrom neighboringregions using Photoshop's “Healing
Brush” tool. A video demonstratingviewpoint translationaswell
as additional refocusingresultscan be found in the supplemen-
tary �le andontheprojectwebpage(http://groups.csail.
mit.edu/graphics/CodedAperture ).

6 Discussion

In this work we have shown how a simplemodi�cation of a con-
ventionallens– the insertionof a patterneddiscof cardboardinto
theaperture– permitstherecovery of bothanall-focusimageand
depthfrom a single image. The patternproducesa characteristic
distribution of imagefrequenciesthat is very sensitive to theexact
scaleof defocusblur.

Likemostclassicalstereovisionalgorithms,theapproachrelieson
thepresenceof a suf�cient amountof texture in thescene.Robust
segmentationof depthlayersrequiresdistinctive color boundaries
betweenocclusionedges.In the absenceof those,userassistance
mayberequired.

While the ability to refocuspost-exposuremay lessenthe needto
vary the aperturesizeto control the depthof �eld, differentaper-
tureareascouldbeobtainedusinga �x edsetof differentaperture
patterns.The insertionof the �lter into the lensalsoreducesthe
amountof light that reachesthe sensor. For the �lter usedin our
experiments,around50% of the light is blocked (i.e. onestopof
exposure).We arguethat this is anacceptableloss,giventheextra
depthinformationthatis obtainable.

Codedaperture

Conventionalaperture

Figure 12: Showingtheneedfor a codedaperture. Recoveredim-
agesusingourcodedapertureandtheresultof thesamecalibration
andprocessingstepsappliedto a conventionalapertureimage. The
unreliabledepthestimatesof theconventionalaperture image lead
to ringing artifactsin thedeblurredimage.

Our approachrequiresan exact calibrationof the blur �lter over
depthvalues. Currently, we have only calibratedour �lter for a
�x ed focussettingover a relatively narrow rangeof depthvalues
(2� 3mfrom thecamera).At extremedefocusvalues,theblur can-
not be robustly inverted. A moregeneralimplementationwill re-
quirecalibrationoverarangeof focussettings,andstoringthefocus
settingwith eachexposure(acapabilityof many existingcameras).
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