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Abstract

We consider vector valued, unit variance Gaussian processes y defined over piecewise C2

stratified manifolds M and consider the geometry of their (random) excursion sets M∩y−1D
for D a stratified subset of Euclidean space. In particular, we develop an explicit formula
for the expectation of all the Lipschitz-Killing curvatures of these sets. This formula has an
interpretation as a version of the classic kinematic fundamental formula of Integral Geome-
try, in which integration over the isometry group with respect to Haar measure is replaced
by integration over a function space with respect to an appropriate Gaussian measure.

Particularly novel is the method of proof, based on approximating the Gaussian processes
by processes on spheres, the orthonormal expansions of which have (random) coefficients on
the n-sphere. The n→∞ limit is handled via recent extensions of the classic Poincaré limit
theorem.

1 Introduction

Our problem lies somewhere between the realms of Probability Theory and Integral and Differ-
ential Geometry, although one of its primary motivations comes from Applied Statistics.

It lies in Probability Theory because the basic objects with which we shall work are Rk valued
random processes f , defined over parameter spaces M .

The geometry enters in two ways. The first is via M , which we shall take to be a Whitney
stratified manifold satisfying some side conditions. The second is that we shall primarily be
concerned with the (random) excursion sets

A(f,M,D) ∆= {t ∈ M : f(t) ∈ D}, (1.1)

where D is also a suitable Whitney stratified submanifold, this time in Rk.

Our aim is to study the global geometry of excursion sets, as measured through their Lipschitz-
Killing curvatures, Lj(A(f,M ;D)), j = 0, . . . ,dim(M). In particular, since these curvatures are
random variables, we shall be interested in computing their expectations.
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We cannot do this for all f . For a start, both M and f will both have to be smooth enough
(C2 with some side conditions will suffice) for basic Differential Geometric techniques to be
applicable. Furthermore, we shall need some distributional assumptions on f . As a first step,
we take f ≡ y = (y1, . . . , yk) : M → Rk to be a random process, the components of which are
independent, identically distributed (hereafter i.i.d.) centered Gaussian processes of constant
variance, which we take to be 1. For such a y we shall prove that

E {Li (A(y, M, D))} =
dimM−i∑

j=0

[
i + j

j

]
(2π)−j/2Li+j(M)Mγ

j (D), (1.2)

where the combinatorial flag coefficients are defined below at (6.8) and the Mγ
j , defined in

Section 9.3, are certain (Gaussian) Minkowski functionals that, to a certain extent, play the
rôle of Lipschitz-Killing curvatures in Gauss space. The Lipschitz-Killing curvatures on both
sides of (1.2) are computed with respect to a specific Riemannian metric induced on M by the
component processes yj . Note, however, that L0(A) is the Euler-Poincaré characteristic of A,
and so independent of any Riemannian structure. (cf. Theorem 5.1 for a formal statement of
(1.2).)

The general structure of (1.2) has significant implications for a class of problems out of the purely
Gaussian scenario. Taking F : Rk → R to be piecewise C2, again along with appropriate side
conditions, and defining a (now non-Gaussian) process

f(t) = F (y(t)) = F (y1(t), . . . , yk(t)), (1.3)

with y Gaussian as above, it follows immediately from (1.2) that

E {Li (Au(f,M))} =
dimM−i∑

j=0

[
i + j

j

]
(2π)−j/2Li+j(M)Mγ

j (F−1[u, +∞)), (1.4)

where, for a real valued f ,

Au(f,M) ∆= A(f,M, [u,∞)) = {t ∈ M : f(t) ≥ u}. (1.5)

Non-Gaussian processes of the form (1.3) appear naturally in a wide variety of statistical ap-
plications of smooth random fields (e.g. [2, 3, 4, 23, 27, 28, 29] with an excellent introductory
review in [30]) but in this paper we want to place a different, inherently geometric, interpretation
on the central result (1.2).

Recall the Kinematic Fundamental Formula (henceforth KFF) of Integral Geometry, which, in
its simplest form, states that for nice subsets M1 and M2 of Rn,∫

Gn

Li (M1 ∩ gnM2) dνn(gn) =
n−i∑
j=0

[
i + j

i

] [
n
j

]−1

Li+j(M1)Ln−j(M2), (1.6)
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where Gn is the isometry group of Rn with Haar measure νn normalised so that, for any x ∈ Rn

and any Borel A ⊂ Rn,
νn ({gn ∈ Gn : gnx ∈ A}) = Hn(A), (1.7)

where Hn is n-dimensional Hausdorff measure. (See [16, 22] for Mj elements of the convex ring
or similar, and [7] for more esoteric Mj in the spirit of this paper.)

Now reconsider (1.2). Taking (Ω,F , P) as the probability space on which y lives, (1.2) can be
rewritten as∫

Ω

Li

(
M ∩ (y(ω))−1D

)
dP(ω) =

dimM−i∑
j=0

[
i + j

j

]
(2π)−j/2Li+j(M)Mγ

j (D). (1.8)

Written this way, it is clear on comparing (1.6) and (1.8) that our main result can now be
interpreted as a KFF over Gaussian function space, rather than over the isometry group on
Euclidean space. We find this interpretation novel and intruiging, bridging as it does between a
probabilistic problem with a geometric answer of classic form.

The result (1.2) has a long history. Indeed, if M is the simple interval [0, 1], y is real valued
and stationary, and D = [u,∞), then (1.2) is essentially the famous Rice formula, which gives
the mean number of upcrossings of the level u by f , and dates back to 1954 [20]. Since 1954
there have been tens, if not hundreds, of papers extending the original Rice formula in many
ways, with the developments up until 1980 summarised in [1]. More recently, there was a series
of papers by Worsley (eg. [27, 28, 29, 31]) that were important precursors to the general theory
presented in this paper. However, the first precursor to (1.2), at the level of processes over
manifolds, appeared only in 2002 in [25], where we considered only the first Lipschitz-Killing
curvature L0(Au(f,M)) and then only for real valued y. In [24] one of us (JET) extended this to
vector valued y, which allowed for the derivation of the far more general, and far more beautiful,
(1.2), although in [24] the manifold M was required to have a C2 boundary and only the case of
L0 was treated. The main technical difference between these two earlier papers and the current
one, therefore, is the extension to all Lipschitz-Killing curvatures and to processes over more
general geometric structures. Far more significant, however, is the difference in the method of
proof. The proofs in the current paper are new, and far more geometric than the earlier ones.
In particular, the proof in [24] progressed primarily by evaluating both sides of (1.2) and then
showing that they were equivalent. The current proof starts on the left hand side and, eventually,
yields the right hand side. The geometric nature of the current proof also explains why the two
sides should be equal.

The proof of (1.2) is, unfortunately, not short and involves a wider collection of techniques
than one might expect given the simplicity of the problem and the conciseness of the answer.
Nevertheless, we found it rather interesting in its own right lying, as it does, somewhere between
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Probability and Geometry. In particular, we found the Gaussian Crofton formula of Theorem
11.1, which is new and seems to have no predecesor beyond the much simpler classical Crofton
formula, especially interesting, also outside of the context of the current paper.

2 A plan of action

This paper is, in essence, divided into three parts. We shall start the first, in Section 3, with
setting the geometric basis for our results, by defining what class of manifolds M we shall
be considering, and then defining the Lipschitz-Killing curvatures Lj and Gaussian Minkowski
functionals Mγ

j in Section 4. In Section 5 we shall discuss Gaussian random processes, y, on
manifolds and introduce a natural Riemannian metric g that y induces on its parameter space.
Once this is done, then at very least all the terms in (1.2) will be clearly defined, and we shall
be able to state the formal result as Theorem 5.1. A reader interested in the result but not the
proof need read no further.

The second part of the paper covers Sections 6–9, in which we prove the main result of the paper
for a specific rotationally invariant process restricted to submanifolds of the n-sphere. This is
the most interesting part of the paper, and contains not only new results but, more importantly,
a conceptually new way of looking at things.

However, even for this specific choice of process, chosen primarily for its simplicity, the computa-
tions are far from trivial and so we approach them in an indirect fashion. In particular, we shall
start by looking at non-Gaussian processes with finite expansions and with coefficients coming
from random variables distributed uniformly over high dimensional spheres. This will enable us
to take expectations using an appropriate version of the KFF on spheres. These preliminary
expectations are computed in Section 7, after we formulate the requisite KFF in Section 6.

The passage from this scenario to the Gaussian one will be via a limit theorem for projections
of uniform random variables on the n-sphere as n →∞, historically associated with the name of
Poincaré, although we shall need a slight extension of some more recent versions due to Diaconis
and Freedman [9] and their generalisations to matrices in [10]. Poincaré’s result is also given in
Section 6 and applied to our setting in Section 9, after first seeing how it works in the case of
the Euler-Poincaré characteristic, L0, and for real valued y, in Section 8. It is only in Section 9,
however, that we shall finally see how the Mγ

j arise in (1.2) in arbitrary dimensions.

The third part of the paper commences in Section 10, where we shall claim that mean Lipschitz-
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Killing curvatures of excursion sets must be of the form

E {Li (A(y, M, D))} =
dim M−i∑

j=0

Li+j(M) ρ̃ (i, j, D) , (2.1)

where ρ̃ depends on all the parameters displayed, but not on the distribution of the underlying
Gaussian processes yj . (The distribution of y does, however, enter into this equation, since all
the Lipschitz-Killing curvatures are computed with respect to the Riemannian metric g that it
induces on M .) With (2.1) established we argue that the general result (1.2) then follows from
a combination of (2.1) and the special case of Section 9.

In Section 11 we make the argument that it actually suffices to establish a result like (2.1) when
i = 0; i.e. for the Euler-Poincaré characteristic L0. This claim is based on a new version of
the classical Crofton formula, which shows how to derive information about Lipschitz-Killing
curvatures from their ‘cross-sections’ with random manifolds. As noted above, we believe this
result to be of interest well beyond our use of it. With this result in hand, we give a prove of
(2.1) in Section 12. The proofs in Sections 10–12 are not as full as those in the second part of the
paper, for two reasons. The main one is that many of the arguments here rely on perturbations
of previous arguments in the study of Gaussian fields, and so, unlike those in the preceeding
sections, are not conceptually new. The second is that to give them in full would probably
double the length of the paper.

Finally, in Sections 13 and 14 we establish some technical lemmas required to complete some of
the earlier proofs.

3 Stratified manifolds

We have two main aims in this section. The first is to set up notation for, and to be more specific
about, the stratified manifolds M that appeared in the Introduction. The second aim is to say
a few words about Morse theory.

3.1 Stratified manifolds

We start with what are known as Whitney stratified spaces, for which our basic references are
Goresky and MacPherson [13] and Pflaum [19], and for which we need a Ck ambient manifold
M̃ . Then M ⊂ M̃ is called a Cl, l ≤ k, stratified manifold if there exists a partition Z of M such
that each piece, or stratum, S ∈ Z is an embedded Cl submanifold of M̃ , without boundary,
and for R,S ∈ Z, if R ∩ S 6= ∅ then R ⊂ S. In such a case R is said to be incident to S. There
is a natural partial order on Z, namely R � S if R ⊂ S.
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We shall usually collect all strata of dimension j together, and write their union as ∂jM , 0 ≤
j ≤ dim(M), so that we can write M as the disjoint union

M =
dim M⋃
j=0

∂jM. (3.1)

In a chart (U,ϕ) on M̃ containing t, a stratified space (M,Z) is said to satisfy Whitney condition
(B) at t ∈ S if the following is satisfied for every S � S̃:

(B) Let tn → t and sn → t be such that tn ∈ S, sn ∈ S̃, for all n. Furthermore, suppose
that the sequence of line segments ϕ(tn)ϕ(sn) converges in projective space to a line ` and
the sequence of tangent spaces Tsn S̃ converges in the natural Grassmannian to a subspace
τ ⊂ TtM̃ . Then, ϕ−1

∗ (`) ⊂ τ . A limit of tangent spaces Tsn S̃ is called a generalised tangent
space.

A stratified manifold (M,Z) is called a Whitney stratified manifold if it satisfies Whitney condi-
tion (B) at every t ∈ M . These are the basic manifolds with which we shall work, although we
shall also require a little more regularity, obtained by generalising somewhat the ‘cone’ structure
of [19], who has the following definition for the case m = 0 (i.e. for homeomorphisms).

Definition 3.1 Let M ⊂ M̃ be a Cl stratified manifold with stratification (Z, S), with l a non-
negative integer. Then M is said to be a cone manifold of class Cl and depth 0 if it is the
topological sum of countably many connected Cl manifolds (without boundary), the strata S of
which are the unions of connected components of equal dimension.

M is said to be a cone manifold of class Cl,m (m ≥ 0) and depth d+1 (d ≥ 0) if every t ∈ S ⊂ M

has a neighbourhood U ⊂ M̃ such that U ∩M is Cm diffeomorphic to (U ∩S)×Cone(LS), where
LS is a compact Cl cone manifold of depth d, and Cone(LS) denotes the cone over LS.

Our next step will be to assume that the ambient manifold M̃ is equipped with a Riemannian
metric g̃, and that the ∂jM in the stratification (3.1) of M inherit the metrics induced by g̃. We
shall always write the induced metrics as g (although they should actually depend on j) and talk
of the stratified Riemannian manifold (M, g).

3.2 Morse functions and indices

We shall need two indices, both related to the local geometry of a stratified Riemannian manifold
M . The first is a measure of local change in the topology of the manifold, and is known as the
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normal Morse index. It is denoted by α : M × T⊥t → Z, where, for t ∈ M , T⊥t is the orthogonal
complement to TtM in TtM̃ . In particular α(t, νt), or simply α(νt) measures change in the
direction νt, t ∈ M . For a more information see either [13] or [3].

If the support cone, StM , the local linearization of M at t, is convex for every t ∈ M we call M

locally convex. For locally convex M , the normal cone of M at t is defineds as

NtM
∆=
{

Xt ∈ TtM̃ : g̃(Xt, Yt) ≤ 0 for all Yt ∈ StM
}

, (3.2)

where TtM̃ is the tangent space to M̃ at t. For locally convex stratified manifolds, α(νt) =
1NtM (−νt).

To define the second type of index, we need first to talk about critical points of functions on
stratified Riemannian manifolds. We shall therefore now assume that (M̃, g̃) is a C3 manifold,
and that (M, g) is piecewise C2. If f̃ ∈ C2(M̃, R), a critical point of f̃ is a point t ∈ M̃ such that
∇̃f̃t = 0, where ∇̃ is the Riemannian gradient determined by g̃(∇̃f̃t, Xt) = Xtf|t for all t ∈ M̃ .

If f = f̃|∂jM is the restriction of f̃ to a stratum of M , then it is easy to see that t ∈ ∂jM will be
a critical point of the restricted function if, and only if, ∇̃f̃t ∈ T⊥t ∂jM . We call the set

dim M⋃
j=0

{
t ∈ ∂jM : ∇̃f̃t ∈ T⊥t ∂jM

}
the set of critical points of f|M . All other points are known as regular points.

A critical point t ∈ ∂jM of f|M is called non-degenerate if the covariant Hessian, ∇2f∣∣∂jM
, of

the restriction of f to ∂jM is non-degenerate, when considered as a linear mapping from Tt∂jM

to itself. A function f̃ ∈ C2(M̃) is said to be non-degenerate on M if the critical points of f̃|M

are all non-degenerate.

We can now define the second of our indices, the tangential Morse index

ιf,∂jM (t) (3.3)

of a non-degenerate critical point t ∈ ∂jM of f as the dimension of the largest subspace L of
Tt∂jM such that ∇2f(t)

∣∣
L

is negative definite. For more on Morse Theory, see Section 14.

3.3 Regular stratified manifolds

We have avoided one technicality in the above discussion, related the generalised tangent spaces
appearing in the Whitney condition (B). We shall say that a vector ν annihilates a generalised
tangent space of M at t if g̃(ν, X) = 0 for all X in the space. Vectors ν for which there exist
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such generalised tangent spaces are called degenerate tangent vectors while all others are non-
degenerate.

Since there can be problems in defining the normal Morse index for degenerate vectors we adopt
a condition which ensures that this can not happen. We call this tameness, somewhat abusing a
similar, but slightly less restrictive terminology that already exists (e.g. ([7]).

Definition 3.2 If C a positive integer, then a closed stratified manifold M embedded in an
ambient manifold M̃ is said to be ‘C-tame’, or simply ‘tame’ if it satisfies the Whitney condition
(B) as well the following two conditions:

(i) If S is a stratum of M , then the set {limtn→t Ttn
S : t ∈ ∂S} of all generalised tangent spaces

coming from S has Hausdorff dimension less than dim(S) in the appropriate Grassmanian.

(ii) Wherever the normal Morse index is defined, we have |α(νt;M)| ≤ C.

We now define the class manifolds with which we shall work from now on.

Definition 3.3 Let M be an orientable C2 Whitney stratified manifold, embedded in an ambient
manifold M̃ . Assume that M is also a C2,1 cone manifold of arbitrary depth and that M is C-
tame for some finite C. Then M is called a regular stratified manifold.

4 Curvature integrals and tubes

Perhaps the easiest way to meet Lipschitz-Killing curvatures is via Weyl’s tube formula for
embedded submanifolds of Rl, which states that, for sufficiently small ρ ≥ 0, there exist numbers
Lj(M) for which

Hl (Tube(M,ρ)) =
dimM∑
i=0

ρl−iωl−iLi(M), (4.1)

where, for M belonging to a metric space (S, d), Tube(M,ρ) ∆= {t ∈ S : infs∈M d(s, t) ≤ ρ}, and
ωm is the volume of the unit ball in Rm (cf. (6.8)).

Weyl’s formula actually defines the Lj(M) for this Euclidean case for all 0 ≤ j ≤ dim(M), and
we define Lj(M) ≡ 0 for all j > dim(M). However, they can also be computed directly, with
an intrinsic representation that defines them for more general stratified manifolds, as Lj(M) ≡
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Lj(M,M), where the Lipschitz-Killing measures Lj(M, ·) are defined by

Li(M,A) =
N∑

j=i

(2π)−(j−i)/2C(l − j, j − i) (4.2)

×
∫

∂jM∩A

∫
S(Rl−j)

1
(j − i)!

TrTt∂jM (Sj−i
η )α(η)Hl−j−1(dη)Hj(dt).

Here S is the scalar second fundamental form of ∂jM as it sits in Rl. The constants C(m, i) are
given by

C(m, i) ∆=

{
(2π)i/2

sm+i
m + i > 0,

1 m = 0,

where sn is the surface measure of S(Rn) (cf. (6.8)). For a proof see, for example, [3, 14, 26].

The form of (4.2) motivates the following definition of Lipschitz-Killing (signed) measures on an
N -dimensional regular stratified manifold embedded in a Riemannian manifold (M̃, g̃) as

Li(M,A) =
N∑

j=i

(2π)−(j−i)/2

b j−i
2 c∑

m=0

C(N − j, j − i− 2m)
(−1)m

m! (j − i− 2m)!
(4.3)

×
∫

∂jM∩A

∫
S(Tt∂jM⊥)

TrTt∂jM
(
R̃mS̃j−i−2m

η

)
α(η)HN−j−1(dη)Hj(dt),

where R̃ is the Riemannian curvature operator on (M̃, g̃), S̃ the corresponding scalar second
fundamental form of ∂jM as it sits in M̃ , and TrTt∂jM is the trace in Tt∂jM . The Hausdorff
measures are now the volume measures induced by the Riemannian metric. Note that, on the
innermost integral in (4.3), S(Tt∂jM

⊥) is actually empty when j = M . In this case, as will
always be the case when we evaluate α on vectors ‘belonging to’ the empty space, we take α ≡ 1.
We shall assume now and throughout the paper that Lipschitz-Killing measures are finite. For
more details, such as a proof of the fact that Lj are independent of the stratification, see [6].

Finally, we note that the fact that L0(M) is equivalent to the Euler-Poincaré characteristic
of M , and so independent of any Riemannian structure, is the celebrated Chern-Gauss-Bonnet
Theorem. The remaining Lipschitz-Killing curvatures also appear under a variety of other names,
such as Quermassintegrales, Minkowski, Dehn and Steiner functionals, and invariant volumes,
although in many of these cases the ordering and normalisations are different.

Having determined the meaning of the Lj(M) of the main result (1.2), we now turn to the
Mj(D). Again, a tube formula approach is the easiest to take, although we shall need integral
representations akin to (4.2) and (4.3) before we are done. For this, let γ ≡ γRl be Gauss measure
on Rl, so that X ∼ γRl ⇐⇒ X ∼ N(0, Il×l) where for a k vector µ and k × k positive definite,
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symmetric matrix Σ we denote by N(µ,Σ) the k-dimensional Gaussian distribution with mean
µ and covariance matrix Σ.

Suppose M ⊂ Rl is a compact C2, locally convex, regular stratified manifold, and that side
conditions in Theorem 9.3 below hold. Then there exist numbers Mγ

j (M) = MγRl

j (M), j ≥ 1,
so that, for ρ small enough,

γRl(Tube(M,ρ)) = γRl(M) +
∞∑

j=1

ρj

j!
MγRl

j (M). (4.4)

For a proof of this result, see either [24] where, to the best of our knowledge, it first appeared
for manifolds with C2 boundary, or [3] where it is proven in the stratified case.

There are two quite significant differences between (4.4) and Weyl’s tube formula (4.1) for
Lebesgue measure. The first lies in the fact that while the expansion in (4.1) has only dim(M)+1
terms, that in (4.4) has infinitely many. Fortunately, for our application in (1.2) we need only
the first dim(M) + 1 of the MγRl

j . The other, which has geometric significance but which will
not be all that important for us, is that the MγRl

j depend on l, the dimension of the ambient
manifold for M , and, for A ⊂ Rl, satisfy

γRl+k(A× Rk) = γRl(A).

In common with the Lj there is a representation of the MγRl

j somewhat akin to (4.2) and (4.3).
Since we shall not require the details of this for a while, we postpone it to Theorem 9.3.

5 Gaussian processes and the induced metric

The Lipschitz-Killing curvatures defined in Section 4 were computed with respect to the Rieman-
nian metric g on M and, with the exception of L0, depend on the metric. This implies that our
main result (1.2) is meaningless until we determine which metric is involved in the computation
of the Lj(M) there. This we now do.

If y : M → R is an almost surely C1, centered Gaussian process, we define the (Riemannian)
metric induced by y as

g(X, Y ) ≡ gt (Xt, Yt)
∆= E {(Xty) · (Yty)} , (5.1)

where Xt, Yt ∈ TtM , and Xty denotes the derivative of y in the direction Xt. The fact that
(5.1) actually gives a Riemannian metric follows immediately from the positive semi-definiteness
of covariance functions. Without further mention, we will assume that g is truly a Riemannian
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metric, i.e. gt is non-degenerate for each t ∈ M . If, as in the Introduction, y is a actually a
vector valued process made up of i.i.d. components y1, . . . , yk, then we define the metric induced
by y to be that induced by any of the yi. As an aside for Gaussian theorists, we note that if H
is the natural L2 space associated with y, then it has a natural geometric structure coming from
the usual inner product given by covariances. Given this, it is easy to see that the Riemannian
structure induced on M by y is simply the pull-back of this structure on H.

With the induced metric defined, it worthwhile to look again at the structure of (1.2). We
now see that as far as the right hand side of the equation goes, there is an elegant factoring of
parameters. The covariance structure of y appears only in the Lj(M), as does the geometry of
the parameter space, while the Mγ

j (D) are computed without any reference to either of these.
This particularly useful when applied to (1.4), since it says that when working with f of the
form F (y) the computations related to M and the distributional properties of y separate out
completely from the properties of F .

It is obvious that g is closely related to the covariance function Cf (s, t) = E(fsft) of f . In
particular, it follows from (5.1) that

gt(Xt, Yt) = XsYtCf (s, t)
∣∣
s=t

(5.2)

Consequently, it is also obvious that the tools of Riemannian manifolds – connections, curvatures,
etc. – can be expressed in terms of covariances. In particular, it turns out that all of these tools
also have interpretations in terms of conditional means and variances, a fact that is crucial to
the Gaussian computations in the third part of the paper.

We now have all that is needed for understanding the result (1.2). Indeed, with just one more
definition, we can state it properly.

Suppose y is a centered, real valued Gaussian process over T ⊆ RN . Then we say that it is suitably
regular over T if, for each t ∈ T , the joint distributions of (y, ∂y/∂ti, ∂2f/∂tj∂tk)i,j,k=1,...,N at
t are non-degenerate, and if, for some finite K, and all s, t ∈ T ,

max
i,j

∣∣Cfij
(t, t) + Cfij

(s, s)− 2Cfij
(s, t)

∣∣ ≤ K |ln |t− s| |−(1+α)
, (5.3)

where Cfij
= ∂4Cf/∂2ti∂

2tj is the covariance function of ∂2f/∂ti∂tj . Suppose y is a now
centered, real valued Gaussian process over a manifold M of dimension N . Let A = (Uα, ϕα)α∈I

be a countable atlas for M such that for every α ∈ I the Gaussian process fα = f ◦ ϕ−1
α on

ϕα(Ua) ⊂ RN is suitably regular on ϕα(Uα), f = fα. Then, again, we call f suitably regular.
Finally, if M is a C2 stratified manifold, we call a centered Gaussian y : M → R suitably regular
if the same can be said for each of the restrictions y|∂jM : ∂jM → R.

Suitable regularity has many consequences, among them the fact that (almost surely) y is C2
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and that it is a Morse function for M (cf. Section 14 for a definition of Morse functions and, for
example, [3] for a proof of these facts.) It also enables us to formally state the main result of
this paper.

Theorem 5.1 Let M be a regular stratified manifold, and D a regular, stratified submanifold of
Rk. Let y = (y1, . . . , yk) : M → Rk be a vector valued random process, the components of which
are independent, identically distributed, real valued, suitably regular, centered, unit variance,
Gaussian processes. Then

E
{
Li

(
M ∩ y−1(D)

)}
=

N−i∑
j=0

[
i + j

j

]
(2π)−j/2Li+j(M)Mγ

j (D),

where the Lj, j = 0, . . . , N are the Lipschitz-Killing measures on M with respect to the metric
induced by the yi, and the Mγ

j are the Gaussian Minkowski functionals on Rk.

6 Two results about spheres

Before we start can start the proof of Theorem 5.1 we need some results about probability and
geometry on spheres.

6.1 Poincaré’s limit

A very old, and quite elementary result in Probability is known as the Poincaré limit theorem,
or Poincaré’s limit, although whether it really is due to Poincaré is not clear [9]. To state it, we
need some notation which we introduce in slightly more generality than we need at the moment.

If H is a metric space, then we write Sλ(H) and Bλ(H) for the sphere and ball of radius λ, with
S(H) ∆= S1(H) and B(H) ∆= B1(H).

In its simplest form, Poincaré’s limit states that if ηn = (ηn1, . . . , ηnn) is uniformly distributed
on S√n(Rn), and k ≥ 1 is fixed, then the joint distribution of (ηn1, . . . , ηnk) converges weakly to
that of k independent standard Gaussians as n → ∞. The proof is elementary. More formally,
consider the random vector

Xk,n
∆= π√n,n,k(ηn),

where πλ,n,k : Sλ(Rn) → BRk(0, λ), defined by

πλ,n,k(x1, . . . , xn) = (x1, . . . , xk), (6.1)
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is projection from Sλ(Rn) onto the first k ≤ n coordinates. Then the basic Poincaré limit result
states that, for k fixed, and as n →∞

Xk,n
L→ X ∼ N(0, Ik×k). (6.2)

We shall need a little more, in particular covergence in total variation norm, from which (6.3)
follows.

Theorem 6.1 Fix l, k ≥ 1 and suppose that gn ∈ O(n) ∼ µn is a Haar distributed random
orthogonal matrix. Consider the random l × k matrix Xl,k,n with (i, j)-th entry given by

(Xl,k,n)i,j =
(
π√n,n,k(

√
ngnei)

)
j
, 1 ≤ i ≤ j, 1 ≤ k,

where {e1, . . . , en} is the usual orthonormal basis of Rn. Then the matrix Xl,k,n converges in
total variation norm to Xl,k, an l× k matrix of i.i.d. N(0, 1) random variables. Furthermore, if
F is a real valued function of matrices for which E {|F (Xlk)|} < ∞, then

lim
n→∞

E {F (Xl,k,n)} = E {F (Xl,k)} . (6.3)

Proof. In [10] it was shown that that if Pl,k and Pl,k,n denote the distributions of Xl,k and
Xl,k,n then the Radon-Nikodym derivative dPl,k,n/dPl,k is bounded and converges uniformly to
1 as n → ∞. This, together with the convergence in total variation norm proven there and a
notational change from the uniform distribution on S(Rn) to the uniform distribution on O(n)
is essentially all that is needed to establish (6.3).

6.2 The Kinematic Fundamental Formula on Sλ(Rn)

Although we met the KFF for Euclidean spaces back in the Introduction (cf. (1.6)), what we
shall really need in this paper is a corresponding version for the sphere S(Rn), good references
for which include [6, 7, 8, 12, 17, 21, 22]. To formulate the KFF on spheres we shall need
to somewhat extend the Lipschitz-Killing curvatures of Section 4 to a one parameter family of
measures defined, for κ ≥ 0 and 0 ≤ i ≤ N = dim(M), by

Lκ
i (M,A) ∆=

N∑
j=i

(2π)−(j−i)/2

b j−i
2 c∑

m=0

(−1)mC(N − j, j − i− 2m)
m!(j − i− 2m)!

(6.4)

×
∫

∂jM∩A

∫
S(Tt∂jM⊥)

TrTt∂jM
((

R̃ +
κ

2
I2
)m

S̃j−i−2m
νN−j

)

×α(νN−j) HN−j−1(dνN−j) Hj(dt),

13



where M is a C2 Whitney stratified manifold embedded in (M̃, g̃) and all terms are as defined
for (4.3). For i > N we define Lκ

i ≡ 0. We also define the one parameter family of curvatures
integrals Lκ

i (M) ∆= Lκ
i (M,M). For lack of a better terminology, we call these new curvature

measures extended Lipschitz-Killing curvatures.

On comparing (6.4) with (4.3), it is immediate that L0
i (M, ·) ≡ Li(M, ·). It takes some algebra

(cf. [3]) but it is not too hard to show that there are simple equivalences between the Lj and Lκ
j ,

given by

Lκ
i =

∞∑
n=0

(−κ)n

(4π)n

(i + 2n)!
n!i!

Li+2n, Li =
∞∑

n=0

κn

(4π)n

(i + 2n)!
n!i!

Lκ
i+2n. (6.5)

(Note that the summations here are actually finite, since all curvatures are zero for i > dim(M).)

It turns out that in dealing with subsets of Sλ(Rn) the Lλ−2

j are more natural to deal with than
are the original Lipschitz-Killing curvatures. For example, there is a elegant version of Weyl’s
tube formula involving them and, more importantly for us, there is a nice KFF on on Sλ(Rl).

Let Gn,λ denote the group of isometries (i.e. rotations) on Sλ(Rn), with Haar measure νn,λ

normalised so that, for any x ∈ Sλ(Rn) and every Borel A ⊂ Sλ(Rn),

νn,λ ({gn ∈ Gn,λ : gnx ∈ A}) = Hn−1(A). (6.6)

The KFF on Sλ(Rn) then reads as follows, where M1 and M2 are tame stratified manifolds in
Sλ(Rn):∫

Gn,λ

Lλ−2

i (M1 ∩ gnM2) dνn,λ(gn) =
n−1−i∑

j=0

[
i + j

i

] [
n− 1

j

]−1

Lλ−2

i+j (M1)Lλ−2

n−1−j(M2) (6.7)

=
n−1−i∑

j=0

si+1sn

si+j+1sn−j
Lλ−2

i+j (M1)Lλ−2

n−1−j(M2),

where [
n
k

]
=

[n]!
[k]! [n− k]!

, [n]! = n!ωn, ωn =
πn/2

Γ(n
2 + 1)

, sn =
2πn/2

Γ(n
2 )

. (6.8)

7 A model process on the l-sphere

We now introduce a particularly simple process on the l-sphere S(Rl), for which we shall be able to
compute all excursion set (and more) mean Lipschitz-Killing curvatures with calculations using no
more than the KFF on the sphere. These processes are actually (distributional) approximations
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to the so-called canonical isotropic process, the components of which are independent, centred
Gaussian with covariance function

E {yi(s)yi(t)} = 〈s, t〉, (7.1)

where 〈 , 〉 is the usual Euclidean inner product. In Section 8 we shall exploit the results of this
section to obtain analogous formulae for the canonical isotropic process.

The approximations are given by a sequence, {y(n)}n≥l, of smooth Rk-valued processes on strat-
ified subsets M of S(Rl). To define them, for each n ≥ l we first embed S(Rl) in S(Rn) in the
natural way, by setting S(Rl) = {t = (t1, . . . , tn) ∈ S(Rn) : tl+1 = · · · = tn = 0}. Taking O(n),
equipped with its normalized Haar measure µn, as an underlying probability space, the n-th
process y(n) is defined by

y(n)(t, gn) ∆= π√n,n,k

(√
ngnt

)
, (7.2)

where t ∈ S(Rl), gn ∈ O(n) and π√n,n,k is the projection from S√n(Rn) to Rk given by (6.1).

From Theorem 6.1 it is clear that the processes y(n) converge in variation to a Rk valued Gaussian
process all of whose independent components are versions of the canonical isotropic process on
Rl.

It is remarkably straightforward to compute the mean Lipschitz-Killing curvatures of many sets
generated by the y(n), using only the KFF on S√n(Rn). The key result, from which everything
else follows, is the following.

Lemma 7.1 Let y(n) be the model process (7.2) on a regular stratified manifold M ⊂ S(Rl),
with n ≥ l. Then, for any regular stratified manifold D ⊂ Rk,

E
{
L1

i (M ∩ (y(n))−1D)
}

=
dimM−i∑

j=0

(
nj/2

[
n− 1

j

]−1
)[

i + j
j

]
L1

j+i (M)
Ln−1

n−1−j

(
π−1√

n,n,k
D
)

snn(n−1)/2

=
dimM−i∑

j=0

si+1

si+j+1
L1

j+i (M)
Ln−1

n−1−j

(
π−1√

n,n,k
D
)

sn−jn(n−1−j)/2
. (7.3)

(It is important to understand the meaning of π−1√
n,n,k

D above, and in all that follows. The
problem is that, for all t ∈ S√n(Rn), π√n,n,k(t) ∈ B√

n(Rk), which may, or may not, cover D.
Thus, since π−1√

n,n,k
D =

{
t ∈ S√n(Rn) : π√n,n,k(t) ∈ D

}
, it follows that π−1√

n,n,k
D may be only

the inverse image of a subset of D.)

Proof. Since π−1√
n,n,k

D is a regular stratified manifold in S(Rn), it follows from the construction
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of y(n) that

E
{
L1

i (M ∩ (y(n))−1D)
}

=
∫

O(n)

L1
i (M ∩ (y(n))−1D)(gn)dµn(gn)

=
∫

O(n)

L1
i

(
M ∩ n−1/2g−1

n

(
π−1√

n,n,k
D
))

dµn(gn)

= n−i/2

∫
O(n)

Ln−1

i

(√
nM ∩ g−1

n

(
π−1√

n,n,k
D
))

dµn(gn)

=
1

snn(n−1+i)/2

∫
Gn,n−1

Ln−1

i

(√
n M ∩ gn

(
π−1√

n,n,k
D
))

dνn,n−1(gn),

where the second last line follows from the scaling properties of Lipschitz-Killing curvatures and
the last is really no more than a notational change, using (6.6).

However, applying the KFF (6.7) to the last line above, we immediately have that it is equal to

dimM−i∑
j=0

nj/2

[
i + j

i

] [
n− 1

j

]−1 Ln−1

j+i (
√

n M)
n(i+j)/2

Ln−1

n−1−j

(
π−1√

n,n,k
D
)

snn(n−1)/2

=
dimM−i∑

j=0

nj/2

[
n− 1

j

]−1 [
i + j

j

]
L1

j+i (M)
Ln−1

n−1−j

(
π−1√

n,n,k
D
)

snn(n−1)/2
,

which proves the lemma. 2

Suppose we send n →∞ in (7.3), which by Poincaré’s limit is effectively equivalent to replacing
the model process y(n) with a Rk valued canonical Gaussian y. Then, in order for E{Lj(M ∩
y−1D) to be finite for the limiting process y, we would like to have the following limits existing
for each finite j:

ρ̃j(D) ∆= lim
n→∞

nj/2

[
n− 1

j

]−1 Ln−1

n−1−j

(
π−1√

n,n,k
D
)

snn(n−1)/2
. (7.4)

Note that a Stirling’s formula computation shows that if the limit here does exist, then

ρ̃j(D) = (2π)−j/2[j]! lim
n→∞

Ln−1

n−1−j

(
π−1√

n,n,k
D
)

snn(n−1)/2
. (7.5)

Sending n → ∞ in Lemma 7.1 and applying Poincaré’s limit of Theorem 6.1, we see that if
E
{
|L1

i (M ∩ y−1D)|
}

< ∞ then

E
{
L1

i (M ∩ y−1D)
}

= lim
n→∞

E
{
L1

i (M ∩ (y(n))−1D)
}

(7.6)

=
dimM−i∑

j=0

[
i + j

i

]
L1

j+i(M)ρ̃j(D).
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This is starting to take the form of the (1.2). The combinatorial flag coefficients are in place, but
both sides of the equation are based on the L1

j+i curvatures rather than the Lj+i, and we have
yet to identify the functions ρ̃j . Note the important fact, however, that on the right hand side of
the equation we have already managed to split into product form, each factor of which depends
on the underlying manifold M or the set D, but not both. Moving to the desired curvatures,
under the assumption that the limits (7.4) exist, is our next step.

Theorem 7.2 Let M ⊂ S(Rl) be a regular stratified manifold, and assume that, for 0 ≤ j ≤
dim(M), the ρ̃j(D) of (7.5) are well defined and finite and

E
{
|Li(M ∩ y−1D)|

}
< ∞, (7.7)

where y is the Rl valued canonical isotropic Gaussian process on S(Rl). Then

E
{
Li(M ∩ y−1D)

}
=

dimM−i∑
l=0

[
i + l

l

]
Li+l(M) ρl(D), (7.8)

where

ρj(D) =

{
(j − 1)!

∑b j−1
2 c

l=0
(−1)l

(4π)ll!(j−1−2l)!
ρ̃j−2l(D) j ≥ 1,

γRk(D) j = 0.
(7.9)

Proof. As usual, set N = dim(M). Combining (6.5) and (7.6) we have

E
{
Li(M ∩ y−1D)

}
= E


bN−i

2 c∑
m=0

1
(4π)mm!

(i + 2m)!
i!

L1
i+2m(M ∩ y−1D)


=

bN−i
2 c∑

m=0

1
(4π)mm!

(i + 2m)!
i!

N−i−2m∑
j=0

[
i + 2m + j

j

]
L1

i+2m+j(M)ρ̃j(D)

=
bN−i

2 c∑
m=0

1
(4π)mm!

(i + 2m)!
i!

N−i−2m∑
j=0

[
i + 2m + j

j

]
ρ̃j(D)

×
bN−i−2m−j

2 c∑
l=0

(−1)l

(4π)ll!
(i + 2m + j + 2l)!

(i + 2m + j)!
Li+2m+j+2l(M).

To save space, suppress the dependence of ρ̃ and L on D and M , respectively. Proceeding,
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E
{
Li(M ∩ y−1D)

}
can be written as

bN−i
2 c∑

n=0

1
(4π)mm!

(i + 2m)!
i!

N−i−2m∑
j=0

[
i + 2m + j

j

]
ρ̃j

bN−i−2m−j
2 c∑

l=0

(−1)l

(4π)ll!
(i + 2m + j + 2l)!

(i + 2m + j)!
Li+2m+j+2l

=
N−i∑
j=0

ρ̃j

bN−i−j
2 c∑

m=0

1
(4π)mm!

(i + 2m)!
i!

[
i + 2m + j

j

] bN−i−2m−j
2 c∑

l=0

(−1)l

(4π)ll!
(i + 2m + j + 2l)!

(i + 2m + j)!
Li+2m+j+2l

=
N−i∑
j=0

ρ̃j

bN−i−j
2 c∑

α=0

α∑
β=0

1
(4π)α−β(α− β)!

(i + 2(α− β))!
i!

×
[
i + 2(α− β) + j

j

]
(−1)β

(4π)ββ!
(i + j + 2α)!

(i + 2(α− β) + j)!
Li+j+2α,

where the first and third equalities come from a change of order of summation and the second
from the transformation (α, β) = (n + l, l). Again changing the order of summation we find that
this is the same as

bN−i
2 c∑

α=0

N−i−2α∑
j=0

α∑
β=0

ρ̃j
1

(4π)α(α− β)!
(i + 2(α− β))!

i!

×
[
i + 2(α− β) + j

j

]
(−1)β

β!
(i + j + 2α)!

(i + 2(α− β) + j)!
Li+j+2α.

Making now the further change of variables (m, k) = (α, j + 2α), the above is equivalent to

N−i∑
k=0

b k−1
2 c∑

m=0

m∑
β=0

ρ̃k−2m
1

(4π)m(m− β)!
(i + 2(m− β))!

i!

[
i + k − 2β
k − 2m

]
(−1)β

β!
(i + k)!

(i + k − 2β)!
Li+k

=
N−i∑
k=0

Li+k
(i + k)!

i!

b k−1
2 c∑

m=0

ρ̃k−2m

m∑
β=0

1
(4π)m(m− β)!

(i + 2(m− β))!

×
[
i + k − 2β
k − 2m

]
(−1)β

β!
1

(i + k − 2β)!
,

the last line being just a minor reorganisation of the preceeding one.

We must therefore show that

N−i∑
k=0

Li+k
(i + k)!

i!

b k−1
2 c∑

m=0

ρ̃k−2m

m∑
β=0

1
(4π)m(m− β)!

(i + 2(m− β))!

×
[
i + k − 2β
k − 2m

]
(−1)β

β!
1

(i + k − 2β)!

=
N−i∑
k=0

Li+k(M)
[
i + k

k

]
ρk,
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where the functionals ρk are those of (7.9). Equivalently, we must show that

ρk =
[
i + k

k

]−1 (i + k)!
i!

b k−1
2 c∑

m=0

ρ̃k−2m

m∑
β=0

1
(4π)m(m− β)!

(i + 2(m− β))!

×
[
i + k − 2β
k − 2m

]
(−1)β

β!
1

(i + k − 2β)!

=
k!ωkωi

ωi+k

b k−1
2 c∑

m=0

ρ̃k−2m

m∑
β=0

(−1)β

(4π)m(m− β)!β!(k − 2m)!
ωi+k−2β

ωk−2mωi+2m−2β
.

This is equivalent, by (7.9), to proving that the following identity holds for all non-negative
integers k ≥ 1, i ≥ 0

(−1)m

m!
ωi+k

kωiωk/2
=

m∑
β=0

(−1)β

(m− β)!β!
ωi+k−2β

ωi+2m−2β · (k − 2m)ωk−2m/2
.

Finally, after some further simple manipulations, this is equivalent to the identity

B

(
i

2
+ 1,

k

2

)
=

m∑
β=0

(−1)m−β

(
m

β

)
B

(
i + 2m− 2β

2
+ 1,

k − 2m

2

)
,

where B is the Beta function

B(γ, δ) =
Γ(γ)Γ(δ)
Γ(γ + δ)

=
∫ 1

0

pγ−1(1− p)δ−1 dp.

That this identity holds is verified in the following lemma, and so the proof is complete. 2

Lemma 7.3 For every γ, δ > 0 and every integer 0 ≤ m ≤ γ

B(γ, δ) =
m∑

β=0

(−1)m−β

(
m

β

)
B (γ −m, δ + m− β) .

Proof. The identity is clearly equivalent to

1 =
1

B(γ, δ)

m∑
β=0

(−1)m−β

(
m

β

)∫ 1

0

pγ−m−1(1− p)δ+m−β−1 dp.

Suppose, then, that P is a random variable with distribution Beta(γ, δ), so that it has density

fP (p) =
1

B(γ, δ)
pγ−1(1− p)δ−1, 0 ≤ p ≤ 1.
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Then,

1 = P−m(1− (1− P ))m =
m∑

β=0

(
m

β

)
(−1)m−β(1− P )m−βP−m

Since m < γ we can take expectations of both sides above to obtain

1 = E{P−m(1− (1− P ))m} =
1

B(γ, δ)

m∑
β=0

(
m

β

)
(−1)m−β

∫ 1

0

pγ−1−m(1− p)δ+m−β−1 dp,

and we are done. 2

What remains now to do is to check that the limits (7.5) are indeed well-defined, and to evaluate
them. Before treating the general case, however, we shall work out one special one, for which the
computations will be more transparent and for which the result, which will not explicitly involve
the Gaussian Minkowski curvatures, will be somewhat simpler than in the general case.

8 The canonical process on S(Rl) and in half-spaces

In this section we shall prove Theorem 5.1 for the special case in which y is the canonical isotropic
Gaussian process on S(Rl) and D is the half-space

D =
{
y ∈ Rk : 〈y, η〉 ≥ u

}
, (8.10)

for some unique unit vector η ∈ S(Rk) and u ∈ R+. In this case the Minkowski curvatures do
not appear explicitly, but are hidden in the Hermite polynomials of the result.

Theorem 8.1 Let M ⊂ S(Rl) be a regular stratified manifold, y the real valued, canonical
isotropic Gaussian process on S(Rl) and D the half-space in Rk defined above. Then

E
{
Li(M ∩ y−1D)

}
=

dimM−i∑
l=0

[
i + l

l

]
Li+l(M) ρl(D), (8.11)

where, for j ≥ 1,

ρj(D) =

{
(2π)−(j+1)/2Hj−1(u)e−u2/2 1 ≤ j ≤ dim(M),
γRk(D), j = 0,

and Hn is the n-th Hermite polynomial defined by

Hn(x) = n!
bn/2c∑
j=0

(−1)jxn−2j

j! (n− 2j)! 2j
, n ≥ 0, x ∈ R. (8.12)
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The proof is based on the following lemma.

Lemma 8.2 Under the assumptions of Theorem 8.1, the ρ̃l(D) of (7.5) are well defined and are
given by

ρ̃j(D) =

{
(2π)−(j+1)/2uj−1e−u2/2 1 ≤ j ≤ dim(M),
1− Φ(u) j = 0,

where Φ(u) = (2π)−1/2
∫∞

u
e−x2/2 dx is the tail of a standard Gaussian distribution.

Proof. Changing notation a little for this proof, write BM (x, r) for a ball in M of radius r,
centered at x ∈ M . Otherwise adopting the notation of the preceeding section, we begin with
the observation that, as long as n > u,

π−1√
n,n,k

D = BS√n(Rn)

(√
nη, cos−1(u/

√
n)
)
, (8.13)

a geodesic ball, or spherical cap, in S√n(Rn) of radius cos−1(u/
√

n). Consequently, it follows
from the definition (7.5) of the ρ̃l(D) that they are given by

ρ̃l(D) = (2π)−j/2[j]! lim
n→∞

Ln−1

n−1−j

(√
n BS(Rn)(η, cos−1(u/

√
n))
)

snn(n−1)/2
,

for all j > 0 and all u > 0. In order to compute this limit, we move from the spherical Lipschitz-
Killing curvatures to Euclidean ones, with the claim that

Ln−1

n−1−j

(√
n BS(Rn)(η, cos−1(u/

√
n))
)

=
(

u√
n

)j−1

Ln−1−j

(
BRn−1(0,

√
n− u2)

)
. (8.14)

To prove this, we first need to replace the intrinsic definitions (4.3) and (6.4) of the Lj and Lκ
j

by extrinsic ones. It is not too hard to show (cf. Chapter 10 of [3]) that if M is embedded in Rl

with the canonical Riemannian structure on Rl, then it follows from the flatness of Rl that

Li(M,A) =
N∑

j=i

C(l − j, j − i)
(2π)−(j−i)/2

∫
∂jM∩A

∫
S(Rl−j)

1
(j − i)!

TrTt∂jM (Sj−i
η ) (8.15)

×α(η)Hl−j−1(dη)Hj(dt),

where S is the scalar second fundamental form of ∂jM as it sits in Rl, Tt∂jM
⊥ is the orthogonal

complement of Tt∂jM in TtRl, and N̂tM is the normal cone at t ∈ ∂jM as it sits in TtRl.

Furthermore, if κ > 0 and M ⊂ Sκ−1/2(Rl), then

Lκ
i (M,A) =

N∑
j=i

C(l − 1− j, j − i)
(2π)−(j−i)/2

∫
∂jM∩A

∫
S(Tt∂jM⊥)

1
(j − i)!

TrTt∂jM (Sj−i
η ) (8.16)

×α(η)Hl−j−2(dη),
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where now S is the scalar second fundamental form of ∂jM as it sits in Sκ−1/2(Rl), Tt∂jM
⊥ is

the orthogonal complement of Tt∂jM in TtSκ−1/2(Rl), and N̂tM is the normal cone at t ∈ ∂jM

as it sits in TtSκ−1/2(Rl).

We now return to the proof of (8.14), which we start by writing

H
∆=
√

n BS(Rn)

(
η, cos−1(u/

√
n)
)

and compute Ln−1

n−1−j(H) using the extrinsic formula (8.16). Note that, for j > 0, the only
contributions to Ln−1

n−1−j(H) come from ∂H, which is a sphere of radius (n − u2)1/2. Conse-
quently, up to a constant, Ln−1

n−1−j(H) is the integral of Tr
(
Sj−1

η

)
over ∂H, where S is the second

fundamental form of ∂H in S√n(Rn).

However, although up to this point we have been considering ∂H as it sits in S√n(Rn), it can
also be treated as a subset of the hyperplane

L
∆= {y ∈ Rn : 〈y, η〉 = u} .

Consequently, we can also compute the Euclidean Lipschitz-Killing curvatures Ln−i−j(H), this
time using the extrinsic representation (8.15). While these will not be the same as the Ln−1

n−1−j(H),
they too will be given, up to constants, by the integral of the trace of a scalar second fundamental
form over ∂H. In this case, however, the scalar form comes from considering ∂H as a subset of
L, and we write it as S̃. The two fundamental forms are related by

S =
u√
n

S̃,

in the sense that if η is the unit outward pointing normal of ∂H in S√n(Rn) at t ∈ ∂H and η̃ is
the unit outward pointing normal of ∂H in L at t ∈ ∂H then, for any Xt, Yt ∈ Tt∂H,

Sη(Xt, Yt) =
u√
n

S̃η̃(Xt, Yt).

Using this equivalence and substituting into (8.16) and (8.15) to get the constants right, (8.14)
now follows on noting that

Ln−1−j(BL(uη,
√

n− u2)) = Ln−1−j(BRn−1(0,
√

n− u2)).

However, the Lipschitz-Killing curvatures of balls (and spheres) are easy to compute, either from
any of the integral definitions or from Weyl’s tube formula. In particular,

Lj (Br(Rn)) = rj

(
n

j

)
ωn

ωn−j
.

The right hand side of (8.14) is now also easy to compute, and so, for j > 0 and n > u we have

Ln−1

n−1−j

(√
n BS(Rn)(η, cos−1(u/

√
n))
)

=
(

u√
n

)j−1 [
n− 1

n− 1− j

]
ωn−1−j(n− u2)(n−1−j)/2.(8.17)
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The rest of the proof for j > 0 is a straightforward application of Stirling’s formula, specifically
the fact that for any fixed α

Γ
(

n
2

)
Γ
(

n−α
2

) n→∞∼
(n

2

)α/2

.

Applying this asymptotic equivalence we easily check that[
n− 1

n− 1− j

]
∼ (2π)j/2nj/2

[j]!

and

ωn−1−jn
(n−1−j)/2

snn(n−1)/2
∼ (2π)−(j+1)/2n−1/2,

so that

[j]!uj−1n−(j−1)/2

(2π)j/2

[
n− 1

n− 1− j

]
ωn−1−jn

(n−1−j)/2

snn(n−1)/2

(
1− u2

n

)(n−1−j)/2

∼ (2π)−(j+1)/2uj−1e−u2/2.

Substituting this into (8.17) gives that, for j > 0 and u > 0,

ρ̃l(D) = (2π)−(j+1)/2uj−1e−u2/2,

as required.

It remains only to treat the case j = 0. But since it is an immediate implication of Poincaré’s
limit that, for all u > 0,

lim
n→∞

Ln−1

n−1

(√
n BS(Rn)(η, cos−1(u/

√
n))
)

snn(n−1)/2
= 1− Φ(u),

this case is simple, and we are done. 2

Proof of Theorem 8.1. The case j = 0 is an immediate consequence of Theorem 7.2 and
Lemma 8.2. Relying on the same results, but now taking j ≥ 1, we have

ρj(D) = (j − 1)!
b j−1

2 c∑
k=0

(−1)k

(4π)kk!(j − 1− 2k)!
ρ̃j−2k(D)

= (j − 1)!
b j−1

2 c∑
k=0

(−1)k(2π)−(j−1−2k)/2

(4π)kk!(j − 1− 2k)!
uj−1−2ke−u2/2

= (2π)−(j+1)/2(j − 1)!
b j−1

2 c∑
k=0

(−1)k

2kk!(j − 1− 2k)!
uj−1−2ke−u2/2

= (2π)−(j+1)/2Hj−1(u)e−u2/2,

on noting the definition (8.12) of the Hermite polynomials. 2
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9 The canonical Gaussian process on S(Rl)

In this section, we again want to prove Theorem 5.1 for the canonical Gaussian process on S(Rl),
but now for general D. As in the preceeding section, this involves understanding the Lipschitz-
Killing curvatures of π−1√

n,n,k
D as n → ∞, a computation that turns out to be part geometric

and part asymptotics. We start with the geometry.

9.1 Warped products

Our first observation is that π−1√
n,n,k

D ∈ S√n(Rn) is, topologically, a disjoint union

π−1√
n,n,k

D '
(
D ∩ S√n(Rk)

)
t
(
D ∩

(
BRk(0,

√
n)
)◦ × S(Rn−k)

)
. (9.1)

Since we are assuming that D itself is a tame stratified manifold, the same is true of π−1√
n,n,k

D

and of each of the two components above. Consequently, their Lipschitz-Killing curvatures are
well defined. One is easy to compute. Since D ∩ S√n(Rk) is a tame stratified subset of S√n(Rk)
its Lipschitz-Killing curvatures can be computed using (6.4).

The second set in the union is, however, somewhat more complex, since we have written it as a
product set. Furthermore, what we have written in (9.1) is a topological equivalence, whereas
we shall need precise Lipschitz-Killing curvatures, which, with the exception of L0, are not
topological invariants.

The way to handle these problems is two-fold. First of all, we need to break the Riemannian
structure of products into a product of structures, at least along each stratum of a stratified
manifold. Secondly, we need to keep track of the fact that while (9.1) is topologically precise, at
each point in D ∩ (BRk(0,

√
n))◦ the corresponding S(Rn−k) is likely to have a different radius.

In fact, the rightmost part of (9.1) is a subset of a Riemannian warped product, and each stratum
of D∩ (BRk(0,

√
n))◦×S(Rn−k) inherits this warped product structure. Once we choose the ap-

propriate warp we can, and shall, relate to (9.1) no longer as a topologically correct relationship,
but as if it were correct without qualifiers.

Recall that the Riemannian warped product of two Riemannian manifolds (M1, g1) and (M2, g2)
with a smooth warp function σ2 : M1 → [0,+∞) is the Riemannian manifold

(M1,M2, σ) ∆=
(
M1 ×M2, g1 + σ2g2

)
. (9.2)

Usually, as in our case, M2 is a sphere. As an example of a warped product consider

M̃σ =
(
BRk(0,

√
n)
)◦ × S(Rn−k),
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where the Riemannian metric on the open ball is given by

gσ = gRk +∇σ ⊗∇σ, (9.3)

for σ2(t) = n − ‖t‖2Rk , and the Riemannian metric on S(Rn−k) is the canonical one inherited
from Rn−k. The importance of this example for us is that each (n−k−1+j)-dimensional stratum
D̃n−k−1+j of

(
D ∩

(
S(Rk)

)c )× S(Rn−k) is isometrically embedded in this warped product and
has the form Dj×S(Rn−k) for some j-dimensional submanifold Dj of the open ball BRk(0,

√
n)◦.

Using this embedding we can compute

L1/n
n−1−i

(
π−1√

n,n,k
D, D̃n−k−1+j

)
,

the contribution of these strata to the Lipschitz-Killing curvatures of π−1√
n,n,k

D.

The first step to computing these contributions is to determine the form of the Levi-Civita
connection ∇̃σ of M̃σ, as this is needed to in order to compute the second fundamental form of
Dj × S(Rn−k) in M̃σ. Consider, therefore, a general warped product (M1,M2, σ) and denote
the Levi-Civita connection on each Mj by ∇j . Use E, or Ej , to denote vector fields on M1,
identified with their natural extensions on M1 × M2. Similarly, F , or Fj , denote vector fields
on M2 extended to M1 ×M2. Then, from the definition of Levi-Civita connections, the product
structure of M and Koszul’s formula it is not too hard to check that

∇̃σ
E1

E2 = ∇1
E1

E2, ∇̃σ
F1

F2 = ∇2
F1

F2, ∇̃σ
EF = ∇̃σ

F E = E(log σ)F. (9.4)

9.2 A second fundamental form

With the Levi-Civita connection ∇̃σ determined, the next step towards computing Lipschitz-
Killing curvatures lies in determining the second fundamental form over the sets Dj × S(Rk) as
they sit in M̃σ, as well as traces of their powers. For this we need to describe the normal spaces
T(t,η)M̃

⊥
σ for (t, η) ∈ Dj × S(Rn−k). A simple argument shows that, at these points,

(T(t,η)M̃σ)⊥ =
(
TtDj ⊕ TηS(Rn−k)

)⊥ ' TtD
⊥
j , (9.5)

where TtD
⊥
j is the orthogonal (with respect to gσ) complement of TtDj in TtBRk(0,

√
n). From

this, it is now not hard to see that the normal Morse index Dj×S(Rk) as it sits in M̃σ is actually
the same as the Morse index of Dj as it sits in BRk(0,

√
n). We can therefore state

Lemma 9.1 Retaining the above notation, for 0 ≤ l ≤ n− 1, take

(t, η) ∈ Dj × S(Rn−k), νk−j ∈ (T(t,η)Dj × S(Rn−k))⊥.

25



Then

1
l!

Tr(Sl
νk−j

) =
l∑

r=0

(
n− k − 1

l − r

)
(−1)l−r (νk−j(log σt))

l−r Tr(Sr
σ,νk−j

),

where S is the shape operator of Dj × S(Rn−k) in M̃σ and Sσ is the shape operator of Dj in
(BRk(0,

√
n), gσ).

Proof. Fix an orthonormal (under g) basis (E1, . . . , Ek, F1, . . . , Fn−k−1) of T(t,η)M̃σ such that
(E1, . . . , Ej) forms an orthonormal basis of TtDj . Observation (9.5) implies that any νk−j can
be expressed as

νk−j =
j∑

r=1

arEr,

for some constants ar. Applying (9.4) and the Weingarten equation we find

Sνk−j
(Er, Es) = −g(∇σ

Er
νk−j , Es) = −gσ(∇σ

Er
νk−j , Es) = Sσ,νk−j

(Er, Es),

Sνk−j
(Fr, Fs) = −g(∇σ

Fr
νk−j , Fs) = −νk−j(log σt)g(Fr, Fs) = −νk−j(log σt)δrs,

Sνk−j
(Er, Fs) = 0.

Therefore, for each νk−j , the matrix of the shape operator Sνk−j
in our chosen orthonormal

basis is block diagonal with one block, of size j, being
{
Sσ,νk−j

(Er, Es)
}

1≤r,s≤j
and the other,

of size n− k− 1, being −νk−j(log σt)I(n−k−1)×(n−k−1). Therefore, applying basic combinatorial
properties of the trace operator we have that, for l ≤ n− k − 1,

1
l!

Tr(Sl
νk−j

) =
l∑

r=0

(
n− k − 1

l − r

)
(−1)l−r (νk−j(log σt))

l−r 1
r!

Tr(Sr
σ,νk−j

),

which completes the proof. 2

Since Lipschitz-Killing curvatures are no more than integrals of powers of traces of second funda-
mental forms, we now have all nearly all we need to begin the final computation. All that remains
between us and the final stage is a deeper understanding of Gaussian Minkowski functionals.

9.3 Gaussian Minkowski functionals

To complete our evaluation of the illusive limits (7.5), and via them the all-important functions
ρj(D) of (7.9), we want to express the ρj(D) in terms of Gaussian Minkowski functionals. For
this we need a representation of them beyond the tube formula of (4.4). As a first step, we define
a family of generalised Lipschitz-Killing curvature measures L̃j as follows.
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Definition 9.2 Let (M,Z) ⊂ Rl be a tame stratified C2 manifold embedded in Rl. The gener-
alised Lipschitz-Killing curvature measures of M , defined on Borel sets A ⊂ Rl, B ⊂ S(Rl) and
supported on M × S(Rl), are defined, for 0 ≤ i ≤ l − 1, by

L̃i(M,A×B) ∆=
l∑

j=i

(2π)−(j−i)/2

b j−i
2 c∑

m=0

(−1)mC(l − j, j − i− 2m)
m! (j − i− 2m)!

(9.6)

×
∫

∂jM∩A

∫
S(T⊥∂jM)∩B

TrTt∂jM
(
R̃mS̃j−i−2m

νl−j

)
α(νl−j) Hl−j−1(dνl−j)Hj(dt).

For any Borel function f : Rl × S(Rl) → R we use the standard notation L̃i(M,f) to denote
the integral of f with respect to L̃i(M, ·). If i = l, we define L̃l(M, ·) only on Borel functions on
Rl × S(Rl) that are constant over S(Rl). Specifically,

L̃l(M,f) ∆=

{∫
M

f(t, ν) Hl(dt) f ∈ B(Rl)× S(Rl),
0 otherwise,

(9.7)

for some fixed but arbitrary ν ∈ S(Rl) where B(Rl) × S(Rl) =
{
A× S(Rl) : A ∈ B(Rl)

}
is the

sub-sigma algebra of B(Rl)⊗ B(S(Rl)) generated by functions that are constant over S(Rl).

The Minkowski curvature measures and generalised Minkowski curvature measures are then

Mj(M,A) ∆= (j! ωj)Ll−j(M,A), M̃j(M,A×B) ∆= (j! ωj) L̃l−j(M,A×B). (9.8)

With this definition we can now give the formal statement of the tube formula (4.4). For a full
proof see [24] for manifolds with C2 boundary or [3] in the full generality of the following.

Lemma 9.3 Suppose (M,Z) ⊂ Rl is a C2, locally convex, tame, Whitney stratified manifold,
and that for every ε > 0 there exists K(ε) ⊂ Rl compact such that∫ ρ

0

l−1∑
j=0

rj

j!
|M̃j+1|

(
M,1K(ε)c ◦ F−r

∣∣∣∣∣
n∑

m=0

rm

m!
Hm (〈η, t〉) e−|t|

2/2

∣∣∣∣∣
)

dr < ε,

uniformly in n, where Hm is the m-th Hermite polynomial (8.12). Then

γ(Tube(M,ρ)) = γ(M) +
∞∑

j=1

ρj

j!
Mγ

j (M), (9.9)

where

Mγ
j (M) ∆= (2π)−l/2

j−1∑
m=0

(
j − 1
m

)
M̃m+1

(
M,Hj−1−m (〈η, t〉) e−|t|

2/2
)

. (9.10)
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Note that while the tube formula here is claimed to hold only under some side conditions on M ,
the definition (9.10) of the Mγ

j makes sense without these. In many cases, the Mγ
j are quite

easy to compute. For example, if M = [u,∞) ⊂ R, then, since Tube([u,∞), ρ) = [u − ρ,∞),
comparing a Taylor series expansion of γ(Tube(M,ρ)) with (9.9) easily gives Mγ

j ([u,∞)) =
(
√

2π)−1Hj−1(u)e−u2/2. Additional examples, also accessible from simple calculus, can be found
in [24].

9.4 Some volume computations

With the geometry behind us, we now turn to the asymptotics required for computing the
limits (7.5), for which the following lemma is a crucial step. The final move to the Gaussian
Minkowski functionals appearing in Theorem 5.1 above will then involve no more than some
careful asymptotics.

Lemma 9.4 As usual, D is a tame stratified subset of Rk with j-dimensional strata Dj. Suppose
that D̃n−k−1+j = Dj ×S(Rn−k) is an (n−k− 1+ j)-dimensional stratum of π−1√

n,n,k
D such that

D̃n−k−1+j ∩ S(Rk) = ∅.

Then, for all i ≥ k − j ≥ 0,

L1/n
n−1−i

(
π−1√

n,n,k
D, D̃n−k−1+j

)
(9.11)

= sn−k

i+j−k∑
l=0

sk+l−j

si

(
n− k − 1

i + j − k − l

)
L̃j−l

(
Dσ, σn+k−2i−2j+2l−1(2π)−k/2hi+j−k−l1Dj

)
where Dσ = D ∩ BRk(0,

√
n) is the regular stratified manifold obtained from the intersection of

the embedding of D in Rk and the open ball of radius
√

n, endowed with the metric gσ given by
(9.3) and

hl(t, ν) ∆= 〈ν, t〉lRk .

Furthermore, suppose that, for all 0 ≤ r, s ≤ i + k − j,

L̃r

(
D, |hs|ϕk1Dj

)
< ∞, (9.12)

where ϕk denotes the k-dimensional Gaussian density (2π)−k/2e−|t|
2/2. Then

lim
n→∞

1
sn n(n−1)/2

L1/n
n−1−i

(
π−1√

n,n,k
D, D̃n−k−1+j

)
(9.13)

=
i+j−k∑

l=0

[k + l − j]!
[i]!

(
i− 1

k + l − j − 1

)
L̃j−l

(
D,ϕk(t)hi+j−k−l1Dj

)
.
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Proof. From (8.16)

L1/n
n−1−i

(
π−1√

n,n,k
D, D̃n−k−1+j

)
=

C(k − j, i + j − k)
(2π)(i+j−k)/2(i + j − k)!

∫
Dj×S(Rn−k)

∫
S(T(t,η)Dj×S(Rn−k)⊥)

×Tr(Si+j−k
νk−j

) α(νk−j) Hk−j(dνk−j) Hn−1−j+k(dt, dη),

where

Hn−1−j+k(dt, dη) = σn−1−k
t Hn−1−k(dη)Hj(dt)

is the Hausdorff measure that Dj × S(Rn−k) inherits from D̃σ, the warped product of (Dσ, gσ)
and S(Rk) with its usual metric and warp function σ2 as in (9.3).

By Lemma 9.1, equation (9.5) and the subsequent remarks about the normal Morse index α,

L1/n
n−1−i

(
π−1√

n,n,k
D, D̃n−k−1+j

)
= C(k − j, i + j − k)(2π)−(i+j−k)/2

∫
Dj

∫
S(Rn−k)

∫
S(TtD⊥j )

×
i+j−k∑

l=0

(
n− 1− k

i + j − k − l

)
σn−1−k

t (−1)i+j−k−l (νk−j(log σt))
i+j−k−l

× 1
l!

Tr(Sl
σ,νk−j

) α(νk−j) Hk−j(dνk−j) Hn−1−k(dη) Hj(dt).

Equation (9.11) now follows from the fact that

C(k − j, i + j − k) (2π)−(i+j−k)/2

C(k − j, l) (2π)−l/2
=

sk+l−j

si
,

followed by integrating over S(Rn−k) and noting that

νk−j(log σt) = −〈νk−j , t〉Rk

σ2
t

.

As for the second conclusion of the lemma, (9.13), note that

lim
n→∞

sn−k

snn(n−1)/2

(
n− k − 1

i + j − k − l

)
σn+k−2i−2j+2l−1

t

= lim
n→∞

sn−k

snn(n−1)/2

(
n− k − 1

i + j − k − l

)
n(n+k−2i−2j−2l−1)/2

(
1− ‖t‖2

n

)(n+k−2i−2j−2l−1)/2

=
(2π)−k/2

(i + j − k − l)!
e−‖t

2‖/2.

Also,

sk+l−j

si (i + j − k − l)!
=

sk+l−j (k + l − j − 1)!
si (i− 1)!

(
i− 1

k + l − j

)
=

[k + l − j]!
[i]!

(
i− 1

k + l − j

)
.
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Finally, since it is not hard to see that there exists a finite K such that, for all n large enough,(
1− |t|2/n

)n/2 ≤ Ke−|t|
2/2 for all t ∈ BRk(0,

√
n)◦, dominated convergence yields (9.13) and we

are done. 2

In Lemma 9.4 we computed the contribution of the sets D̃n−k−1+j = Dj × S(Rn−k) to the
curvatures Ln−1

n−1−i(π
−1√

n,n,k
D) under the assumption that D̃n−k−1+j ∩ S(Rk) = ∅.

Our task now is to show that if, in fact D̃n−k−1+j ∩ S(Rk) 6= ∅, then there is actually no
contribution to Ln−1

n−1−i(π
−1√

n,n,k
D) for n large enough. We write this as

Lemma 9.5 Suppose that D satisfies the conditions of Lemma 9.4 and that Dj ⊂ S√n(Rk) is a
stratum of D ∩BRk(0,

√
n) for some n > 0. Then, for n > j + i + 1,

Ln−1

n−1−i(π
−1√

n,n,k
D,π−1√

n,n,k
Dj) = 0,

and so, for all sufficiently large n,

Ln−1

n−1−i(π
−1√

n,n,k
D,h1π−1√

n,n,k
Dj

) ≡ 0

for all h.

Proof. Since Dj ⊂ S√n(Rk) it is obvious that π−1√
n,n,k

Dj = Dj , and so π−1√
n,n,k

Dj is a j-
dimensional stratum of π−1√

n,n,k
D. From Definition 9.2, we see that such strata only contribute

to the intrinsic volumes of order 0 to j, as required. 2

9.5 Completing the proof of Theorem 5.1 on S(Rl)

Theorem 5.1, for the case of the canonical process on S(Rl), will now follow immediately from
Theorem 7.2 and the following result.

Theorem 9.6 Suppose D satisfies the conditions of Lemma 9.4. Then, in the notation of that
lemma,

ρi(D) = (2π)−iMγ
i (D), (9.14)

where the functionals Mγ
i (D) are defined by (9.10)
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Proof. We start by computing the ρ̃i. By Lemmas 9.4 and 9.5,

ρ̃i(D) = (2π)−i/2[i]!
k−1∑

j=k−i

i+j−k∑
l=0

[k + l − j]!
[i]!

(
i− 1

k + l − j − 1

)
L̃j−l

(
D,ϕkhi+j−k−l1Dj

)
= (2π)−i/2

k−1∑
j=k−i

i+j−k∑
l=0

(
i− 1

k + l − j − 1

)
M̃k+l−j

(
D,ϕkhi+j−k−l1Dj

)
= (2π)−i/2

i−1∑
m=0

(
i− 1
m

)
M̃m+1 (D,ϕkhi−1−m) ,

where the M̃ are the generalised Minkowski curvature measures defined at (9.8).

With the ρ̃i determined, we can now turn to the ρj . By (7.9) these are given by

ρi(D) = (i− 1)!
b i−1

2 c∑
l=0

(−1)l

(4π)ll!(i− 1− 2l)!
ρ̃i−2l(D)

= (i− 1)!
b i−1

2 c∑
l=0

i−2l−1∑
m=0

(−1)l

(4π)ll!(i− 1− 2l)!
(2π)−(i−2l)/2

×
(

i− 2l − 1
m

)
M̃m+1 (D,ϕkhi−2l−1−m)

= (2π)−(i+k)/2
i−1∑
m=0

(
i− 1
m

)
M̃m+1

(
D,Hi−m−1(〈η, t〉)e−|t|

2/2
)

= (2π)−iMγ
i (D),

the second last line coming from the definition (8.12) of the Hermite polynomials, and the last
from the definition (9.10) of the Mγ

i (D). 2

10 A general representation for E {Lj(Au(f, m))}.

Our aim over the next few sections will be to prove the following result, which is the formal
version of (2.1).

Theorem 10.1 Let M , D and y be as in Theorem 5.1. Then, retaining the notation of that
theorem, there exist functions ρ̃(i, j, D) dependent on all the parameters displayed, but not on the
distribution of y, such that

E
{
Li(M ∩ y−1(D)

}
=

dimM−i∑
j=0

Li+j(M) ρ̃(i, j, D). (10.1)
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As described in Section 2, the main result of the paper, Theorem 5.1, follows immediately from
Theorems 7.2, 9.6, and the above result.

The proof of Theorem 10.1 is not short and so we shall break it up into a series of smaller
calculations with some necessary digressions along the way. The basic idea is to write M∩y−1(D)
as

M ∩ y−1(D) =
dimM⋃
j=0

j⋃
l=0

∂jM ∩ y−1 (∂k−lD) ∆=
dimM⋃
j=0

Mjl. (10.2)

If we also assume, without loss of generality, that k ≥ dim(M̃), then, with probability one, each
Mjl will be a (random) manifold of dimension j − l in M̃ . Since Lipschitz-Killing curvatures are
additive, it follows that

Li(M ∩ y−1D) =
dimM∑
j=i

j−i∑
l=0

Li

(
M ∩ y−1D,Mjl

)
. (10.3)

Thus all that we need show, in order to prove Theorem 10.1, is that

E {Li (M,Mjl)} =
j−i∑
m=0

Li+m(M,∂jM) · ρ̂(i,m, ∂lD), (10.4)

a result that we shall finally prove in Section 12. Firstly, however, we want to claim that it will
actually suffice to establish (10.4) for the case i = 0; i.e. for the Euler-Poincaré characteristic.
That this is in fact the case follows from the following section.

11 Crofton formulae

The classic Crofton formula works with nice subsets M of RN and states that∫
Graff(N,N−k)

Lj(M ∩ V ) dλN
N−k(V ) =

[
k + j

j

]
Lk+j(M), (11.1)

where Graff(N, k) is the affine Grassmanian of k-dimensional flats in RN with invariant measure
νN

k normalised so that νN
k (Gr(N, k)) =

»
N
k

–
. In its original form, (11.1) was proven for M in the

convex ring (cf. [15, 17, 21]) and was extended to the setting of Whitney stratified manifolds in
[7]. The special case k = 0 of Crofton’s formula is generally known as Hadwiger’s formula and is
given by

Lk(M) =
∫

Graff(N,N−k)

L0(M ∩ V ) dλN
N−k(V ). (11.2)

The importance of Hadwiger’s formula is gives all the Lipschitz-Killing curvatures of M in terms
of the Euler-Poincaré characteristic of its cross-sections, and it is this aspect of it that we wish
to exploit later.
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Note, however, that (11.1) and (11.2) are Euclidean results and that the Lj appearing there
are all computed with respect to the standard (Euclidean) Riemannian metric on RN . This
is important and somewhat limiting. To avoid this limitation we shall develop a different, but
analogous, result, the basic idea of which is to replace the cross-sections M∩V by something more
appropriate for the manifold setting. In particular, we shall introduce an auxiliary set of random
manifolds D for which the union of the M ∩D over all D again gives M and, more importantly,
for which Lj(M) can be computed by averaging the Euler-Poincaré characteristics L0(M ∩D)
over D. The result, which would seem to be of significant interest beyond the application that
we have in mind, is as follows.

Theorem 11.1 Let M̃ be a C2, n-dimensional manifold (without boundary) embedded in a C3

manifold. Let y1, . . . , yk be centred, unit variance, i.i.d. Gaussian processes on M̃ satisfying the
conditions of the yj of Theorem 5.1. For u ∈ Rk define the (random) submanifold

Du =
{

t ∈ M̃ : y1
t = u1, . . . , y

k
t = uk

}
of M̃ , and suppose Zk = (Z1

k , . . . , Zk
k ) ∼ γRk independently of the process y = (y1, . . . , yk). Then,

for 0 ≤ j ≤ dim(M̃)− k,

E
{
Lj(M̃ ∩DZk

)
}

= (2π)−k/2 [k + j]!
[j]!

Lk+j(M̃), (11.3)

where the Lj are computed with respect to the Riemannian metric (5.1) induced on M̃ by the yi.

Proof. We start by noting that it suffices to prove (11.3) for the Euler-Poincaré characteristic
L0. That is, we need only prove that

E
{
L0(M̃ ∩DZk

)
}

= (2π)−k/2[k]!Lk(M̃). (11.4)

This follows from the following observation: For j > 0, take Zj ∼ γRj independent of everything
else, and write Zk+j for the concatenation of Zk and Zj . Note that, in distribution,

M̃ ∩DZk+j
=
(
M̃ ∩DZj

)
∩DZk

.

Conditioning first on Zk, apply (11.4) to the manifold M̃ ∩DZk
to see that

E
{
Lj

(
M̃ ∩DZk

)}
=

(2π)j/2

[j]!
E
{
L0

(
M̃ ∩DZk+j

)}
= (2π)−k/2 [k + j]!

[j]!
Lk+j(M̃),

which establishes the general case.

We now turn to establishing (11.4). To do this we shall adopt an approach based on Morse
theory (e.g. [18]) which allows us to write the Euler-Poincaré characteristics in terms of the
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critical points of an appropriate Morse function. To provide such a Morse function, we take an
independent realisation of the yj , which we denote by ỹ.

There is a problem however, since the set M̃ ∩ DZk
is random, and classical Morse theory is

designed to handle deterministic sets and deterministic Morse functions. We can somewhat
simplify things by first conditioning on both Zk = u ∈ Rk and a fixed realisation of ỹ. However,
even then, Du remains random, since it depends on y. Fortunately, there is a long history of
tackling expectations of Euler-Poincaré characteristics of such random manifolds, which gives
the following representation for fixed Zk and ỹ:

E
{
L0

(
M̃ ∩Du

)}
(11.5)

=
1

(n− k)!

∫
fM E

{
TrL⊥t

(
(−∇2ỹ|D)n−k

)
Jt

∣∣∣y = u, P⊥
Lt
∇ỹ = 0

}
py,P⊥Lt

∇ey(u, 0)Hn(dt).

There are many terms here requiring definition or explanation. Firstly, give M̃ the Riemannian
metric induced by y. Then ∇ is the associated Riemannian gradient, so that ∇ỹt is in

Lt
∆= span

(
∇yi

t, 1 ≤ i ≤ k
)
.

The Riemannian Hessian is denoted by ∇2, and with Gt the k × k matrix with elements gij,t =
〈∇yi

t,∇yj
t 〉 and gij

t the elements of G−1
t , a few calculations show that

∇2ỹ|D,t = ∇2ỹt −
k∑

i,j=1

〈∇ỹt,∇yi
t〉g

ij
t ∇2yj

t = ∇2ỹt −
k∑

i,j=1

〈PLt∇ỹt,∇yi
t〉g

ij
t ∇2yj

t . (11.6)

Finally, py,P⊥
Lt∇ey is the joint probability density of y and P⊥

Lt∇ey, and Jt = (det(Gt))1/2.

Equation (11.5) is not ‘easy to see’ (although its general form will be familiar to afficiandos) and
comes from a long history of results computing expectations of functionals of point processes. A
full proof would also be quite long and, although (11.5) is crucial to the proof of Theorem 11.1
it is unrelated to all other arguments in this paper. We therefore refer you to [3] for full details.

The remainder of the proof now hinges on evaluating the integrand in (11.5) and taking its
expectation over u. It is standard Gaussian fare that, since the yj have constant variance, yt

and ∇yt are independent. Consequently the same is true of yt and Lt, and yt and Jt, and so we
can actually integrate out u first in (11.5) to obtain

E
{
L0

(
M̃ ∩DZk

)}
=

1
(n− k)!

∫
fM E

{
TrL⊥t

(
(−∇2ỹ|D)n−k

)
Jt

∣∣∣P⊥
Lt
∇ỹ = 0

}
pP⊥Lt

∇ey(0)Hn(dt).

Now note that, given the subspace Lt, the pair (∇2ỹ|D,t, Jt) is conditionally independent of
P⊥

Lt
∇ỹ, which then has a standard Gaussian distribution on Lt. From this it is immediate that

the integrand above is given by

(2π)−(n−k)/2E
{

TrL⊥t
(
(−∇2ỹ|D)n−k

)
Jt

}
.
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We now condition on (∇2ỹ|D,t, Jt), so that the next step is to compute the conditional expectation

E
{

TrL⊥t
(
(−∇2ỹ|D)n−k

)
Jt

∣∣∣∇2ỹ|D,t, Jt

}
.

Because of the conditioning, this is just the expected value of the trace of a double form α on
TtM̃ , restricted to a random subspace of dimension n − k.. Lemma 13.1 below shows how to
evaluate such expectations, and in our case it follows from the lemma that

E
{

TrL⊥t
(
(−∇2ỹ|D)n−k

)
Jt

∣∣∣∇2ỹ|D,t, Jt

}
=
(

n

k

)−1

TrTt
fM (

(−∇2ỹ|D)n−k
)

Jt. (11.7)

To complete the computation, we now need to evaluate

E
{

TrTt
fM (

(−∇2ỹ|D)n−k
)

Jt

}
.

Recall (11.6), which gives a different way of writing ∇2ỹ|D. In particular, consider the second
term in the last expression there, which involves the term

k∑
i,j=1

〈PLt
∇ỹt,∇yi

t〉g
ij
t ∇2yj

t .

We want a more user-friendly version of this. To obtain it, for the moment we drop the depen-
dence on t and define

Vi
∆=

k∑
j=1

g
−1/2
ij 〈PL∇ỹ,∇yi〉,

where the g
−1/2
ij are the elements of the matrix G−1/2 (= G

−1/2
t ). Then, conditional on

∇y1, . . . ,∇yk,∇2y1, . . . ,∇2yk, we have V ∼ N(0, Ik×k). Since the conditional distribution does
not depend on the conditioning variables, the Vi are actually independent of them. Furthermore,
since the ∇yi and ∇2yj are all independent of one another, we have that, for each t,

k∑
i,j=1

〈PLt∇ỹt,∇yi
t〉g

ij
t ∇2yj

t
L=

k∑
i,j=1

ViW
−1/2
ij ∇2yj ,

where, W ∼ Wishart(n, Ik×k), independently of everything else and L= denotes equivalence in
law. (cf. Section 13 for details on Wishart distributions.) Consequently, by (11.6),

TrTt
fM (

(−∇2ỹ|D)n−k
)
Jt

L= TrTt
fM((∇2ỹ −

k∑
i,j=1

ViW
−1/2
ij ∇2yi

)n−k)√
det(W ),

where, as above, W ∼ Wishart(n, Ik×k) and the random matrices ∇2ỹt, ∇2y1
t , . . . ,∇2yk

t are
independent and identically distributed.
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From Lemma 13.2 below it then follows that

E
{

TrTt
fM (

(−∇2ỹ|D)n−k
)

Jt

}
= (2π)−k/2 n!

(n− k)!
ωkE

{
TrTt

fM (
(−∇2ỹ)n−k

)}
. (11.8)

This expectation is, however, something that has been computed before (cf. [24, 25]), as well as
its integral over M̃ , giving∫

fM E
{

TrTt
fM ((−∇2ỹt)n−k)

}
Hn(dt) = (2π)(n−k)/2(n− k)!Lk(M̃).

Putting all the pieces together we have enough to prove (11.3) and so we are done, modulo
proving Lemmas 13.1 and 13.2, which we defer to Section 13. 2

We shall also need an extension of Theorem 11.1 to regular stratified manifolds. The proof is
similar, although somewhat more involved due to the stratification (cf. the proof of Theorem
10.1 in Section 12) and details can be found in [3].

Theorem 11.2 Let M̃ , y1, . . . , yk, Zk and Du be as in Theorem 11.1, and let M be a regular
stratified submanifold of M̃ . Then, for all j ≤ dim(M)− k,

E {Lj(M ∩DZk
)} = (2π)−k/2 [k + j]!

[j]!
Lk+j(M).

12 Proof of Theorem 10.1

In the notation of the previous two sections, we shall prove that, under the conditions of Theorem
10.1,

E {L0 (M,Mjl)} =
j∑

i=0

L1
i (M,∂jM) · ρ̂(i, ∂k−lD), (12.1)

for some functions ρ̂ depending only on the parameters displayed. Once this is established, we
can apply the linear relationships (6.5) between the L1

i and the Li to move from a representation
involving the Li rather than the L1

i . (While the functionals ρ̂ will then change, this is not
important for us.) The proof of Theorem 10.1 then follows from the addivity of the curvature
measures L1

i (M, ·) and the Crofton formula of Theorem 11.2. The argument goes as follows.

Fix 0 ≤ j ≤ dim(M) and introduce an auxiliary set of Gaussian processes y1, . . . , yj and a
Gaussian random variable Zj as in Theorem 11.1, satisfying the conditions required there. As
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before, write Du = {t ∈ M : y1
t = u1, . . . , y

j
t = uj}. Then, by Theorem 11.2,

E
{
Lj(M ∩ y−1(D))

}
=

(2π)j/2

[j]!
E
{
L0(M ∩ y−1(D)) ∩DZj

)
}

=
(2π)j/2

[j]!
E
{
E
{
L0(M ∩ y−1(D)) ∩DZj

)
∣∣DZj

}}
.

We now note that, with probability one, the sets M∩y−1(D)∩DZj
are regular stratified manifolds,

and so we can apply (12.1) and additivity to compute the inner expectation above, giving

E
{
Lj(M ∩ y−1(D))

}
=

dim M−j∑
l=0

ρ̂(j, l,D) E
{
L1

l (M ∩DZk
)
}

=
dim M−j∑

l=0

ρ̂(j, l,D) E {Ll(M ∩DZk
)}

=
dim M−j∑

l=0

ρ̂(j, l,D)L1
j+l(M),

again by (12.1), and allowing the ρ̂(j, l,D) to change from line to line, but always remaining
functions only of j, l and D. Converting again from the L1

j to Lj this is (10.1) and so Theorem
10.1 is established.

All that remains, therefore, is to establish (12.1). As in the proof of the Gaussian Crofton
Theorem 11.1 we introduce an independent process ỹ with the same distribution as the yj to act
as a (random) Morse function and use it to find an integral expression analogous to (11.5) for
E{L0(M ;Mjl)}. Unfortunately, however, we shall first require a little more notation and shall
need to write the strata of D in a form that will simplify computations.

In particular, suppose that Fl : Rk → Rl is a C2 function with F−1
l (0) a (k − l)-dimensional

C2 submanifold containing of ∂k−lD. The stratum ∂k−lD will generally have to be broken up
into smaller pieces to achieve this, in which case we can think of ∂k−lD as a generic stratum of
dimension k− l rather than the union of all (k− l)-dimensional strata. With this in mind, from
now on we shall assume that Fl has been chosen so that

∂k−lD ⊂
{
x ∈ Rk : Fl,r(x) = 0, 1 ≤ r ≤ l

}
.

We now define ft = Fl(yt), a Rl valued random process on M with components fr(t) = Fl,r(yt),
r = 1, . . . , l, dropping the unnecessary dependence on l, which will be fixed for the remainder of
the proof. Given f , we introduce the ‘Jacobians’ J̃f(t) with entries

J̃f(t)rs =
〈
PTt∂jM∇fr(t), PTt∂jM∇fs(t)

〉
.
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Note, for later use, that given yt the Jacobians have conditional distributions

J̃f(t)
∣∣ yt ∼ Wishart

(
j, J̃F (yt)

)
∆= Wishart (j, 〈∇Fr(yt),∇Fs(yt)〉) .

With notation now set, we can start our computation. Appealing again to Morse theory for
a characterisation of L0 (M,Mjl) via the critical points of ỹ, and to point process theory to
compute expectations, some work shows that

E {L0 (M,Mjl)} =
1

(j − l)!

∫
∂jM

E
{

α(ηt;M ∩ y−1D)TrTtMjl
(
(−∇2ỹ|Mjl

)j−l
)
|J̃f(t)|1t (12.2)∣∣∣∣f(t) = 0, PTtMjl

∇ỹ = 0
}

pf,Pjl
(0, 0) Hj(dt),

where, in order to make the formulae a little more manageable, we write 1t for 1∂k−lD(y(t)),
|J̃f(t)| for (det(J̃f(t)))1/2, pf,Pjl

for the joint density of f(t) and PTtMjl
∇ỹ, and

ηt
∆= P⊥

TtMjl
∇ỹt. (12.3)

Note that is actually technically incorrect to call pf,Pjl
a joint density as PTtMjl

∇ỹt lives in
Tt∂jM , a j-dimensional space and f(yt) lives in a l dimensional space. However, conditional on
yt, y∗,t we can find a subspace of Tt∂jM that is perpendicular to y∗t (Tyt

∂k−lD)⊥, the pull-back of
the orthogonal complement of Tyt

∂k−lD in Tyt
Rk, as well as an orthonormal basis X1,t, . . . , Xj−l,t

for this subspace. The vector PTtMjl
can thus be written as a linear combination of the Xi,t’s

and so we think of the density pf,Pjl
as the joint density of f and the coefficients of PTtMjl

in
this basis. This being the case, this density is easily seen to be

(2π)−(j−l)/2pf (0). (12.4)

Our goal now is to show that the expectation in (12.2) factors, in an appropriate sense, into one
factor related only to the Lipschitz-Killing curvature measures of M and another that is related
only to ∂k−lD. (Since the density term pf,Pjl

(0, 0) is independent of t, we can ignore it.) Thus,
we focus on evaluating the conditional expectation in the integrand of (12.2).

To be more specific, we shall consider a finer conditional expectation, looking at

E
{

α(ηt;M ∩ y−1D)TrTtMjl(−∇2ỹ|Mjl
)j−l|J̃f(t)|1t

∣∣∣ yt, y∗,t, ỹt, ỹ∗,t

}
, (12.5)

where y∗,t and ỹ∗,t are the push-forwards of y and ỹ. We shall see that this factors as required
and, after a little further manipulation of expectations, will achieve our goal.

We deal with the normal Morse index first. Theorem 14.3 implies that this Morse index factors
into a product of two modified Morse indices, one for M and one for y−1D. To set this up
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properly for the current scenario, note first that the support cone of M ∩ y−1D at t ∈ Mjl is the
intersection of two support cones, viz. StMjl = StM ∩ Sty

−1D ⊂ TtM̃ . Let

Vt
∆= span {∇fi(t), 1 ≤ i ≤ l}

be the normal to Tty
−1(∂k−lD) in all of TtM̃ . By Theorem 14.3, for almost every νt ∈ TtM

⊥
jl ,

α(νt;M ∩ y−1D) = α(νt;St(M ∩ y−1D)) (12.6)

= α (TVt
νt;StM) · α

(
νt;PTt∂jM

(
St

(
y−1D

)))
∆= α1(νt) · α2(νt),

where TVt is as defined in Theorem 14.3. Specifically,

TVtνt = P⊥
Tt∂jMνt −

l∑
r,s=0

〈νt, PTt∂jM∇fr(t)〉J̃f(t)rsP⊥
Tt∂jM∇fs(t). (12.7)

In particular, for the ηt of (12.3), we have

α(ηt;M ∩ y−1D) = α1(ηt) · α2(ηt).

With regard to the second of these indices, note that the vectors in the cone St

(
y−1D

)
are

push-forwards under y−1
t of vectors in a cone in Tyt

Rk. Consequently,

α2 (ηt) = α
(
ηt;PTt∂jM

(
St

(
y−1D

)))
= α (y∗(ηt);Syt (D) ∩ y∗(Tt∂jM)) ,

where, with some abuse of notation, we have written y∗(Tt∂jM) to denote the collection of push-
forwards, by y, of vectors in Tt∂jM . It is clear that, as a random variable, α2 (ηt) is dependent
only on the collection (yt, y∗,t, ỹt, ỹ∗,t) of four random vectors. Hence, its conditional distribution
in (12.5) does not depend on t.

In view of the above observations, and appealing to Lemma 13.1, we have that the conditional
expectation (12.5) can be written as

E
{

α(ηt;M ∩ y−1D)TrTtMjl(−∇2ỹ|Mjl
)j−l|J̃f(t)|1t

∣∣∣∣ yt, y∗,t, ỹt, ỹ∗,t

}
=

l!(j − l)!
j!

E
{

α(ηt;M ∩ y−1D)TrTt∂jM
(
(−∇2ỹ|Mjl

)
)j−l |J̃f(t)|1t

∣∣∣∣ yt, y∗,t, ỹt, ỹ∗,t

}
=

l!(j − l)!
j!

α2(ηt)|J̃f(t)|1tE
{

α1(ηt)TrTt∂jM
(
(−∇2ỹ|Mjl

)
)j−l

∣∣∣∣ yt, y∗,t, ỹt, ỹ∗,t

}
.

To evaluate the expectation here, we need to look a little more closely at the structure of the
Hessian ∇2ỹ|Mjl

. Applying the Weingarten equation gives us, after some computation, that

∇2ỹ|Mjl,t = ∇2ỹt −
l∑

r,s=1

〈∇ỹt,∇fr|∂jM (t)〉
(
J̃f(t)

)rs∇2fs|∂jM (t).
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This depends on the curvature of F−1
l (0). With some perversity (note how terms cancel) but

with the future in mind, we acknowledge this dependence by writing

∇2ỹ|Mjl,t = Ξt + Θt,

where

Ξt
∆=

(
∇2ỹt + ỹt · I

)
− Sηt

−
l∑

r,s=1

k∑
u=1

〈∇ỹt, PTt∂jM∇fr(t)〉J̃f(t)rs ∂Fs

∂yu
·
(
∇2yu(t) + yu,t · I

)
Θt

∆= Θ1
t + Θ2

t

Θ1
t

∆=
l∑

r,s=1

k∑
u,v=1

〈∇ỹt, PTt∂jM∇fr(t)〉J̃f(t)rs ∂2Fs

∂yu∂yv

∣∣∣∣
yt

×〈Xt,∇yu(t)〉 · 〈Yt,∇yv(t)〉

Θ2
t

∆= −ỹt · I +
k−l∑

r,s=1

k∑
u=1

〈∇ỹt, PTt∂jM∇fr(t)〉J̃f(t)rs ∂Fs

∂yu
yu, t · I.

Written this way, the curvature of F−1
l (0) is contained in the double form Θ1

t . Continuing,
Lemma 2.1 of [24] implies that (12.5) is given by

E
{

l!
j!

α1(ηt)α2(ηt)TrTt∂jM
(
(−∇2ỹ|Mjl

)
)j−l |J̃f(t)|1t

∣∣∣∣ yt, y∗,t, ỹt, ỹ∗,t

}
=

j∑
m=l

l!(j − l)!
(m− l)!(j −m)!j!

TrTt∂jM

(
E
{

α1(ηt)α2(ηt) · Ξj−m
t Θm−l

t |J̃f(t)|1t

∣∣∣∣ yt, y∗,t, ỹt, ỹ∗,t

})
.

We shall apply Lemma 13.2, conditional on yt to each term in the sum above. To do so, we first
identify variables and functions above with the variables and functions in Lemma 13.2. With
this in mind, set

Zi =
l∑

r=0

〈∇ỹt, PTt∂jM∇fr(t)〉J̃f(t)−1/2
ri

W =
(
J̃F (yt)

)−1/2

J̃f(t)
(
J̃F (yt)t

)−1/2

Uj =
(
∇2yj + yj · I, SP⊥Tt∂jM∇yj

)
1 ≤ j ≤ l

Ul+1 =
(
∇2ỹ, SP⊥Tt∂jM∇ey

)
Gj−m = α1 · Ξj−m

t

G̃m−l = α2 ·Θm−l
t .

It is straightforward to verify that, conditional on yt, the above random variables have the
required conditional distributions. The result after application of the lemma with l̃ = j−m, r̃ =

40



m− l, ñ = j, k̃ = l is

(2π)−m/2 j!
(j − l)!

ωm

ω0
E {Gm−l}E

{
G̃j−m

∣∣yt

}
. (12.8)

There is only one conditional expectation above because the Uj ’s are in fact independent of yt.

Applying Lemma 13.2 repeatedly, along with the fairly obvious fact that E {Θm
t } = CmIm for any

m, we find constants, ρ̂(m,∂k−lD), which may change from line to line, such that the expected
value of the above (after multiplication by the factor of 2π in (12.4)) is equivalent to

j∑
m=l

l!
(m− l)!(j −m)!

(2π)−(j−m)/2ρ̂(m,∂k−lD)

× TrTt∂jM
(
E
{

α(P⊥
Tt∂jM∇ỹt;M) · (∇2ỹt + ỹt · I)j−m

}
Im−l

)
=

j∑
m=l

l!
(m− l)!(j −m)!

(2π)−(j−m)/2ρ̂(m,∂k−lD)

× TrTt∂jM
(
E
{

α(P⊥
Tt∂jM∇ỹt;M) · (∇2ỹt + ỹt)j−m

})
,

the last equality following from a trace formula of Federer ([11], p425).

Above, ρ̂(m,∂k−lD) is a complicated expression involving the expected value of products of the
α2 of (12.6), powers of Θ1

t and Θ2
t and factors of 2π and ωm’s.

Finally, arguing as in the proof of Theorem 11.1, one can show that∫
∂jM

TrTt∂jM
(
E
{

α(P⊥
Tt∂jM∇ỹt;M) · (∇2ỹt + ỹt · I)j−m

})
∝ L1

m(M ; ∂jM),

with the proportionality constant independent of ∂lD. The reason that L1 appears instead of
L = L0 is because of the appearance of ỹt · I above. This completes the proof as all that remains
under the expectation are quantities whose distribution does not depend on t. 2

13 Two Gaussian lemmas

We shall now prove two technical lemmas that we used earlier. They are stated in somewhat
more generality than needed, but it turns out to be not much harder to prove the more general
results and as currently formulated they may also turn out to have broader application. Both
are exercises in (statistical) Multivariate Analysis, for which the standard reference is Anderson
[5]. In particular, both proofs exploit some basic facts of Wishart distributions which we now
summarise and proofs of which can be found in Section 13.3 of [5].
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The Wishart(n, Σ) distribution is the distribution of a matrix W with elements of the form Wij =∑n
m=1 XmiXmj , where the k n-dimensional vectors Xm = (Xm1, . . . , Xmk) are independent, each

distributed as N(0,Σ). Alternatively, writing X for the n × k matrix with Xm being the m-th
row, we have W

L= X ′X.

We shall need two properties of the Wishart(n, Ik×k) distribution. The first is the rather imme-
diate fact that, for any W ∼ Wishart(n, Ik×k) and any orthonormal matrix A,

AWA′ L= W. (13.1)

The second is that, for W ∼ Wishart(n, Ik×k),

det(W ) ∼
k∏

j=1

χ2
n+1−j , (13.2)

where we read the right hand side as “the product of k independent χ2 variables, with degrees
of freedom running from n + 1− k to n”. An immediate consequence of this is that

E {det(W )} =
k∏

j=1

(n + 1− j) =
n!

(n− k)!
. (13.3)

Here is the first of our two lemmas.

Lemma 13.1 Let (V, 〈 , 〉) be an inner product space with dim(V ) = n and associated wedge
product ∧. Suppose that Lk ⊂ V is a uniformly distributed random subspace of V of dimension k,
in the sense that gLk

L= Lk for all orthonormal transformations g of V . Then, for all alternating
double forms α of order j,

E
{
TrLk(α)

}
=


(k

j)
(n

j)
TrV (α) j ≤ k,

0 otherwise,

where by TrV (α) and TrLk(α) we denote the trace of α on V and Lk, respectively.

Proof. Firstly, note that the case j > k is trivial since then α ≡ 0 by definition. Secondly, by
the linearity of double forms note that it suffices to consider the case

α = (ω1 ∧ · · · ∧ ωj) · (ω1 ∧ · · · ∧ ωj) (13.4)

for some orthonormal set {ω1, . . . , ωj}. Note that from the definition of the trace

TrV (α) = TrV ((ω1 ∧ · · · ∧ ωj) · (ω1 ∧ · · · ∧ ωj)) = 1. (13.5)
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Finally, we claim that it also suffices to consider only the case j = k. To see this, note that, for
an α of the above type,

TrLk(α) =
∑

{i1,...,ij}⊂{1,...,k}

α
((

θi1 , . . . , θij

)
,
(
θi1 , . . . , θij

))
,

where {θ1, . . . , θk} is a (random) orthonormal basis for Lk. Note that the individual terms in the
sum all have an identical expectation, due to the assumed distributional invariance of Lk (and
its subspaces) under orthonormal transformation. Hence

E
{
TrLk(α)

}
=
(

k

j

)
E {α ((θ1, . . . , θj) , (θ1, . . . , θj))} =

(
k

j

)
E
{
TrLj (α)

}
.

Thus, to compute the expected value of the trace of a α on a uniform subspace of dimension
k, it suffices to compute it on a uniform subspace of dimension j. Consequently, we shall now
concentrate on the form (13.4) for the case j = k.

To this end we introduce an auxiliary set of random vectors, X1, . . . , Xk, taken to be independent,
identicially distributed with standard Gaussian distribution γV . (i.e. For any x ∈ V ∗, the dual
of V , the real valued random variable x(X) is distributed as N(0, ‖x‖).) Then, for α of the form
(13.4), it follows from the definition of the trace operator that

α ((X1, . . . , Xk), (X1, . . . , Xk)) = det(g)TrLk(α),

where gij = 〈Xi, Xj〉 ∼ Wishart(n, Ik×k) is independent of Lk.

Let Ṽ ∗ = span{ω1, . . . , ωk} and, using the usual identification of V and its dual V ∗, let Ṽ be the
corresponding subspace of V . Define Yi = PeV Xi ∼ γeV , and note that

α ((X1, . . . , Xk), (X1, . . . , Xk)) = α ((Y1, . . . , Yk), (Y1, . . . , Yk)) .

However, the right hand side here has a particularly simple distribution, since α((Y1, . . . , Yk),
(Y1, . . . , Yk)) = det (g̃), where g̃ij = 〈Yi, Yj〉 ∼ Wishart(k, Ik×k). Collecting equivalences, we find
that

det(g) TrLk(α) = det(g̃).

Taking expectations over Lk, g and g̃, recalling the independence of Lk and g, and applying
(13.3) we find that

E
{
TrLk(α)

}
=
(

n

k

)−1

=
(

n

k

)−1

TrV (α),

the last equality following from (13.5). Combining this with (13.6) completes the proof. 2

The second, unrelated, lemma is the following.
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Lemma 13.2 Consider the following three sets of random variables: a vector Z, a matrix W

and a sequence U1, . . . , Uk+1 of vectors. All are independent, with distributions

Z ∼ N(0, Ik×k), W ∼ Wishart(n, Ik×k), Uj ∼ N(0,Σ),

where Σ is an arbitrary covariance matrix.

Then, for any homogeneous functions Gl of degree l and G̃r of degree r,

E
{

Gl

(
Uk+1 +

k∑
i,j=1

ZiW
−1/2
ij Uj

)
G̃r

( k∑
i,j=1

ZiW
−1/2
ij

)√
det(W )

}
= (2π)−(k+r)/2 n!

(n− k)!
ωn−l

ωn−l−k−r
E {Gl(U1)} E{G̃r(Z)}

In particular,

E
{(

Uk+1 +
k∑

i,j=1

ZiW
−1/2
ij Uj

)2l√
det(W )

}
=

(2l)!
l! 2l

(2π)−k/2 n!
(n− k)!

ωn−2l

ωn−2l−k
E
{
U2l

1

}
.

Proof. For ease of notation, we first consider the case G̃r ≡ 1.

Let PW denote the distribution of W on Symk×k, the space of k × k symmetric matrices. Then

E
{

Gl

(
Uk+1 +

k∑
i,j=1

ZiW
−1/2
ij Uj

)√
det(W )

}
(13.6)

=
∫
Symk×k

∫
Rk

√
det(w)E

{
Gl

(
Uk+1 +

k∑
i,j=1

ziw
−1/2
ij Uj

)}e−|z|
2/2

(2π)k/2
dzPW (dw)

=
∫
Symk×k

∫
Rk

det(w)E
{

Gl

(
Uk+1 +

k∑
j=1

zjUj

)}e−zwz′/2

(2π)k/2
dzPW (dw).

In order to simplify this expression, fix Z and consider the expectation over W . Take an or-
thornormal matrix, say OZ , with first row equal to Z/|Z| and the remaining rows chosen ar-
bitrarily (but consistently with the first). Then, as we noted at (13.1), OZWO′

Z
L= W and we

can write det(OZWO′
Z) as the product of χ2 random variables (cf. (13.2)) the first of which is

actually ZWZ ′/|Z|2.

Taking the expectation over these terms, we have k − 1 expectations of of χ2 variables, along
with

E
{ZWZt

|Z|2
e−ZWZt/2

∣∣∣Z} = E
{

Xne−|Z|
2Xn/2

∣∣∣Z} =
d

dλ
MXn

(λ)
∣∣∣
λ=−|Z|2/2
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where Xn ∼ χ2
n and MXn

is its moment generating function. However, this is equal to

d

dλ

(
1

1− 2λ

)n/2 ∣∣∣∣
λ=−|Z|2/2

= n

(
1

1 + |Z|2

)n/2−1

.

Substituting this into the last line of (13.6) gives that the expectation there is equivalent to

(2π)−k/2
k−1∏
j=1

E
{
χ2

n−j

}∫
Rk

n(1 + |z|2)l/2−n/2−1E

{
Gl

(
Uk+1 +

∑k
i=1 ziUi√

1 + |z|2

)}
dz (13.7)

= (2π)−k/2 n!
(n− k)!

E {Gl (U1)}
∫

Rk

(1 + |z|2)l/2−n/2−1 dz.

Finally, as the integral here is, effectively, that of a multivariate t density with n − l − k + 2
degrees of freedom and covariance parameter (n− l − k + 2)−1Ik×k (cf. [5]) we have∫

Rk

(1 + |z|2)l/2−n/2−1 dz = πk/2 Γ
(

n−l−k
2 + 1

)
Γ
(

n−l
2 + 1

) =
ωn−l

ωn−l−k

and, after putting all the pieces together, the proof is done for the case G̃r = 1.

Now, suppose that G̃r is not identically 1. Then, the proof proceeds exactly as above up to the
point (13.7), keeping in mind that we had made the substitution

zi 7→ z̃i =
k∑

i,j=1

W
−1/2
ij zj ,

and the integral ∫
Rk

(1 + |z|2)l/2−n/2−1 dz

is replaced with ∫
Rk

G̃r(z) (1 + |z|2)l/2−n/2−1 dz.

Finally, exploit the homogeneity of G̃r to see that

E
{

G̃r(Tn−l−k+2)
}

= E
{(

χ2
n−l−k+2

)−r/2
}

E
{

G̃r(Z)
}

= 2−r/2 · π−(n−l−k)/2ωn−l−k

Γ
(

n−l−k+2−r
2

)
Γ
(

n−l−k+2
2

) E
{

G̃r(Z)
}

.

2
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14 Two Morse theoretic results

We present here, without proofs, two Morse theoretic results that are used in the paper. Recall
first that a function f ∈ C2(M̃), where M is a C2 Whitney stratified manifold embedded in a C3

ambient manifold M̃ , is called a Morse function on M if, for all 0 ≤ j ≤ dim(M), the covariant
Hessians ∇2f|Tt∂jM are non-degererate at all critical points of f|∂jM in ∂jM and the restriction
of f to ∂kM =

⋃k
j=0 ∂jM has no critical points on

⋃k−1
j=0 ∂jM .

The classical Morse Theorem, in this settings, can be stated as follows (cf. [13]).

Theorem 14.1 (Morse’s Theorem) Let (M,Z) be a compact C2 Whitney stratified manifold
embedded in a C3 Riemannian manifold (M̃, g̃) and f̃ ∈ C2(M̃) be a Morse function on M .
Then, setting f = f̃|M ,

L0(M) =
N∑

j=0

∑
{t∈∂jM :∇ft∈T⊥t ∂jM}

(−1)ιf,∂jM (t)α(P⊥
Tt∂jM∇ft;M), (14.1)

where P⊥
Tt∂jM is orthogonal projection onto (Tt∂jM)⊥, L0(M) is the Euler-Poincaré character-

istic of M , and the ιf,∂jM (t) are the tangential Morse indices of (3.3).

More important for us is the following corollary of the standard Morse Theorem, for this is what
lies behind the the point set representations leading to (11.5) and (12.2).

Corollary 14.2 Let M be a regular stratified manifold embedded in a C3 manifold M̃ . Let
f̃ ∈ C2(M̃) be a Morse function on M , and let u ∈ R be a regular value of f̃|∂jM for all
j = 0, . . . , N . Then, writing f = f̃|M ,

L0

(
M ∩ f−1[u,∞)

)
=

N∑
j=0

∑
{t∈∂jM :ft≥u,∇ft∈T⊥t ∂jM}

(−1)ι−f,∂jM (t)α(−P⊥
Tt∂jM∇ft;M). (14.2)

The proof of the Corollary is not hard (cf. [3] for details) but depends, in part, on the following
lemma, a proof of which can also be found in Section 9.2 of [3] and which, to the best of our
knowledge, does not appear elsewhere in the literature. Although hidden away in the details of
the proof of Theorem 10.1 of Section 12, this lemma is actually crucial to the fact that in the
expression (1.2) for the expected Lipschitz-Killing curvature of an excursion set the geometries
of the parameter and Gaussian spaces separate out to product form.

Lemma 14.3 Let M1 and M2 be regular stratified manifolds with stratifications

M1 =
dim M1⋃

j=0

M1j , M2 =
dim M2⋃

k=0

M2k.
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Suppose that, for each j and k, M1j and M2k intersect transversally and

Codim (M1j ∩M2k) = Codim (M1j) + Codim (M2k) . (14.3)

Fix a t ∈ M1j ∩M2k. Then, for every such t and almost every νt ∈ Tt(M1j ∩M2k)⊥,

α (νt;St(M1 ∩M2)) = α (νt;StM1 ∩ StM2) (14.4)

= α (νt;PTtM2k
StM1) · α

(
νt;PTtM1j

StM2

)
= α (Tjkνt;StM1) · α

(
νt;PTtM1j

StM2

)
,

where Tjk : Tt(M1j ∩M2k)⊥ → TtM
⊥
1j is defined by

Tjkν = P⊥
TtM1j

ν −
Codim(M2k)∑

r,s=1

〈PTtM1j
ν, PTtM1j

wr〉 g̃rsP⊥
TtM1j

ws,

where {w1, . . . , wCodim(M2k)} is a collection of vectors spanning TtM
⊥
2k and the g̃rs are the entries

of the inverse of the matrix with elements

g̃rs = 〈PTtM1j
wr, PTtM1j

ws〉, 1 ≤ r, s ≤ Codim(M2k).

Furthermore, if St(M2) is a half-space then, for almost every νt ∈ Tt(M1,j ∩M2,k)⊥,

α (νt;St(M1 ∩M2)) = α
(
νt;PTtM2,k

StM1

)
= α

(
TTjk

νt;StM1

)
. (14.5)

Although we are not going to prove this lemma here, a couple of words as to how the proof
proceeds are in order. There are essentially two steps in the proof. The first is to show that
the lemma holds when M is a complex of simplicial cones. The second is to extend this result
to stratified manifolds via an approximation. That is, the manifolds, their tangent bundles and,
importantly, their normal and tangential indices need to be approximated by those of simplicial
cone complexes. At the this stage, various smoothness demands enter into consideration, in
particular that M be a C2,1 cone manifold.
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