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Clutter Removal in Sub-Nyquist Radar

Yonina C. Eldar, Fellow, IEEE, Roei Levi, and Aharon Cohen

Abstract—Recently, a new approach to sub-Nyquist sampling
and processing in pulse-Doppler radar was introduced, based on
the Xampling approach to reduced-rate sampling combined with
Doppler focusing performed on the low-rate samples. This method
imposes no restrictions on the transmitter, reduces both the sam-
pling and processing rates and exhibits linear signal-to-noise ratio
improvement with the number of pulses. Here we extend previous
work on sub-Nyquist pulse-Doppler radar by incorporating a
clutter removal algorithm operating on the sub-Nyquist samples,
allowing to reject clutter modeled as a colored Gaussian random
process. In particular, we show how to adapt standard clutter
rejection techniques to work directly on the sub-Nyquist samples,
allowing to preserve high detection rates even in the presence
of strong clutter, while avoiding the need to first interpolate the
samples to the Nyquist grid.

Index  Terms—Clutter
sub-Nyquist sampling.

rejection, pulse-Doppler radar,

I. INTRODUCTION

ADAR systems detect targets by processing echoes of a

transmitted signal from objects in the vicinity of the radar.
Typically, signals from targets of interest are accompanied by
unwanted interfering echoes, referred to as clutter. Clutter orig-
inates from a variety of elements, including natural sources such
as ground, sea and rain, as well as radar countermeasures such
as chaff [1]. These echoes, which may be stronger than receiver
noise and signals of interest, interfere with the detection of de-
sired targets [2], [1].

A common approach to treat clutter is to model it as a
random process with Doppler frequency that follows a colored
Gaussian noise distribution [2], [1], [3], [4]. The amplitudes
and delays are typically assumed to be independent identi-
cally distributed (iid) random variables. To discriminate target
echoes from clutter a standard processing technique is to filter
the received signal with weights that maximize the signal-to-in-
terference (SIR) ratio, which accounts for both the clutter and
the background noise. It can be shown that this method is
equivalent to first whitening the received signal samples, and
then performing matched-filtering with respect to a whitened
pulse. This interpretation will be the basis for our approach to
clutter removal in sub-Nyquist radar.

Recently, a new approach to sub-Nyquist pulse-Doppler
radar [5], [6] was introduced, which assumes that the targets are
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sparsely populated in the radar’s unambiguous time-frequency
region. This technique detects the targets from samples of the
signal taken at sub-Nyquist rates, with rate proportional to the
number of targets, rather than to the signal bandwidth. Sub-
sequent processing is performed directly on the reduced-rate
samples, avoiding interpolation to the high Nyquist grid. This
framework uses Xampling for reduced-rate sampling [7], [8]
combined with Doppler focusing of the low-rate samples in the
frequency domain. Here we show how to extend the work of [5]
by adding clutter to the received target model and developing
suitable processing methods operating on the sub-Nyquist
samples. The proposed clutter rejection algorithm assumes
a colored Gaussian clutter model, and extends previous ap-
proaches used in traditional radar systems. In particular, it is
based on whitening the sub-Nyquist samples in the frequency
domain followed by Doppler focusing with respect to the
whitened frequencies. We show that this method improves the
SIR by as much as the number of pulses P.

The letter is organized as follows. In Section II we introduce
our signal model and review sub-Nyquist Doppler focusing
and standard clutter rejection methods. Sub-Nyquist clutter
processing is developed in Section III. Simulations presented
in Section IV show that the proposed clutter filtering can lead
to high detection even in the presence of strong clutter.

II. PULSE-DOPPLER RADAR

A. Nyquist-Based Processing

A standard pulse-Doppler radar transmits a pulse train

P1
zr(t) = Z h(t —pr), 0<t<Pr. )
p=0

The pulse-to-pulse delay 7 is referred to as the pulse repeti-
tion interval (PRI) and the entire signal duration is called the
coherent processing interval (CPI). The pulse A(¢) is a known
time-limited baseband function with continuous-time Fourier
transform (CTFT) H(w) = [°°_ h(t)e 7“'dt. We assume that
H(w) has negligible energy at frequencies beyond B, /2.

The target scene consists of . non-fluctuating point targets
(Swerling-0 model), where L may be unknown. The pulses re-
flect off the targets and propagate back to the transceiver. Each
target £ is defined by a time delay 7, proportional to the target’s
distance from the radar; a Doppler radial frequency v, propor-
tional to the target-radar closing velocity; and a complex ampli-
tude vy, proportional to the target’s radar cross section and all
other propagation factors. Assuming the targets are sufficiently
slow and far, and that their velocity is constant during the CPI,
we can write the received signal as [5]

P-1

2(t) = 3 a0,

p=0

2
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where
L

zp(t) =

i
—

ach(t — 70 — pT)efj”’pT. 3)
0

~
I

Classic radar samples the received signal at its Nyquist rate
Dy, followed by digital matched filtering to create the sequences
ypln] = wp[n] * h[—n],0 < n < N — 1 where N = 78,
(which we assume for simplicity is an integer). Doppler is then
detected by performing a P -];oint Fourier transform along the
pulse dimension: z,,[k] = Zp;ol Yp[n]e 72 PRI for O < k <
P — 1. The frequency resolution in this step is 27/ P7. Stacking
the vectors z,,, and taking absolute value, we obtain a delay-
Doppler map Z = abs[zg ...2zx_1]. The L strongest points in
Z are detected as the targets.

B. Sub-Nyquist Processing

In [5] the authors suggest a sub-Nyquist radar receiver which
detects the delays and Dopplers from samples of the signal taken
at rates much lower than the Nyquist rate. The basic idea is to
operate on the Fourier coefficients of the received signal. Denote
by X, [k] the Fourier series of the pth frame =, (t + p7) (namely
we align each of the frames to start at the same point). Then, it
is easy to show that (see [5])

L-1
X,[k] = H[E]) S apeimememi2mkn/m, 4)
=0

where H[k] = (1/7)H(2xk/7) is the Fourier series of h(#).
We assume that low-rate samples of the signal are taken such
that X,[k] is given only over a set of values K of size K = |K|
where the rate depends on K . Sub-Nyquist sampling techniques
that operate in the time domain and result in the desired Fourier
coefficients as well as a hardware prototype implementing this
approach are described in [6]. For simplicity, we limit the delays
and Dopplers to the same grids assumed in standard (Nyquist-
based) processing. Specifically, we assume that 7¢/7 = s¢/N
where sy is an integer satisfying 0 < sy < N—1,and thatv,7 =
2mr¢/ P where 7 is an integer in the range 0 < rp < P — 1.
The Fourier coefficients are processed via Doppler focusing,
which uses target echoes from different pulses to create a
single superimposed pulse focused at a particular Doppler
frequency. This leads to improved Doppler resolution and
enhanced signal-to-noise ratio (SNR) with respect to directly
processing the coefficients X, [k]. For each possible Doppler
value r € [0, P — 1], the focused coefficients are given by

r—1
U,k = X[kl = PH[K] Y age 277,
p=0

Erp=r
&)
where the last equality is proved in [5]. Our problem then re-
duces to recovery of the delays 7, from W,.[k], which can be
solved using standard compressed sensing tools [9], or methods
for estimating sums of sinusoids; see [5].

C. Clutter

In practice, the received signal r(¢) is contaminated by clutter
and noise. Thus,

r(t) = x(t) + <(t) + n(t), (6)
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where x(%) is given by (2), ¢(#) is the clutter signal and n(#) is
white noise with variance 2. The clutter is similar in its struc-
ture to z(%):

P-1Q-1

C(t) = Z Z (i/qh(t — 7~'q — ])T)(Zijf/‘””—’ (7)

p=0 ¢q=0

with the difference that in the clutter signal we assume that
ey, 74 and 7, are independent random variables. A popular
model is to choose the amplitudes ¢, as zero-mean iid with
variance E{|d4|?} = a, the delays 7, as iid with a uniform
distribution on [0, 7|, and 7, as iid Gaussian random variables
with mean v, and variance 03 [1], [10].

A variety of processing techniques have been developed in
order to aid the detection of targets in the presence of clutter
[1], [3], [4], [11], [10]. A standard clutter rejection method is
to process the received samples with a bank of Doppler filters,
which are chosen to maximize the SIR. The resulting Doppler
filter weights are given by w = M ~'v where M is the co-
variance matrix of the time samples (including both noise and
clutter) and v is a vector corresponding to the received samples
for a target with a given Doppler frequency. This processing can
be shown to be equivalent to first whitening the received sam-
ples and then filtering them with a whitened matched filter. In
our clutter rejection algorithm developed below for sub-Nyquist
radar, we follow a similar approach where the whitening is per-
formed in the frequency domain.

IITI. PULSE-DOPPLER CLUTTER PROCESSING

We begin with an analysis of the clutter statistics in the
Fourier domain. We then propose whitening the frequency-do-
main samples followed by Doppler processing with respect
to whitened frequency vectors. As we will see, in general
whitening results in dependencies between the focused Doppler
frequencies. Thus, instead of treating each frequency sepa-
rately, we jointly process all frequencies using matrix sparsity
ideas [12]. In the special case in which the covariance matrix of
the clutter is circulant, the whitened Doppler focused samples
remain separable, and processing can be performed on each
frequency independently, as in (5).

A. Statistics of the Received Signal

As before, we write (t) = 25;01 rp(t), where r;,(t) is the

signal 7(t) observed over [pr, (p+1)7). Thus, r,(¢) = x, () +

ep(t) +n,(t) where 2, (1) is defined by (3), n,(¢) is white noise
over [pr, (p + 1)7), and
Q-1

cp(t) = Z Ggh(t — 7, — pr)e d7erT, (8)

q=0

Similar to (4), the Fourier series representation of ¢, (t + p7) is
given by

Q-1
Cylk] = HIk) > drye /27l 7 cmi0arr, )
q=0

Define I? as the P x K matrix with £th column given by
R,[k],k € K where R,[k] is the kth Fourier coefficient of
rp(t + p7). We can express I as

R=FpAFfH+C+ N =FpAF{ H + B, (10)
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where B = C' + N, and C, N are the matrices with pkth ele-
ments Cj,[k], N, [k]. In addition, H = diag(H[k]) isa K x K
diagonal matrix, F&¥ denotes K rows from the N x N Fourier
matrix with elements e 927*/N for | € K, Fp denotes the
P x P Fourier matrix with elements e 727%/F and Aisa Px K
sparse matrix containing the values « at the L indices (¢, s¢).
Detecting the radar scene is equivalent to recovering A from K.
To this end, we first analyze the statistics of the matrix B starting
from that of Cp[k].

Proposition 1: Let C,|k] be defined by (9) and denote by
R, [k, m] = E{C,[k]Cpto[m]}. Then, E{C,[k]} = 0 and

Ryl m) = 6k Qal HIK] P&/ 07 =377 (1)
Proof: For simplicity, throughout the proof, we omit the
tilde from the variables g, 7, v4.

Since «y, T4, v, are independent and E{c,} = 0, we have
immediately that £{C,[k]} = 0. Next, from (9),

Q-1
Rylk.m] = H[EIH[m] > E{a,a5}

q,6=0

B {eijﬂ'(k“rquTp)/‘r} E {e*j"‘(”qP*W(P‘i‘U))} . (12)

Using the fact that E{«,ar} = adye, (12) reduces to

R, [k, m] = aH[k|H[m)]

Q-1
N E {e*f?““*"”)“/f} E{e™m}. (13)
g=0

Since 7, is  uniformly  distributed on [0, 7],

E’{e*]’Qﬂ'(k"fm')Tq/T} = 6]6777,‘ Finally,

E {chl/q’U} — (by 2 (UT) — ejt/d’u‘rf%aijTz
4,7y ’

(14)

where ¢, ,2(t) is the characteristic function of a Gaussian
random variable with mean 4 and variance cr?,. [ |

Proposition 2: [5] Let N, [k] be the Fourier series of n,(t).
Then N[k are zero-mean iid variables with variance o2 | 7.

For simplicity, we assume below that |H [k]|? = s forall &, al-
though the derivations can also be extended to the general case.
Combining Propositions 1 and 2, it follows that the columns of
I in (10) are uncorrelated and identically distributed. Denote by
M the covariance matrix of the columns. Then, M is a Toeplitz
matrix with mth diagonal value

. — JugmT—Lto2m?s? 0'721 ’
M(m) = sQae 294 + I 8[m).
-

(15)

B. Clutter Processing

To determine A from R we suggest whitening R by multi-
plying on the left by M ~'/2 to yield the whitened measurements

Y =M YV AFEH+W =Y + W, (16)
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where now W is white noise. We then perform Doppler focusing
on Y with respect to whitened Fourier tones, namely, we form
the matrix ¥ = Y M /2 Fp. From (16),

U=HFOIARFEM 'Fp+ W=04+W, (17

where W = WHM~1/2Fp,

The equations in (17) represent a sparse matrix recovery
problem [12] in which the goal is to recover a sparse matrix S
from measurements ¥ ~ BSC where B and C' are arbitrary
matrices. In our case, the sparse matrix is given by § = A#.
Methods for efficiently solving such problems are discussed
in [12]. When D = FﬁM‘lFP is a diagonal matrix, and
ignoring the noise, (17) can be expressed as

U~ HFEHYTS, (18)

where now S = A# D is a sparse matrix whose sparsity pattern
is the same as A . Therefore, recovering S is equivalent to
detecting the required delays and Dopplers. In particular, when
M 1is a circulant matrix, D is diagonal. In this case, each column
of ¥ can be written as a standard sparse recovery problem from
partial Fourier measurements, just as in (5). We can then solve
(18) using the techniques suggested in [5].

C. SIR Enhancement

We now show that whitened Doppler focusing generally in-
creases the SIR. Our derivations follow those of [5], adapted
to colored noise. To analyze the SIR we consider a single target
with amplitude «, delay ¢t = s7/N and Dopplerv = 27r/(P7).
With this choice, we compare the SIR in Yy, to that of Uy, (note
that W is obtained by Doppler processing on Y # which is why
we exchanged the indices) for p = r.

Since W contains zero-mean iid elements with unit variance,
the SIR of Yy« is |Y,x|?. Denote by v, the rth column of F'p,
and by ug the sth row of F {‘ Then,

(19

|Vil? = 7|e§]\/f‘1/2vrusek|2 = 7|65M‘1/21)T|27

where v = |a|?|H[k]|?, e, is the pth column of the identity, and
we used the fact that |ugey|> = 1.
To evaluate the SIR in ¥, we compute the signal power:
|‘i1kp|2 = 7|6§F5M71v¢.u56k|2 = ’y|vf]\£/71'ur|2. (20)
Since W = WH M ~1/2Fp, and W consists of zero-mean, unit
variance, iid random variables,

E{|W,|*} = 7)5]\4717)1,. 21
Substituting » = p, the SIR after Doppler focusing is
NTPNE:
S L7 yol M=o, (22)
E{[Wip |}

As el M 12y, |2 < vl M 1y, the SIR after focusing can
only increase. When M a circulant matrix, and in particular for
M = cI, the SIR increases by v/lv, = P.
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Fig. 1. Recovered target scene with 5 targets and a single clutter source, at SNR

of —25 dB and SCR of —10 dB.

IV. SIMULATIONS AND EXPERIMENT

A. Simulations

We now present simulation results of the sub-Nyquist radar
system including clutter and compare its performance to tra-
ditional Nyquist-rate radar systems. The SNR, performance
metric and detection criterion used here are identical to those
presented in [5]. We define the signal-to-clutter ratio (SCR)
for target £ as |ay|?/ Z?;Ul |&y|?. The parameters chosen
were PRI 7 = 1 pusec, and 3, = 100 MHz. Target delays
and Doppler frequencies are spread uniformly at random in
the appropriate unambiguous regions, and target amplitudes
were chosen with constant absolute value and random phase.
The unambiguous Doppler frequency interval is [—b, b] where
b=mx/r.

Figure 1 illustrates target scenes and their recovery under
4 scenarios: Nyquist-rate radar processing with and without
clutter rejection, sub-Nyquist processing at one tenth of the
Nyquist rate with and without clutter rejection. The figure
depicts the recovered target scene with 5 targets and a single
clutter source with 02= 10727 and v4 = 0.15. The simulation
was performed under SNR of —25 dB, SCR of —10 dB, P = 40
and averaging over 5 clutter targets. Without clutter filtering,
both systems detect 4 false targets, due to the high clutter
power. Incorporating clutter rejection, both methods recover
the whole scene correctly.

In order to compare the detection rates of the two radar sys-
tems under varying conditions, we considered a target scene
composed of 5 targets with P = 40, along with one clutter
source, with Doppler frequency variance o5= 10~*b?. In Fig. 2
we plot the hit rate as a function of the SCR, for a fixed SNR
of —25 dB. The hit rate was averaged over 20 simulation runs,
such that on each run the random parameters of the targets and
clutter were regenerated. This simulation shows the robustness
of our clutter filtering method, achieving high detection rates at
low SNR and SCR.

B. Radar Experiment

A working sub-Nyquist radar prototype employing Xampling
and Doppler focusing is presented in [5], [6]. This prototype
can detect targets at SNRs as low as —25 dB, while operating
at one tenth the Nyquist rate. The same hardware was used to
demonstrate clutter rejection [13], where clutter was added to
the system following the model presented herein.
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Fig. 3. The LabView-based GUI of the experimental hardware.

The GUI of the experimental hardware of [13] is shown in
Fig. 3. The top views present the amplitudes in the time domain
representation of the following signals (left to right): Targets,
clutter, noise and all three combined. The bottom views present
(left to right): Sub-Nyquist samples (time domain and frequency
domain), the generated targets and the corresponding recovered
delay-Doppler map. This example, which is composed of sev-
eral targets at similar delays and two clutter sources, is accu-
rately detected, while ignoring clutter. The scene consists of
6 targets; the echoes from the first 4 targets are shown in the
top left window. The echoes from the clutter, shown in the top
middle window, have delays very close to the first signal delay.
The following two windows show that the signal and clutter are
buried in the noise. The bottom left window demonstrates the
effect of low-rate sampling. The low bandwidth of the sub-sam-
pled signal is clearly evident both in time and in frequency.

V. CONCLUSION

We showed how to extend sub-Nyquist sampling and pro-
cessing to include clutter rejection at sub-Nyquist rates by
whitening and matched filtering in the frequency domain. We
demonstrated clutter filtering both in simulations and on a
real hardware sub-Nyquist radar prototype. We also proved
that our approach increases the SIR by as much as a factor
of P (the number of pulses). The performance of the clutter
rejection technique was compared with traditional processing
methods at the Nyquist rate and was found to have comparable
performance. The proposed sub-Nyquist recovery algorithm
sustained SNR as low as —30 dB and SCR as low as —10 dB.
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