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2. PROBLEM FORMULATION

It can easily be shown that 1/VN ~ J-L( t1), '11) ~ 1 [I].
As we discuss in Section 4, the uncertainty principle provides

insight into how sparse a signal x can be represented in an over
complete dictionary consisting of ~ and '11. It also sheds light on

(2)

(3)

(4)J-L( t1), '11) == max IcP~ 'l/J r I·
f,r

N N

X == L a.ecP.e == L b.e1P.e.
.e=1 .e=1

where J-L (t1), '11) is the coherence between the bases t1) and '11:

which provide bounds on the number of non-zero expansion coeffi
cients in pairs of bases are not immediately relevant here. Instead,
we characterize analog sparsity as the number of active generators
that comprise a given representation, where the fth generator is said
to be active if a.e [n] is not identically zero.

Considering expansions in two orthonormal bases, we show that
the number of active generators in each representation obeys an un
certainty principle similar in spirt to that of finite decompositions.
The key to establishing this relation is in defining the analog co
herence between the two bases, by replacing the inner product in
the finite setting by the largest spectral value of the sampled cross
correlation between basis elements in the analog case. We next ad
dress the problem of sparse decomposition in an overcomplete dic
tionary consisting of two bases. In the finite setting, it can be shown
that under certain conditions on the dictionary, a sparse decomposi
tion can be found using computationally efficient algorithms. How
ever, directly generalizing these results to the analog setting is chal
lenging. By exploiting recent results on analog compressed sensing
[II, 12, 13] we show that in certain cases an analog sparse decompo
sition can be found by solving a finite-dimensional convex problem.

In Section 2 we review the discrete uncertainty principle and
introduce the class of analog signals we focus on. The analog uncer
tainty principle is formulated in Section 3. Sparse decompositions
in two orthonormal analog bases are discussed in Section 4.

The uncertainty relation sets limits on the sparsity of the decom
position for any x. Specifically, let A == Iialia and B == Ilhlla denote
the number ofnon-zero elements in both expansions. Then [2, 1]

~ (A + B) ~ JAB ~ /1(:, 'I!)'

2.1. Discrete Uncertainty Principles

The generalized uncertainty principle is concerned with pairs ofrep
resentations of a vector x E lRN in two different orthonormal bases
[1,2]: {cP.e, 1 ~ f ~ N} and {'l/J.e, 1 ~ f ~ N}. Any x can then be
decomposed uniquely in terms ofeach one of these vector sets:

We consider uncertainty principles for analog signals that lie in a
finitely-generated shift-invariant (SI) space. By adapting the notion
of coherence defined for finite dictionaries to infinite SI represen
tations, we develop an uncertainty principle similar in spirit to its
finite counterpart. Building upon these results and similar work in
the finite setting, we show how to find a sparse decomposition of an
analog signal in an overcomplete dictionary by solving a convex op
timization problem. The distinguishing feature ofour approach is the
fact that even though the problem is defined over an infinite domain
with infinitely many variables and constraints, under certain condi
tions on the dictionary spectrum our algorithm can find the sparsest
representation by solving a finite dimensional problem.

Index Terms- Sparse decompositions, uncertainty principle.

1. INTRODUCTION

ABSTRACT

A == {X(t) = f. L adn]</>e(t - nT) : ae[n] E £2} , (I)
.e=1 nEZ

In recent years there has been a surge of research into discrete un
certainty relations in finite-dimensional bases [1, 2]. This work has
been spurred in part by the relationship between sparse representa
tions and compressed sensing [3, 4]. In particular, several works
have shown that discrete uncertainty relations can be used to estab
lish uniqueness of sparse decompositions. Furthermore, there is an
intimate connection between uncertainty principles and the ability to
recover sparse expansions via convex programming [1, 2, 5].

Using redundant dictionaries can lead to sparse decompositions
that use only few dictionary elements. However, finding a sparse
expansion in practice is generally a difficult combinatorial problem.
Two fundamental questions are how sparse a given signal can be rep
resented, and whether this sparse expansion can be found efficiently.
In recent years, several key papers have addressed both ofthese ques
tions in a discrete setting, in which the signals to be represented are
finite-length vectors [1, 2, 5, 6, 7, 8,4].

Our goal here is to extend these results to the analog domain
by first deriving uncertainty relations for decompositions of analog
signals in pa~rs of bases, and then suggesting concrete algorithms
to decompose a continuous-time signal into a sparse expansion. In
our development, we consider signals that lie in shift-invariant (SI)
subspaces A of £2 [9, 10]. Such signals can be expressed in terms
of linear combinations of shifts of a finite set of generators:

This work was supported by the European Commission FP7 Network of
Excellence in Wireless COMmunications NEWCOM++.

where <P.e(t), 1 ~ f ~ N are the SI generators, a.e[n] are the expan
sions coefficients, and T is the period. Clearly, x (t) is characterized
by infinitely many coefficients a.e[n]. Therefore, the finite results
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where X(w), <I>£(w) are the Fourier transforms of x(t), ¢£(t), and

2.2. Analog Problem Formulation

In our development, we focus on signals of the form (1). In the
Fourier domain, we can represent any x (t) E A as

the ability to compute such decompositions efficiently. Most of the
research on sparse expansions has focused on representing finite
length vectors. First steps towards extending the notions underlying
sparse representations and compressed sensing to the analog domain
are considered in [11, 13]. Here we continue this development by
extending the discrete uncertainty relations to the analog domain.

In general, the number of zero sequences depends on the choice
of basis. Suppose we have an alternative representation

(13)x(t) = L L bR[n]'ljJ£(t - nT),
I£I=B nEZ

where {'ljJ£(t)} also generate an orthonormal basis for A. An inter
esting question is whether there are limitations on A and B. This
question is addressed in the next section and leads to an analog un
certainty principle, similar to (3).

As in the discrete setting we expect to be able to use fewer gen
erators in a SI expansion by allowing for an overcomplete dictionary.
In particular, ifwe expand x (t) using both sets oforthonormal bases
we may be able to reduce the number of sequences in the decompo
sition. The problem is how to find such a sparse representation in
practice. In Section 4 we show that despite the combinatorial com
plexity and infinite dimensions of the problem, under certain condi
tions on the bases functions, we can recover a sparse decomposition
by solving a finite-dimensional convex optimization problem.

(5)

(6)A£(e
jwT

) = L a£[n]e
jwnT

nEZ

N

X(w) = L A£(ejWT)<I>£(w),
£=1

for all £, T and n, m, where 8nrn = 1 if n = m and 0 otherwise.
This condition can be expressed in the Fourier domain as

where M¢¢(ejW ) is the N x N matrix with elements R¢t¢r' For
any two functions ¢(t), 'ljJ(t) with Fourier transforms <I>(w) , \lJ(w),

(15)

(17)

(14)

x(t) = L L aR[n]¢£(t - nT) = L L b£ [n]'ljJ£ (t - nT).
I£I=A nEZ I£I=B nEZ

We begin by developing an analog uncertainty principle for signals
in SI subspaces. Specifically, we show that the minimal number of
sequences required to express x( t) in terms of any two orthonormal
bases has to satisfy the same inequality (3) as in the discrete setting,
with an appropriate modification of the coherence [16].

Theorem 1 Suppose we have a signal x (t) E A where A is a sub
space of£2. Let {¢£(t), 1 :::; £ :::; N} and {'ljJ£(t), 1 :::; £ :::; N} de
note two orthonormal generators ofA so that x (t) can be expressed
in both bases with coefficient sequences a£ [n], b£ [n]:

Then,

3. UNCERTAINTY RELATIONS IN SI SPACES

where

An interesting question is how small J-t( <I>, \lJ) can be made by
appropriately choosing the bases. From Theorem 1 the smaller
J-t( <I> , \lJ), the stronger the restriction on the sparsity in both decom
positions. As we will see in Section 4, such a limitation is helpful in
recovering the true sparse coefficients.

J-t(ep, \lJ) = maxesssup IR¢t1/Jr(e
jW

)I, (16)
£,r W

and R¢1jJ(ejW ) is defined by (8).

Theorem 2 Let {¢£(t), 1 :::; £ :::; N} and {'ljJ£(t), 1 :::; £ :::; N}
denote two orthonormal generators ofa SI subspace A C £2 and
let J-t(<I>, \lJ) = maX£,r esssup IR¢t1/Jr(ejW )I, where R¢1/J(e jW ) is
defined by (8). Then

(8)

(7)

(11 )

jw 1L - (w 21r) (W 21r)R¢1jJ(e ) = - <I> - - -k \lJ - - -k
T T T T T '

kEZ

is the discrete-time Fourier transform (DTFT) of a£ [n] .
In order to guarantee a unique stable representation ofany signal

in A, the generators ¢£(t) are chosen to form a Riesz basis for £2.
This means that there exists constants Q > 0 and f3 < 00 such that

Given an orthonormal basis {¢£ (t - nT)} for A, the unique
representation coefficients a£ [n] in (1) can be computed as a£ [n] =
(¢£(t - nT), x(t)). This can be seen by taking the inner product of
x(t) in (1) with ¢£(t - mT) and using (10).

In the finite-dimensional setting, sparsity is defined as the num
ber of non-zero coefficients in a given basis. However, in an analog
decomposition of the form (1), there are in general infinitely many
coefficients. Instead, we measure analog sparsity by the number of
generators needed to represent x (t). In other words, some of the
sequences a£ [n] in (1) may be identically zero, in which case

wheren denotes the complex conjugate. Note that R¢1jJ (ejW ) is the
DTFT ofthe cross-correlation sequence T¢1jJ[n] = (¢(t - nT), 'ljJ(t)),
where

(s(t), x(t)} = l~oo s(t)x(t)dt. (9)

Our main interest is in expansions of a signal x(t) in a SI sub
space A of £2 in terms of orthonormal bases for A. The generators
{¢£ (t)} of A form an orthonormal basis if

(¢£(t - nT), ¢r(t - mT)) = 8nrn8£r, (10)

where the notation 1£1 = A means a sum over at most A elements.
Evidently, sparsity is defined by the energy of the entire sequence
aR[n] and not be the values of the individual elements.

x(t) = L L a£[n]¢£(t - nT),
I£I=A nEZ

(12)
4. RECOVERY OF SPARSE REPRESENTATIONS

4.1. Discrete Representations

One of the important implications of the discrete uncertainty princi
ple is its relation with sparse approximations [1, 2, 7, 8]. Given two
orthonormal bases tf.-, \II for ~N an interesting question is whether
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one can reduce the number of non-zero expansion coefficients by
decomposing x E lRN in terms of the concatenated dictionary

In many cases such a representation can be much sparser than the de
composition in either of the bases alone. Finding a sparse expansion
x = D1' in which l' has as few non-zero components as possible
can be translated into the combinatorial optimization problem

(24)

(25)

2N

s. t. x(t) = L L "Yf[n]df(t - nT).
f=l nEZ

Proposition 3 Suppose that a signal x (t) E A has a sparse repre
sentation in thejoint dictionary {df (t - nT)} of(22) which consists
oftwo orthonormal bases {¢f(t-nT), 1/;f(t-nT)} for 1 ~ f ~ N.
IfII,1I2,0 < 1/j..tCW,~) where j..t(W,~) is the coherence d~fined by
(16), then this representation is unique.

The second more fundamental question is how to find a unique
sparse representation when it exists. We may attempt to develop a
solution by replacing the f o norm in (24) by an f 1 norm, as in the
finite-dimensional case. However, in practice, it is not clear how to
solve the resulting problem since it is defined over an infinite set of
variables "Ydn], and has infinitely many constraints (for all t).

In Section 4.4 we show that (24) can be converted into an equiv
alent finite-dimensional problem when M cP1P (ejW

) can be written as

Problem (24) is the analog version of (19). However, in addi
tion to being combinatorial as its finite counterpart, (24) also has in
finitely many variables and constraints. In order to extend the finite
dimensional decomposition results to the analog domain, we need to
address whether there is a unique sparse representation for any input
signal in a given dictionary, and how (24) can be solved in practice,
despite the combinatorial complexity and infinite dimensions.

The uniqueness condition of Proposition 1 can be readily ex
tended to the analog case, since its proof is based on the uncertainty
relation (3) which is identical to (15) with the appropriate modifica
tion to the coherence measure.

where Cf = II"Ydn] 112. For ease of notation, we denote 111'112,0 =
Ilello, and similarly 111'112,1 = Ilelll. Finding the sparsest decompo
sition (23) can then be written as

Here A is a fixed matrix independent ofw, and Z(e jW
) is an invert

ible diagonal matrix with diagonal elements Zf(e jW
). The columns

of A are normalized such that ess sup Zf(e jW
) = 1 for all R.

Our main result is that under the condition (25) we can convert
(24) into a multiple measurement vector (MMV) problem in which
our goal is to represent a set of m vectors Xl, ... ,Xm using a finite
dimensional dictionary D = [I A] with common sparsity, namely
the non-zero elements in the expansion of the m vectors are all sup
ported on a fixed location set. In order to develop these results, in
the next section we review the MMV model and a recently devel
oped generalization to the case in which it is desirable to jointly de
compose infinitely many vectors Xi in terms of a given dictionary
D. This extension is referred to as the infinite measurement model
(IMV) [12]. In Section 4.4 we show how these ideas can be used to
find the sparsest decomposition in a SI subspace when (25) holds, by
first solving a finite-dimensional convex optimization problem.

(18)

(19)

(20)

D=[<PW].

min 111'110 s. t. x = D1'.
l'

min 111'111 S. t. x = D1'.
l'

v!2 - 0.5
111'110 < j..t(-P, '11) , (21)

then the unique sparse representation can be found by solving (20).

As detailed in [1, 2], the proof of Proposition 1 follows from the
generalized discrete uncertainty principle.

Another useful result on dictionaries with low coherence is that
every set of k ~ 2/j..t (<P, '11) - 1 columns are linearly independent
[7, Theorem 6].

Proposition 2 Let D = [-P '11] be a dictionary consisting of
two orthonormal bases with coherence j..t(-P, '11). Then a(D) 2:
2/j..t(-P, '11) - 1 where a(D) is the Kruskal rankofD and is equal
to the maximal number q such that every set of q columns ofD is
linearly independent.

Clearly, (19) is NP-complete in general and cannot be solved effi
ciently. The surprising result of [1, 2, 5] is that if j..t (-P, '11) is small
enough with respect to the sparsity of1', then the sparsest possible l'
is unique and can be found by the basis pursuit algorithm in which
the non-convex fo norm is replaced by the convex f 1 norm:

Proposition 1 Let D = [<P '11] be a dictionary consisting of two
orthonormal bases with coherence j..t (-P, '11) = maXf,r Icf>f 1/Jr I· If
a vector x has a sparse decomposition in D such that x = D1'
and II1'110 < 1/j..t (-P, '11) then this representation is unique, namely
there cannot be another 1" with 111"110 < 1/j..t(-P, '11) andx = D1".
Furthermore, if

4.2. Analog Representations

We would now like to generalize these recovery results to the analog
setup. However, it is not immediately clear how to extend the finite
f 1 basis pursuit algorithm of (20) to the analog domain.

To set up the analog sparse decomposition problem, suppose
we have a signal x(t) that lies in a space A, and let {¢f(t 
nT)}, {1/;f (t - nT)} be two orthonormal generators of A with
1 ~ R ~ N. Our goal is to represent x(t) in terms of the joint
dictionary {df (t - nT), 1 ~ R~ 2N} with

and "Yf[n] is identically zero for the largest possible number of in
dices R. The number of non-zero sequences "Yf [n] is equal to Ilello

using as few non-zero sequences as possible. Denoting by ,[n] the
vector at point-n whose elements are "Yf [n], our problem is to choose
the vector sequence l' [n] such that

(26)

4.3. MMV and IMV Models

In an MMV problem our goal is to jointly decompose m vectors
Xi, 1 ~ i ~ m in a dictionary D. Denoting by X the matrix with
columns Xi, our goal is to seek a matrix r with columns 1'i such that
X = Dr and r has as few non-zero rows as possible. The results
in [14, 15] establish that under the same conditions as Proposition 1,
the unique r can be found by solving an extension ofthe f 1 program:

min Ils(r)1I1 s. t. X = Dr.r
Here s(r) is a vector whose fth element is equal to Ilrfll where r f
is the fth row of r, and the norm is an arbitrary vector norm.

(22)

(23)

1 ~ R~ N;
N + 1 ~ R~ 2N,

2N

x(t) = L L "Yf [n]df (t - nT),
f=l nEZ
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Proposition 4 Let X be an N x m matrix with columns Xi, 1 ~ i ~
m that are jointly sparse in the dictionary D = [tJl lJ1] consisting
of two orthonormal bases, so that X = Dr withJ1s(r) 110 = k.
If k < 1/jj(tJl, lJ1) where jj(tJl, lJ1) = maXf,r IcPf 1/7r I, then this
representation is unique. Furthermore, if

J2 - 0.5
k < jj(tJl, lJ1) , (27)

then the unique sparse representation can be found by solving (26)
with any vector norm.

The MMV model has been recently generalized to the IMV case
in which there are infinitely many vectors X of length N, and in
finitely many coefficient vectors,:

x(,X) = D,('x), ,X E A, (28)

4.4. Analog Dictionaries

We now return to the analog decomposition problem (24) and show
how to exploit the results presented in the previous section on IMV
models in order to find the sparsest SI expansion by solving a finite
dimensional problem. Our approach is comprised of three steps:

1. Convert (24) into an IMV system.

2. Use the reduction from IMV to MMV in order to find the
active generators df (t), I! E 8.

3. Invert the system of equations over 8.

The last two steps were detailed in the previous section. It remains
to show how (24) can be transformed into an IMV.

We begin by noting that since {¢f (t)} generate an orthonormal
basis for A, x (t) is uniquely determined by the N sequences

has a unique k-sparse solution U whose row support is equal 8. This
allows to avoid the infinite structure of (28) and to concentrate on
finding 8 by solving the single MMV system of (31). The solution
can be determined using an I!1 relaxation of the form (26) with V
replacing X, as long as the conditions of Proposition 4 hold.

In practice, an appropriate matrix V can be constructed by first
forming the matrix Q = JAEA x('x)xH ('x)dA. Every Y satisfying

Q = yyH will then have a column span equal to span(x(A)) [12].

where A is some set whose cardinality can be infinite and uncount
able, such as the set of frequencies w E [-n, n). The k-sparse IMV
model assumes that the vectors {,(,X) }, which we denote for brevity
by ,(A), share a joint sparsity pattern, so that the non-zero elements
are all supported on a fixed location set of size k [12].

A major difficulty with the IMV model is that it is not clear how
to determine the entire solution, (A) since there are infinitely many
equations to solve. In [12] it was shown that (28) can be converted
to a finite MMV without loosing any information by a set of oper
ations that are referred to as the continuous-to-finite (CTF) block.
The essential idea is to first recover the support of, (A), namely the
non-zero location set, by solving a finite MMV, and then reconstruct
,(A) from the data x(A) and the knowledge of the support, which
we denote by 8. The reason for this separation is that once 8 is
known, (28) becomes invertible when the coherence is low enough.

Let D s denote the matrix containing the subset of the columns
of D whose indices belong to 8. Then (28) can be written as

x(,X) = Ds,s (,X), ,X E A, (29)

where the superscript ,S (,X) is the vector that consists of the entries
of,('x) in the locations 8. Since ,(A) is k-sparse, 181 ~ k. In addi
tion, from Proposition 2 it follows that if jj(tJl, lJ1) < 1/k then every
k columns of D are linearly independent. Therefore D s consists of
linearly independent columns implying that (Ds )t D s = I, where

(Ds)t = (DfDs) -1 Df is the Moore-Penrose pseudo-inverse of

D s. Multiplying (29) by (Ds )t on the left gives

,s(,X) = (Ds)tx('x), ,X E A. (30)

The elements in ,(,X) not supported on 8 are all zero. Therefore (30)
allows for exact recovery of, (A) once 8 is correctly identified.

In order to determine 8 we exploit the fact that span(x(A)) is
finite, since x(,X) is of length N. In addition, it is shown in [12] that
if there exists a solution set ,(A) with sparsity k, and the matrix D
has Kruskal rank a(D) 2: 2k, then every finite collection of vectors
spanning the subspace span(x(A)) contains sufficient information
to recover 8 exactly. Therefore, to find 8 all we need is to construct
a matrix V whose range space is equal to span(x(A)). We are then
guaranteed that the linear system

where arR[n] = (¢r(t - nT), df(t)), or, in the Fourier domain,

(33)

(36)

(37)

the vectors with elements
Our sparse recovery problem

2N

cr[m] = L L '"YR[n]arf[m - n],
f=1 nEil

mina,d

s. t.

min,
s. t.

To simplify (34) we use the definition (22) of df(t). Since
(¢r(t - nT), ¢f(t)) = c5rf c5n9 and the Fourier transform of
(¢r(t - nT), 'ljJf(t)) is R¢r1/Ji (eJW ), (34) can be written as

c(ejW ) = [I M¢1/J(ejW ) ] ,(ejW ), (35)

min Ils(U)lh s. t. C = [I A ] U. (38)
u

cR[n] = (¢f(t - nT), x(t)) = r(nT), (32)

where r(t) is the convolution r(t) = ¢(-t) * x(t). Therefore, con
straining x(t) is equivalent restricting Cf [n]. Taking the inner prod
ucts on both sides of (24) with respect to ¢f (t - nT) leads to

2N

Cr(ejW ) = L ff(ejW)Arf(ejW), 1 ~ r ~ N. (34)
f=1

The minimization in (36) is very similar to the IMV problem
(28). Indeed, we seek a set ofvectors, with joint sparsity that have
the smallest number of non-zero rows, and satisfy an infinite set of
linear matrix relations. However, in contrast to (28), the matrix here
depends on w. If M¢1/J (ejW ) has the form (25), then (36) can be
converted to a finite MMV problem. Indeed, let the first N elements
of ,(ejW ) be denoted by a(ejW ) and the remaining N elements by
b(ejW ). Then (36) becomes

where d(ejW ) = Z(ejW)b(ejW ), and ~e used the fact .that since
Z(ejW ) is diagonal and invertible, Ilb(eJW )112,0 = Ild(eJW )112,0 so
that the two vector sequences have the same sparsity. Problem (37)
has the required IMV form. It can be solved by first finding the
sparsest matrix U that satisfies C = [I.A] U where the columns
of C form a basis for the span of {c(eJW ), -n ~ w ~ n}. To
determine U we consider the convex program

where c(ejW ), ,(ejW ) are
Cf(ejW ), ff(e jW ) respectively.
(24) is therefore equivalent to

(31)V=DU
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5. CONCLUSION

S( jW) [ I ] (DHD )-1 D H ( jW) (39),e = Zs}(ejW ) S S S c e ,

N

x(t) = L L(af[n]¢f(t - nT) + bf[n]'ljJf(t - nT)) (40)
f=1 nEZ
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(41)
Ils(r1)111 + IIs(r2)lh

c = [I A] [ ~~ ] .
minr1,r2

s. t.

Here C is chosen such that its columns form a basis for the range
of{c(e jW

), W E (-1r, 1r]} where the fth component ofc(ejW
) is the

Fourier transform at frequency w of cR.[n] = (¢f(t - nT), x(t)),
and S(ri) is a vector whose fth element is equal to Ilrfll where the
norm is arbitrary. Let 81,82denote the rows ofr1 , r2 that are not
identically equal 0, and d~fine Ds = [ls1 As2 ]. Then the non-zero
sequences af[n], bR.[n], f E 8 are given in the Fourier domain by

Let 8 denote the rows in U that are not identically zero and let ,S [n]
be the corresponding sequences If [n] , f E 8. Then

Theorem 3 Let {¢f(t), 1 ~ f ~ N} and {'ljJf(t), 1 ~ f ~ N}
denote two orthonormal generators ofa subspace A ofL2 with co
herence j.t (w, <p). Let x (t) be a signal in A and suppose there exists
sequences af[n] , bf[n] such that

where 8' denotes the rows in 8 between N + 1 and 2N. The re
maining sequences If, f ~ 8 are identically zero.

Proposition 4 provides conditions under which (38) will find the
sparsest representation assuming that A is a unitary matrix. These
conditions are stated in terms of the coherence j.t(I, A). It is easy to
see that j.t(I, A) = j.t( <P, w). Furthermore, it can readily shown that
A is indeed unitary [16]. We therefore have the following theorem.

In this paper, we extended the recent line of work on generalized
uncertainty principles to the analog domain, by considering sparse
representations in SI bases. We showed that there is a fundamen
tal limit on the ability to sparsely represent an analog signal in an
infinite-dimensional SI space in two orthonormal bases. The sparsity
bound is similar to that obtained in the finite-dimensional discrete
setting with an appropriate measure of coherence. We then treated
the problem ofsparsely representing an analog signal in an overcom
plete dictionary. Building upon the uncertainty principle and some
of the recent works in the area of compressed sensing for analog
signals, we showed that under certain conditions on the Fourier do
main representation ofthe dictionary, the sparsest representation can
be found by solving a finite-dimensional convex optimization prob
lem. This is possible by first sampling the analog signal in a lossless
manner. Exploiting the Fourier domain representation of the dictio
nary together with recent results on infinite measurement models,
the problem is converted to finite dimensions.

with k = Ila112,O + Ilbll2,o satisfying k < (J2 - 0.5)/ j.t((P, \11).
Let M¢1/1(e jW

) = AZ(ejW
) be the cross-correlation matrix, where

Z(ejW
) is an invertible diagonal matrix with diagonal elements

Zf(ejW
) satisfying maxw Zf(e jW

) = 1. Then, the sequences af[n]
and bf[n] can befound by solving

1-4244-2482-5/08/$20.00 ©2008 IEEE 151 IEEEI2008

Authorized licensed use limited to: Technion Israel School of Technology. Downloaded on October 31, 2009 at 06:09 from IEEE Xplore.  Restrictions apply. 


