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Abstract

Time-frequency analysis, such as the Gabor transform, plays an important role in many signal processing
applications. The redundancy of such representations is often directly related to the computational load of any
algorithm operating in the transform domain. To reduce complexity, it may be desirable to increase the time and
frequency sampling intervals beyond the point where the transform is invertible, at the cost of an inevitable recovery
error. In this paper we initiate the study of recovery procedures for non-invertible Gabor representations. We propose
using fixed analysis and synthesis windows, chosen e.g., according to implementation constraints, and to process the
Gabor coefficients prior to synthesis in order to shape the reconstructed signal. We develop three methods to tackle
this problem. The first follows from the consistency requirement, namely that the recovered signal has the same Gabor
representation as the input signal. The second, is based on the minimization of a worst-case error criterion. Last, we
develop a recovery technique based on the assumption that the input signal lies in some subspace of Lo. We show that
for each of the criteria, the manipulation of the transform coefficients amounts to a 2D twisted convolution operation,
which we show how to perform using a filter-bank. When the under-sampling factor is an integer, the processing
reduces to standard 2D convolution. We provide simulation results to demonstrate the advantages and weaknesses of

each of the algorithms.

I. INTRODUCTION

Time-frequency analysis has become a popular tool in signal processing. During the past three decades, it has been
successfully used for noise suppression [1], [2], blind source separation [3], echo cancelation [4], [5], [6], relative
transfer function identification [7], beamforming in reverberant environments [8], system identification in general
[9], [10], and more. In algorithms based on time-frequency transforms such as the Gabor representation, there
is often a tradeoff between performance and computational complexity, which can be controlled by adjusting the
redundancy of the transform. The latter is determined by the product of the sampling intervals in time and frequency,
which we denote by a and b respectively. Specifically, as a and b are increased, there are less coefficients per time
unit for any given frequency range, and therefore the amount of computation needed to process the them decreases.

This effect is especially notable in adaptive algorithms, where a directly affects the convergence rate.
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The signal processing literature on Gabor-domain algorithms heavily relies on the fundamental requirement that
any signal can be recovered from its coefficients in the transform domain. This requirement leads to the upper bound
ab < 1. However, since the performance-complexity tradeoff is of continuous nature, it seems very restrictive to
limit the discussion to this regime. Specifically, by increasing the sampling intervals beyond this bound we may
further reduce the computational load of any algorithm operating in the Gabor domain. This benefit is obtained
at the expense of additional deterioration in performance. It is important to note that when ab > 1, an additional
source of performance degradation comes into play, which is the inherent reconstruction error. This is because in
this regime, we can only guarantee perfect reconstruction for signals lying in certain subspaces of L2, as we show
in this paper, but not for the entire space. Nevertheless, the resulting complexity reduction may be of greater value
in some applications.

In this paper, we explore reconstruction techniques for non-invertible Gabor transforms, namely in which ab > 1.
The fact that in these cases perfect recovery cannot be guaranteed for every signal introduces extra flexibility
in choosing the analysis and synthesis windows of the transform. Specifically, we address the case where both
the analysis and synthesis windows of the transform are specified in advance. They can be chosen according to
implementation considerations, for example finite support windows, or certain multiple-pole windows [11] admitting
an efficient recursive implementation. Our goal, then, is to process the transform coefficients before reconstruction
such that the recovered signal possesses certain desired properties.

To tackle this problem, we borrow several approaches from the field of sampling theory, which has reached a
high degree of maturity in recent years [12], [13]. We begin by employing the consistency criterion in which the
recovered signal f (t) is constructed such that its Gabor transform coincides with that of the original signal f(t)
[14]. We then proceed to analyze a minimax strategy, where the reconstruction error || f — f|| is minimized for the
worst-case input f(¢) [15]. Both these approaches are prior-free in the sense that they do not make use of any
special properties, or prior knowledge, that might be available on the signal.

A prevalent prior in the sampling literature, is that the signal to be recovered lies in a shift invariant (SI) subspace
of L? (see e.g., [16], [17], [18], [19], [20], [21] and references therein). In fact, signals and images encountered in
many applications can be quite accurately modeled as belonging to some SI space [12], [13], such as the space of
bandlimited functions, the space of polynomial splines and more. Their widespread use can also be attributed to the
link that subspace priors have with stationary stochastic processes [22], [23], [24], [25], which have been shown to
constitute realistic priors for the behavior of natural images [26]. In this paper, we generalize the SI-prior used in
the sampling community to a richer type of subspaces of L?, which we term shift-and-modulation (SMI) invariant
spaces. The third class of inverse Gabor techniques we consider, then, makes use of the SMI prior. We show that
such a prior can lead to perfect recovery in some cases, given that the synthesis window is chosen according to
the prior. For a fixed synthesis window, which is not matched to the prior, we show how to achieve the minimal
possible reconstruction error for signals in the prior-space.

In each of the three techniques we develop, the processing of the Gabor coefficients amounts to a 2D twisted-

convolution [27] with a certain kernel, which depends on the analysis and synthesis windows. We show that the
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twisted-convolution operation can be interpreted in terms of a filter-bank. Furthermore, in the case of integer
under-sampling (i.e., when ab is an integer), the resulting process reduces to a standard 2D convolution in the
time-frequency domain. In these cases, we discuss situations in which the 2D convolution kernel is a separable
function of time and frequency. This allows a significant reduction in computation, namely by implementing the
2D convolution as two successive 1D filtering operations along the time and frequency directions.

The paper is organized as follows. Section II is devoted to notation that will be used throughout the paper. In
Section IIT we derive conditions on the analysis and synthesis windows such that they generate Riesz bases for their
span, which guarantees that the non-invertible Gabor representation is stable. In Section IV we review sampling
and reconstruction schemes in shift-invariant (SI) spaces in order later to be able to generalize them to the Gabor
transform using SMI spaces. Sections V, VI and VII constitute the central part of the paper, where in the first two
we develop prior-free recovery procedures for Gabor transforms in the integer and rational under-sampling regimes
respectively, and in the last we discuss SMI-prior recoveries. We devote Section VIII to describing how twisted
convolution can be realized as a filter-bank and also how to obtain the inverse of a sequence with respect to twisted
convolution. Finally, in Section IX we demonstrate the methods we develop for the case in which both the analysis

and synthesis are performed with Gaussian windows.

II. NOTATION AND DEFINITIONS

We will be working throughout the paper with the Hilbert space of complex square integrable functions, denoted

by L?(R), with inner product

)= [ soaar foran fge 2R, m
where @ denotes the complex conjugate of g(t). The norm, induced by this inner product, is given by
IFIIZ = () 0)
The Fourier transform of f € L?(R) is defined as
Fiw) = [ foe 0

For convenience, we will sometimes write f for Ff.
In order to ensure stable recovery we focus on subspaces of L?(IR) which are generated by frames or Riesz
bases. A collection of elements {sy}rcz is a frame for its closed linear span if there exist constants A > 0 and

B < oo such that
AFIP <D I F sk < BJIfIIP forall  f € span{sy}, (4)

kEZ

where Span denotes the closed linear span of a set of vectors. The vectors {si}rez form a Riesz basis if there

exist A > 0 and B < oo such that for all sequences ¢ € 2

2
Allell? < || Y- ens]| < Bliell )
kEZ
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where |[c[|7. = " ,czlc|? is the squared ¢2-norm of ¢. A direct consequence of the lower inequality is that the
basis functions are linearly independent, which means that every function in Span{s;} is uniquely specified by its
coefficients cy,.

The fundamental building blocks of the Gabor representation are the so-called Gabor systems. To define a Gabor
system, let @ > 0 and b > 0 be such that ab = ¢/p with p and q relatively prime, and let T, and My, for k,l € Z,

be the translation and modulation operators given by

Tar f(t) f(t —ak); (6)

Mblf(t) — 627Tibltf(t) . (7)

For s € L?(R), the Gabor system G(s,a,b) is a collection { My Tyxs(t); (k,1) € Z?}. The composition
My To f(t) = 2™ f(t — ak), (8)

which is a unitary operator, is called a time-frequency shift operator. Many technical details in time-frequency

analysis are linked to the commutation law of the translation and modulation operators, namely
My Tar, = €™ T M. ©)

When p = 1, the time-frequency shift operators commute, i.e. My Ty, = Tor My, because e2miabkl — 1 for all

k,l € Z. One consequence of the commutation rule, which we will use in our exposition, is the relation
<f7 MblfbnTakfamf> = eZ‘n’iab(l—n)m <MbnTamf7 MblTakf> . (10)

When p= 1 this becomes <f, Mbl—bnTak—amf> = <MbnTamf7 MblTakf>'
For s € L?(R), the collection G(s,a,b) is a Riesz basis for its closed linear span if there exist bounds A > 0

and B < oo such that

2 2 2 2
AHCH@ < H Z CkJMblTakSH < BHCHP ce =, (11
k,l€Z
and is a frame when
AFIP < D0 Kf MuTars)|> < B||f|I* forall f € Span{ My Taps}. (12)
k,l€Z

A necessary condition for G(s,a,b) to constitute a frame for L?(R) is that ab < 1, [28]. Moreover, if G(s, a, b) is
a frame, then it is a Riesz basis for L?(R) if and only if ab = 1 [28]. In this paper we focus on the regime ab > 1,
where G(s, a,b) does not necessarily span L%(R).

With a Gabor system G(s,a,b) we associate a synthesis operator (or reconstruction operator) S : (*(Z?) —
L?(R), defined as

Sc = Z i MpTars(t) forevery ce 2(Z). (13)
kl€Z

The conjugate S* : L?(R) — ¢?(Z?) of S is called the analysis operator (or sampling operator), and is given by

S*f = {{f, MyT,s)} forevery f e L*(R). (14)
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Fig. 1: Filter-bank representation of the Gabor transform (a) and of the inverse Gabor transform (b).

III. STABLE GABOR REPRESENTATIONS

The Gabor representation of a signal f(¢) comprises the set of coefficients {cy ; }x ez obtained by inner products

with the elements of some Gabor system G(s, a,b) [28]:

ek = (f, My Tyys) . (15)

This process can be represented as an analysis filter-bank, as shown in Fig. 1(a). Consequently, s(t) is referred to
as the analysis window of the transform. If G(s, a, b) constitutes a frame or Riesz basis for L?(R), then there exists
a function v(t) € L*(R) such that any f(t) € L*(R) can be reconstructed from the coefficients {cy;}x ez using

the formula

f(t) = Z CkylelTakU(t). (16)

k,IEZ
The Gabor system G(v, a,b) is the dual frame (Riesz basis) to G(s,a,b). Consequently, the synthesis window v(t)
is referred to as the dual of s(t). The recovery process can be represented as a synthesis filter-bank, as shown in
Fig. 1(b).
Generally, there is more than one dual window v(t). It can be shown that any function v(t) satisfying <v, My, T, /b5> =

8107 is a dual window. The canonical dual window is given by v = Q~'s, where @ is the frame operator associated
to s(t), which is defined by Qf = ZMGZ (fy, My Ty s) My Tars(t). There are several ways of finding an inverse
of (), namely by employing the Janssen representation of (), through the Zak transform method or iteratively using

one of several available efficient algorithms [28].
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In this paper, we are interested in Gabor systems that do not necessarily span L?(R) but rather only a (Gabor)
subspace. A Gabor space is the set V of all signals that can be expressed in the form (16) with some norm-bounded
sequence cy ;. Since perfect recovery cannot be guaranteed for every signal in L?(R) in these situations, we have
the freedom of choosing the analysis and synthesis windows according to implementation constraints. However, in
order for the analysis and synthesis processes to be stable, we would still like to assure that the systems G (s, a,b)
and G(v, a, b) form frames or Riesz bases for their span. In this section, we give several equivalent characterizations
of windows v(t) and sampling intervals a and b such that the Gabor system G(v, a,b) forms a Riesz basis.

For tractability, we assume throughout the paper that a and b are positive constants such that ab = ¢/p, where p
and q are relatively prime. Moreover, we will consider only Gabor spaces whose generators come from the so-called

Feichtinger algebra Sy, which is defined by

so={ £ € P®) [Iflls, = [ ML) dwdo < o0 ) an

where 1 (t) is a Gussian window. An important property of Sy is that if v(¢) and s(¢) are elements from S
then {(v, My Turs)}r ez is an £1(Z?) sequence. Examples of functions in Sy are the Gaussian and B-splines
of any order. The Feichtinger algebra is an extremely useful space of “good” window functions in the sense of
time-frequency localization. Rigorous descriptions of Sy can be found in [28] and references therein.

The first characterization of Gabor Riesz bases we consider is stated directly in terms of their generator v(t). It

is a simple corollary of a result on Gabor frames for L?(R), see [28].

Proposition IIL.1. Let v(t) € Sy and ab = q/p with p and q relatively prime. The collection G(v,a,b) is a Riesz

basis for its closed linear span if and only if there exist constants A > 0 and B < oo such that
AI, < V(w,x) < BI, for almost all (w,x) € R?, (18)

where I, is the p x p identity matrix and V (w, ) is a p X p matrix-valued function with entries given by

1 k+1 l -
VT,S(w,:c):bZU(x—ar—q + >U<x—as—b>62m“k“’, r,s=0,...,p— 1. (19)

b
k€L
G(v,a,b) is an orthonormal basis if A= B = 1.

Proof: By the Ron-Shen duality principle [29], G(v,a,b) is a Riesz basis (orthonormal basis) for its closed
linear span if and only if the system G(v,1/b,1/a) is a frame (Parseval frame) for L?(R). The latter is a frame for

L?(R) if and only if there exist constants A > 0 and B < oo such that the so-called frame operator S,,,,, defined
as Spu f(t) = Y p1e (s MijaTrypv) MyjoThpo(t) satisfies

%I < Spe < 1, (20)

S|

where [ is the identity operator on L?(IR). This means that S,, is bounded and invertible on L?(RR). It was shown
in [28] that, since 1/(ab) = p/q, the operator S,,, satisfies (20) if and only if (18) is satisfied, which completes the

proof. |
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Note that w is a frequency variable associated with the discrete-time variable k, and similarly x is a time variable
associated with the discrete frequency index [. Another valuable observation is that that V' (w,z) is a (1/a, 1/b)-
periodic function. Furthermore, it has been shown in [28] that V', s(w, ) is continuous. Therefore, the lower bound
in (18) can be replaced by the requirement that det(V (w,z)) > 0 for all (w,z) € [0,1/a) x [0,1/b).

The next characterization we consider is in terms of the twisted convolution operator. Specifically, the Riesz basis
condition implies that G(v, a,b) is a Riesz basis for its closed linear span if and only if there exist constants A > 0
and B < oo such that

Ale,c) < (rynhie,¢) < Bl{e,c) for all ¢ € 1*(Z?), 21

where the 2D cross-correlation sequence 7, [k, [] is defined as
roulk, 1] = (v, My Tyiv) 22)
The operation f represents the twisted convolution defined by

(dhc)[k7” - Z dm,nck—m,l—nei2mab(lin)m~ 23)

m,n€Z

When p = 1, twisted convolution becomes standard convolution, because the exponential term in (23) equals 1 for
all m,n,l € Z. Therefore, v(t) generates a Riesz basis if and only if the twisted convolution (standard convolution
when p = 1) operator with kernel r,,[k,[] is bounded and invertible. Invertibility of this operator translates to the
invertibility of the sequence [k, [] with respect to fj (x respectively). Proposition III.1 states then, that this twisted
convolution operator is bounded and invertible if and only if the matrix-valued function V' (w, ) is bounded and
invertible for all w and x. Explicitly finding the inverse of a sequence with respect to twisted convolution is not a
trivial task. We will address the problem in Section VIII.

Our last representation follows from restating Proposition III.1 using a different, but equivalent, matrix-valued
function that involves the cross-correlation sequence 7.,,[k,] defined earlier. This new representation was first

introduced in [30] to characterize the invertibility of general Gabor frame operators.

Proposition IIL2. [30] The matrix-valued function V (w,x) of (19) coincides with the matrix-valued function
®(w, ) whose entries are given by
B, () = Z rouls — 7 + pk, l]6727riablref27ri(blw+akw)7 (24)
k,JEZ
and therefore G(v,a,b) is a Riesz basis for its closed linear span if and only if there exist constants A > 0 and
B < oo such that
AI, < ®(w,x) < BI, for almost all (w,x) € R%. (25)

In the integer under-sampling case p = 1, ®(w, z) of (24) reduces to the scalar function

Blw,z) = Y runlk, e 2R = (Fr ) (w, ), (26)
k,IEZ
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where Fr,, is the 2D discrete-time Fourier transform (DTFT) of r,,[k, {]. Therefore, in this case condition (25)
reduces to

A < (Fry)(w,z) < B for almost all (w,z) € R? 27

for some A > 0 and B < oo.

The @®-characterization is of particular interest in our context as it can be used to investigate any twisted
convolution operation with a sequence h € ¢'(Z?). Indeed, it was shown in [31] that such an operation is invertible
if and only if the matrix-valued function

h _ —2miabrl —2wi(blx+ak
(I)ns(wax) — E hgferkae miabrl mi(blz+akw) (28)
k,€Z

is invertible for all w and x. In fact, in some sense the function ®(w, x) is to twisted convolution what the DTFT is
for convolution. Specifically, we show in Appendix A that for two sequences ¢y ; and dj,; having ®-representations
®%(w,2) and ®°(w, x) respectively, the matrix-valued function ®¢%% (w, ) associated to the twisted convolution
chd, can be expressed as

&1 (y 1) = ®Y(w,2) B (w, z). (29)

We conclude this section with the observation that having a Riesz basis for a Gabor space V, it is possible to

construct many others using equivalent generating functions.

Proposition IIL.3. Let G(v, a,b) be a Riesz basis for its closed linear span V and ab = q/p with p and q relatively

prime. Let

w(t) = Y heaMyTaro(t), (30)
k,l€Z

where {hy 1} is a sequence of weights. Then G(w, a,b) is an equivalent Riesz basis for V if and only if there exist

constants A > 0 and B < oo such that the (p x p)-matrix-valued function <I>h(w7 x) of (28) satisfies
AI, < ®"(w,2)®"(w,2)" < BI, for almost all (w,x) € R?, 31
where @h(w, z) denotes the conjugate transpose of ®"(w, ).

Proof: See Appendix B. |
In the case of integer under-sampling (i.e., when p = 1), @h(w, x) becomes a scalar function, which is simply

the 2D DTFT of hy ;. In this setting, condition (31) becomes

A< |®"(w,z)|? < B for almost all (w,z) € R% (32)

IV. SAMPLING AND RECONSTRUCTION IN SHIFT-INVARIANT SPACES

To address the recovery of a function f(¢) from its non-invertible Gabor transform, we will harness several
strategies which were initially developed in the context of sampling theory. Specifically, the last two decades have
witnessed a substantial amount of research devoted to the problem of recovering a signal f(t) from the equidistant

point-wise samples of its filtered version, using a predefined reconstruction filter [12], [13], [32]. As can be seen

July 10, 2009 DRAFT



(a) Sampling (b) Reconstruction

Fig. 2: Sampling (a) and reconstruction (b) with given filters.

in Fig. 2, the sampling stage in this setting, corresponds to the central branch in the analysis filter-bank of the
Gabor transform shown in Fig. 1(a). Thus, the time-frequency plane is sampled in this scenario only on the lattice
{(ak,0)}recz. Similarly, the reconstruction process of Fig. 2 can be identified with the central branch of the synthesis
filter-bank of Fig. 1(b).

The main goal in this setting is to produce a set of expansion coefficients {d;} by processing the samples {c},
such that the recovered signal f (t) possesses certain desired properties. In this section we briefly review three
methods for tackling this problem, each based on a different design criterion. For more detailed explanations and
a review of other methods, we refer the reader to [14], [33], [15], [13], [32]. In the following sections, we will
extend these results to the Gabor scenario.

For simplicity, we assume here that ¢ = 1. The reconstruction process of Fig. 2 can be written in operator
notation as f = Vd, where V : ¢2 — L?(R) is the synthesis operator associated with the functions {v(t — k) }rez,

defined as

Vd=> dw(t—k) =Y diTpv(t) forevery d € (*(Z). (33)
kEZ keZ

Similarly, since ¢, = (f(t), s(t — k)), the sequence of samples {c } are obtained by applying the synthesis operator

S*, which is the conjugate of the analysis operator .S associated with the functions {s(t — k) }rez:

S*f = {(f(t),s(t —k))} = {(f, Tis)} for every f € L*(R). 34)

We will refer to S = span{v(t—k)} and V = span{v(¢—k)} as the sampling and reconstruction spaces respectively.
Spaces of this type are called shift-invariant (SI).

As in the Gabor transform, we will focus on cases where the sets of functions {s(t—n)} and {v(t—n)} constitute
Riesz bases for their span. Then, both the sampling and reconstruction are stable procedures. It is well known [34]
that the functions {v(t — n)} form a Riesz basis for their span V if and only if there exist constants A > 0 and

B < oo such that

A< ¢yy(w) < B for almost all w € R, (35)
where
1 . 2
bvv(w) = é [o(w — k)| (36)
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10

is the DTFT of the cross-correlation sequence

ruoln] = (w(t), v(t = m) = (v(t) + v(=)) (), 37

and 0(w) is the Fourier transform of v(¢). In other words, {v(t —n)} is a Riesz basis if and only if the sequence
Typ[n] is bounded and invertible in the convolution algebra ¢! (Z, x). In particular, the functions {v(t —n)} form an
orthonormal basis if and only if A = B = 1. Notice the analogy with condition (25) (and (27) in the case p = 1),

which was developed for Gabor systems.

A. Consistent reconstruction

Perhaps the most intuitive demand from the recovered signal f (t) is that it would produce the same sequence of

samples {ci} were it re-injected to the sampling device of figure 2(a), namely

(F(t), 5t = k) = e = (F(2), 5(t — k) (38)

for all £ € Z. This consistency requirement was first introduced in [14] in the context of sampling in SI spaces
and then generalized to arbitrary spaces in [35], [33]. There, it was shown that consistent reconstruction is possible
under the direct-sum condition St @V = L?(R), where @ denotes a sum of two subspaces that intersect only at
the zero vector. This means that S+ and V are disjoint and together span the space L?(R).

In the SI setting, the direct-sum condition translates into the simple requirement that [20]

|psy (w)] > A, for almost all w € R (39)
for some positive constant A, where
1 —
dsv(w) = o k%s(w —k)o(w — k) (40)

is the DTFT of the cross-correlation sequence r4,[n] = (s(t),v(t — n)). Under this condition, reconstruction can
be obtained by convolving the sample sequence {cy} with the filter hc.n, whose DTFT is given by [14], [36], [37]

_ 1
 psv(w)’

Hcon(w) (41)

to obtain the sequence of expansion coefficients {d}.

If S and V are two arbitrary subspaces of L?(R) satisfying S* @V = L?(R) (namely not necessarily SI spaces),
spanned by the functions {s,(¢)} and {v,(t)} respectively, then the sequence of expansion coefficients d can be
obtained by applying the the operator

Heon = (S"V) ™ (42)

on the sequence of samples ¢, where S and V are the synthesis operators associated with {s,(t)} and {v,(¢)}
respectively. The direct-sum requirement guarantees that S*V : ¢2 — ¢? is continuously invertible. In the next
sections, we will use this latter characterization to develop a consistent reconstruction procedure for non-invertible

Gabor transforms.
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B. Minimax regret reconstruction

A drawback of the consistency approach is that the fact that f(¢) and f(t) yield the same samples does not
necessarily imply that f(t) is close to f(t). Indeed, for a signal f(t) not in V, the norm of the resulting reconstruction
error f(t) — f(t) can be arbitrarily large, if S is nearly orthogonal to V.

To directly control the reconstruction error, it is important to notice that f (t) is restricted to lie in V by
construction. Therefore, the best possible recovery is the orthogonal projection of f(¢) onto V, namely f=Puf,
a fact that follows from the projection theorem [38]. This solution cannot be generated in general, because we do
not know f(t¢) but rather only the sequence of samples {c} it produced. The difference between the squared-norm
error of any recovery f(t) and the smallest possible error, which is ||f — Py f||> = || Py f||?, is called the regret
[39]. The regret depends in general on f(¢) and therefore generally cannot be minimized uniformly for all f(t).
Instead, the authors in [15] proposed minimizing the worst-case regret over all bounded-norm signals f(¢) that are

consistent with the given samples, which results in the problem
minmax || f — f[* = || Py £, (43)
fev feB

where B ={f:S*f =c,|f|| <L} is the set of feasible signals.
It was shown in [15] that the minimax-regret reconstruction can be obtained by filtering the samples c;, with the

filter h,x whose DTFT is given by
_ dvs(w)
pss(w)ovy (w)’

where ¢y s(w), pss(w) and ¢y (w) are as in (40) with the corresponding substitution of the generators v(¢) and

Hox(w) (44)

s(t). Note that the solution is independent of the bound L appearing in the definition of 5.
If the sampling and reconstruction functions form Riesz bases for arbitrary spaces S and V (not necessarily SI),

then the sequence of expansion coefficients d can be obtained by applying the operator
Hpy = (V*V)7L8*V(5*8) ™1 (45)

on the sequence of samples c¢. The operators V*V and S*S are guaranteed to be continuously invertible due to
the Riesz basis assumption. This more general characterization will be used in the next sections to develop a

minimax-regret recovery method for non-invertible Gabor transforms.

C. Subspace-prior reconstruction

The consistent reconstruction approach leads to perfect recovery for input signals that lie in the reconstruction
space V [14]. The minimax-regret method, on the other hand, leads to the best possible approximation f = Py f
for signals f(¢) lying in the sampling space S [15]. Therefore, the two methods can be thought of as emerging
from the prior that f(¢) lies in a certain subspace W of L?(R), where YW = V in the consistent strategy and
W = S in the minimax-regret approach. In practice, though, it is often desirable to choose the sampling and

reconstruction spaces according to implementation constraints and not to reflect our prior knowledge on the typical
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signals entering our sampling device. Thus, commonly neither constitutes a subspace prior W, which is good in
the sense that || f — Py f]| is small for most signals in our application.

A generalization of these two methods results by assuming that f € W where W = span{w(t — k)} for a
generator w(t), which may be different than s(¢) and v(t). If the subspace W satisfies the direct-sum condition

St @ W = L?(R), then the solution f = Pyf can be generated by filtering the sample sequence cj with [15]

_ dvw(w)
bsw(w)pvy (W)’

where ¢y w (w), dsw(w) and ¢y (w) are as in (40) with the appropriate substitution of v(t), s(t), and w(¢).

Hgup(w) (46)

For arbitrary sampling, reconstruction and prior subspaces S, V and W (i.e., not necessarily SI), the coefficient

sequence d can be obtained by applying the transformation
Hyp = (V*V)"'V*W (S W)~ ! (47)

on the sample sequence ¢, where W is the synthesis operator associated to the prior functions {w,(¢)}. This general
formulation will be used in the next sections to derive a subspace-prior recovery technique for non-invertible Gabor

transforms.

V. INTEGER UNDER-SAMPLING

In this section we address the problem of recovering a signal f(¢) from its non-invertible Gabor transform
coefficients {cy;}, given by (15), using a pre-specified synthesis window v(t). We focus on prior-free approaches
that do not take into account any knowledge on the signal f(t). Specifically, here we employ the consistency and
minimax-regret methods discussed in the previous section to the Gabor scenario. To emphasize the commonalities
with respect to the SI sampling case, and to retain simplicity, we begin the discussion with the case of integer

under-sampling (p = 1). In the next section we generalize the results to arbitrary p.

A. Consistent synthesis

In the Gabor transform, the sampling (analysis) space S is spanned by the Gabor system G(s,a,b) and the
reconstruction (synthesis) space V is the span of G(v, a,b). As discussed in Section IV-A, consistent reconstruction
is possible if S+ @A = L2(R). In the case of SI spaces, this direct-sum condition translates to the requirement that
the cross-correlation sequence {(s(t),v(t — n))}nez has an inverse in the convolution algebra ¢1(Z?2, *). A similar
condition is true in the setting of Gabor spaces.

The next proposition characterizes the class of pairs of analysis and synthesis windows satisfying the direct-sum

requirement in the integer under-sampling regime.

Proposition V.1. Assume that G(s,a,b) and G(v, a,b) are Riesz sequences that span the spaces S and V respectively,

and ab = q € N. Then S+ @V = L(R) if and only if the function ®*(w, x), defined as

O (w,x) = 3 ralk, eI = (Fry ) (w,2), (48)
k,l€Z
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is nonzero for all (w,x) € [0,1/a) x [0,1/b). Here,
Tsv[k7 l] = (Ua MbnTam3> (49)

is the Gabor transform of the synthesis window v(t).

Proof: Tt was shown in [33], for general Hilbert spaces, that if S and V are spanned by Riesz bases G (s, a,b)
and G(v, a, b) respectively, then S* @&V = L?(R) if and only if the operator S*V is continuously invertible on £2.
Here, S* and V are the analysis and synthesis operators associated with G(s, a,b) and G(v, a,b), respectively. By
definition, for any sequence ¢ € ¢%(Z?)

(S*VC)[kvl} = < Z Cm,annTamvablTak3>

m,neZ

= Z Cm,n <UaMbl—bnTak:—am5>

m,n€z

= Z Ck—m,l—n <U7MbnTam5>

m,n€”Z

= (rgy * )[k,1]. (50)

Hence, the operator S*V is simply a 2D convolution operator with kernel rg,[k,{] = (v, My, Tyms) and S*V is
invertible if and only if r4,[k,!] is invertible in the convolution algebra ¢*(Z?, ). As shown in Section III, this
sequence has a representation ®*V(w, x), defined by (28), which is its 2D DTFT in the case p = 1. A sequence is
invertible with respect to convolution if and only if its DTFT has no zeros. Therefore, rg, [k, (] is invertible if and
only if ®*¥(w,z) # 0 implying that S+ @&V = L?(R) if and only if ®%V(w,z) # 0. |

Assuming that indeed S LoA=1I2 (R), we know from Section IV-A that to obtain a consistent recovery, we must
apply the operator Ho,, = (S*V) ™! on the coefficients {ck;} prior to synthesis. In the proof of Proposition V.1, we
showed that S*V is a 2D convolution operator with the kernel 7, [k, ] of (49). Therefore, (S*V)~! corresponds

to filtering the Gabor coefficients with the filter h.,, whose 2D DTFT is given by

1
Heon(w, ) = (w0 a)’ (51)

This filter is well defined by Proposition V.1 since we assumed that the spaces generated by s(¢) and v(t) satisfy
the direct sum condition.

Observe that during the operations of analysis and pre-processing of the Gabor coefficients cj;, we in fact
compute a dual Riesz basis for the reconstruction space V. In case the synthesis and analysis spaces are the same,
namely & = V, we compute the orthogonal dual basis. However, when the spaces are different we compute a

general (oblique) dual Riesz basis for V.

Proposition V.2. Let G(s,a,b) and G(v,a,b) be Riesz sequences that span the spaces S and V respectively, where

ab is an integer, and assume that S+ ®V = L?(R). Then a dual Riesz basis for the space V is G(g, a,b) with

9(t) = > heon[m, n]T-amM_pns(t) € S. (52)

m,n€z
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where heon[m,n] is the inverse of rs,[k, 1] with respect to .

Proof: Any signal in )V can be recovered from the corrected coefficients di; = (heon * ¢)[k, 1] via f(t) =
> BleZ di 1 My Ty,v(t), where g is as in (15). Therefore, we may view this sequence as the coefficients in a basis

expansion. To obtain the corresponding basis we note that by combining the effects of the analysis window s(¢) and

the correction filter Heon of (51), the expansion coefficients can be equivalently expressed as di; = (f, My Tor g)
where
9t) = > heon[m, n]T_amM_pns(t) €S. (53)
m,neEZ
Indeed,

(f, MyuTur, 9) = <f7MblTak > heon[m, n]T—am M _pn s >

m,n€”z

:<f7 Z hcon[m7n}MblTak’T—amM—bn5>

m,n€”z
= <f7 Z hcon[m7n}Mbl—bnTak—am5>
m,n€z
= Z Recon [TI’L, n] <f7 MblfbnTakfam3>
m,n€”z
= Z Reon [ma n]ck—m,l—n
m,n€”z
= (heon * ¢)[k,1] = dp . 54
Therefore, any f € V can be written as
Ft) =" (f, MyTurg) My Tarv(t). (55)
k€7

It can be easily verified, by Proposition II1.3, that G(g, a,b) is an equivalent Riesz basis for S. Furthermore, it can
be checked that
(MblTak'Ua MbnTamg> = 6m7k6n7l7 (56)

implying that G(g, a,b) is a dual Riesz basis to G(v, a,b). [ |

B. Minimax regret synthesis

We now wish to develop a minimax-regret recovery method, similar to the SI sampling case of Section IV-B.
Specifically, we would like to produce a recovery f(t) for which the worst-case regret ||f — f||2 — || Py f||2
over all bounded-norm signals f(¢) consistent with the given Gabor coefficients {cg;}, is minimal. As men-
tioned in Section IV-B, the minimax-regret reconstruction can be obtained by applying the operator H,x =

(V*V)~15*V(S*S)~! on the Gabor coefficients ¢ prior to synthesis.
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From Section V-A we know that when p = 1, the operators V*V, S*V and S*S correspond to 2D convolutions
with the kernels 7, [k, [], 75, [k, {] and 754k, I] respectively, which are given by (49) with the appropriate substitution
of s(t) and v(t). Therefore, the minimax-regret recovery is obtained by filtering the Gabor coefficients ¢ ; with
the 2D filter hny, whose DTFT is given by

L e(w,a)
me(w,l) = (I)SS(LU,J')(I)”U((U’J))' (57)

Here, %V (w, x), ®%(w, z), and V" (w, ) are the 2D DTFTs of rg, [k, 1], rss[k,!] and 7y, [k, [] respectively. This

filter is well defined by Proposition IIL.2 since we assumed that s(t) and v(t) generate Riesz bases for their span.

C. Efficient implementation

As we have seen, the two reconstruction approaches discussed above are based on 2D filtering of the Gabor
transform ¢ ; prior to synthesis. A significant reduction in computation can be achieved in cases where the 2D
correction filter is a separable function of £ and [, namely when hj; = wuiv; for two sequences u; and vg. In
these situations, one can first apply the 1D filter u; on each of the rows of cj; (i.e., along the time direction),
and then apply the 1D filter v; on each of the columns (along the frequency direction). If, for example, hy; is a
separable finite-impulse-response (FIR) filter with N x N nonzero coefficients, then direct application of it requires
N? multiplications per output coefficient, whereas only 2N multiplications suffice when implementing it using two
1D filtering operations.

Separable correction filters emerge when the cross-correlation sequences involved are separable functions of k£ and
I. One such example is the case where s(t) and v(t) are Gaussian windows with variances o2 and o2 respectively
and abo?/(0? 4+ o2) is an integer (recall that we also require that ab be an integer). Then 7,[k, 1], rss[k, (], and
ryv|k, [] are all separable functions of k and [, so that both the consistent and the minimax-regret filters are separable.

More details on non-invertible Gaussian-window Gabor transforms are given in Section IX.

VI. RATIONAL UNDER-SAMPLING

We now generalize the results of the previous section to the case where the product ab is not an integer, but
rather some rational number ¢/p with p and ¢ relatively prime. The main difficulty here is the fact that the time-
frequency shift operators do not commute when p # 1. Therefore, instead of standard convolution we will be faced
with a twisted convolution, which is a noncommutative operation. This makes the techniques from Fourier theory

inapplicable in a straightforward manner.

A. Consistent synthesis

Obtaining a reconstruction f(t), which is consistent with the Gabor representation cy; of f(t), is possible if
St @V = L?(R). As we have seen in Proposition V.1, in the integer under-sampling case p = 1 the direct sum
condition translates to the requirement that the cross-correlation sequence r, [k, [] be invertible in the convolution

algebra ¢1(Z2, %). In the setting of rational under-sampling, we have the following.

July 10, 2009 DRAFT



16

Proposition VL1. Assume that G(s,a,b) and G(v,a,b) are Riesz sequences that span the spaces S and V
respectively, and ab = q/p with p and q relatively prime. Then S* ®V = L*(R) if and only if the (p x p)-
matrix-valued function ®°'(w, x) with entries defined as

B30 (w,0) = 3 rouln— m -+ ph, o2t 2nillstaka) L p 1, (58)
k,leZ

is invertible for all (w,x) € [0,1/a) x [0,1/b), which is equivalent to det(®(w,x)) # 0 for all (w, ).

Proof: The proof is similar to the proof of Proposition V.1. Since s(¢) and v(t) generate Riesz bases for S and
V respectively, the condition S+ @V = L?(R) is satisfied if and only if the operator S*V is continuously invertible
on /2, where S* and V are the analysis and synthesis operators associated to G(s, a,b) and G (v, a,b) respectively.
By definition, for any sequence c € £?(Z?), we have

(S*VC)[I{)” = < Z Cm,annTamvablTaks>

m,ne”

2 Conom <U, Mbl—bnTak—am5> e—27'ri(bl—bn)am,

m,n€”z

- Z Ck—m,l—n <U7 MbnTam5> 6727riab(k:7m)n
m,n€”z

= (rs b o)k, 1].

Therefore, S*V is a twisted convolution operator with kernel
Tsolk, l] = (v, My Tars) (59)

and S*V is invertible if and only if rg,[k,(] is invertible in the twisted convolution algebra ¢1(Z2, ). As shown
in Section III, this sequence has a representation ®°’(w, z) defined by (28) and so is invertible if and only if this
matrix is invertible. Therefore, ST @V = L%(R) if and only if ®°"(w, ) is invertible for all w and . [ |

Note that for p = 1, the above proposition reduces to Proposition V.I. When p # 1, we conclude from
Proposition VI.1 that the direct sum condition translates to the requirement that r, [k, ] be invertible in the twisted
convolution algebra, which can be checked by analyzing its ®-representation. An alternative method for checking
weather 7, [k, [] is invertible with respect to f, is presented in Section VIIL. It involves only the sequence 7, [k, ]
without introducing the continuous variables w and x, making it more attractive in some cases.

As in Section V-A, to obtain a consistent recovery f(t), we have to apply the operator Heon = (S*V)~! to the
Gabor coefficients ¢ ;. However, as opposed to the case p = 1, where H,, was a standard convolution operator,
here it corresponds to a twisted convolution operation. This is due to the fact that time-frequency shift operators
do not commute for p # 1. Specifically, in the proof of Proposition VI.1, it was shown that S*V corresponds
to twisted convolution with rg,[k,]. Therefore, (S*V)~! corresponds to twisted convolution with the sequence
rotk, 1], which is the inverse of 7,[k,[] in the twisted convolution algebra ¢! (Z?,4). This inverse exists, since we
assumed that the spaces generated by s(¢) and v(t) satisfy the direct-sum condition, and it will be shown in the

next section how to construct it.
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One can write the twisted convolution relation between the Gabor transform cj,; and the expansion coefficients

dy.; in terms of their ®-representations. Specifically, since d = (S*V) !¢, we have ¢ ; = (rs,1d)[k, (] and therefore
@ (w,7) = 2w, 7)®" (w, 7), (60)

where ®°(w, ), @d(w, x) and ®°"(w, x) are the p X p-matrix-valued ®-representations of the sequences cy;, dy
and 7, [k, ] respectively, defined in (24). Therefore, to obtain the sequence dj; from the Gabor coefficients ¢y,

we apply a twisted convolution filter, whose ® function is
Hen(w,z) = @ (w,2) . (61)

The twisted convolution operation can be modeled as a filter bank which is specified by the convolutional inverse
of rsy[k, 1], as we show in Section VIII.

During the operations of sampling and pre-processing of the samples c; we in fact compute a dual Riesz basis
for the synthesis space V. If the synthesis and analysis spaces are the same, namely S = V, we compute the
orthogonal dual basis. However, when the spaces are different we compute a general (oblique) dual Riesz basis for

V.

Proposition VL2. Let G(s,a,b) and G(v,a,b) be Riesz sequences that span the spaces S and V respectively, and
ab = q/p with p and q relatively prime. Assume that S+ ©V = L*(R). Then a dual Riesz basis for the space V
is G(g,a,b) with

9t) = > heon[m,n] T oM _pns(t) €S, (62)

m,neE”

where heon|[m,n] is the inverse of 7|k, 1] with respect to .

Proof: Any signal in V, that has been sampled with the Riesz sequence G(s, a, b) resulting in the coefficients
¢k, given by (15), can be recovered from the corrected samples dy ; = (heon i €)[k, (], Where heonlk, (] = 73}k, ]

is the inverse of rs,[k,[] with respect to f, via f(t) = > dg 1 My T,,v(t). This sequence may be viewed as

m,n€z
the coefficients in a basis expansion. To obtain the corresponding basis we note that by combining the effects of
the analysis window s(t) and the correction twisted-convolution filter e[k, ], the expansion coefficients can be
equivalently expressed as dj,; = (f, My Targ) where

9t) = Y heon[m, n]TamM_yns(t) € S. (63)

m,neZ
Indeed,

<f7 MblTakg> = <.f7 MblTak Z hcon [m; n]T—amM—bnS >

m,n€”Z

=<f7 > hcon[m,n]szTakTamens>

m,ne”

= <f, > hm[m,n]em"“f—"””szbnTakams>, (64)

m,ne”
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and using the linearity of the inner product, we have

(f, MuTarg) = Y heonlm, nle” T E=™m (F My 4 Tog— ams)

m,neEZ
_ Z hcon [m7 n]€727Tiab(k7m)nck_m,l—n
m,n€”Z
= (hcon h C) [kv l] = dk,l- (65)

Therefore, any f € V can be written as
Ft) =" (f, MyTurg) My Tarv(t). (66)
k,l€Z
It can be easily verified, by Proposition II1.3, that G(g, a,b) is an equivalent Riesz basis for S. Now, for it to be

a dual Riesz basis to G(v, a,b) we need to check that
(M Tarv, MpnTamg) = 6m—k0n—1- (67)
Indeed,
(My Tapv, My Tumg) = €™k (o My iy Tagm—1)9)
— 2miab(l—n)k Z heonl, ] (0, Mygn—1— ) Ta(am—i—o5) €~ 2Tiab(m—k=2)y

z,y€Z

_ e27riab(lfn)k Z hcon[m; y]Tsv[m —k—zn—1— y]6727riab(mfk7m)y

z, YL

= 62Tl—iab(l_n)k(hcon h rsv)[m - ka n— l] = 6m7k§n717

where we used the fact that My, Tymg(t) = > hcon[x,y]ezﬂmb(m_m)yMb(n,y)Ta(m,gu)s(t) and that heop is

x,yEZL

the inverse of r4, with respect to . [ ]

B. Minimax regret synthesis

Next, we develop a minimax-regret reconstruction method for non-invertible Gabor transforms with rational
under-sampling. Our goal here, as in Section V-B, is to minimize the worst case regret maxses{||f — f||> —
| Py fII*}, where B is the set of bounded-norm signals whose Gabor coefficients coincide with ¢ ;. As dis-
cussed in Section IV-B, The recovery f attaining the minimum can be obtained by applying the operator Hyx =
(V*V)~15*V(S*S)~! on the Gabor coefficients ci; prior to synthesis. However, as opposed to the integer
under-sampling case discussed in Section V-B, where V*V, S*V, and S*S were convolution operators, here
they correspond to twisted convolutions with 7, [k, 1], 7s,[k, ] and r44[k, ] respectively. Therefore, to obtain the

sequence dj;, we apply a twisted convolution filter on the Gabor coefficients cj ;, whose impulse response is

P [k, 1] = (ry) s 7, [, 1] (68)
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Here, r !

> T vv

[k,1] and r [k, ] are the inverses of 7,,[k, ] and r,4[k, [] with respect to . Consequently, the ® function

of the minimax-regret filter is given by
H\(w,2) = @ (w,2) '@ (w, 2)®"" (w,2) 1, (69)

where ®°°(w, z), ®°Y(w, x), and " (w, x) are the ®-representations of r¢s[k, ], rs, [k, |] and 7., [k, [] respectively.

C. Extension to symplectic lattices

Throughout the current and previous sections, we considered a special type of sampling points in the time-
frequency plane, called separable lattices A = aZ x bZ. However, with the help of metaplectic operators, these
results carry over to the more general class of lattices, called symplectic lattices. A lattice A, C R? is called
symplectic, if one can write A, = DA where A is a separable lattice and D € GLy(R), meaning it is an invertible
2 x 2 matrix with determinant 1 [28]. To every D € GLo(R) there corresponds a unitary operator p(D), called
metaplectic, acting on L?(IR). One can show that a Gabor system on a symplectic lattice is unitarily equivalent to a
Gabor system on a separable lattice under (D), that is G(g, A;) is a frame/Riesz basis if and only if G(u(D)"1g, A)
is a frame/Riesz basis, and

G(g,As) = w(D)G((D) g, A). (70)

Therefore, instead of considering a representation of f(¢) in Span{gy}rca, one can look at the representation of

f(t) in span{u(D)~1gx}rea. For more details see [28].

VII. SUBSPACE-PRIOR SYNTHESIS

In the previous two sections we attempted to recover a signal from its non-invertible Gabor representations
without using any prior knowledge on the signal. When such knowledge is available, it can significantly reduce the
reconstruction error and in some cases even lead to perfect recovery. A common prior in sampling theory is that
the signal to be recovered lies in some SI subspace of L2, namely that it can be written as

F&) = dyTaw(t) =) dew(t — ak) (71)

kEZ keZ

with some norm-bounded sequence {dj} and some window w(¢). This model can quite accurately describe many
types of natural signals, which exhibit a certain degree of smoothness. For example, the class of bandlimited signals
is the SI space generated by the sinc window. The class of splines of degree IV also follows this description with
w(t) being the B-spline function of degree N.

Here, we would like to generalize the Sl-prior setting to Gabor spaces, which we also term in this context
shift-and-modulation-invariant (SMI) spaces. We will use these spaces as priors on our input signals, in order to
recover them from their non-invertible Gabor transform. An SMI subspace W C L? is the set of signals that can

be represented in the form

F&) =D hia My Tow(t), (72)

k,l€z
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for some sequence hy; in ¢2(Z?), where w(t) is an arbitrary window in Sy. In other words, W is the closed linear
span of the Gabor system G(w, a, b). Our choice of terminology follows from the fact that if f(¢) lies in W, then the
function My Ty f (t) is also an element of W for every fixed k, [ € Z. Indeed, let f(t) = Em,nEZ R M Tomw (£)

for some sequence Ay, ., then

MblTakf(t) = MblTak: Z hm,annTamw(t)

m,nez

= Z hm,anlTakanTamw(t)

m,n€EZ

- Z hm,n 672rm.abanb(n+l)Ta(m+k:) U)(t)

m,n€”z

_ Z hmfk,nfl6_27riab(n_l)kanTamw(t)

m,neEZ

= > dpn My Tumw(t) € W, (73)

m,nez
where d,, = Bk 162" =DF The same holds for T,,x My, f ().

Our setting is thus as follows. We assume that f(t) lies in some SMI space W, generated by G(w, a,b), which
we term the prior space, and that we are given the Gabor coefficients ¢y ; of f(t), which were computed with the
analysis window s(t). Our goal is to produce a recovery f(t) using the synthesis window v(t). Clearly, if W does
not coincide with our synthesis space V), then the reconstruction f (t) cannot equal f(t). The interesting question
is whether we can obtain the best possible recovery, which is the orthogonal projection f = Py f, from the Gabor

coefficients ¢y ; of f(f). As above, we discuss the integer and rational under-sampling cases separately.

A. Integer under-sampling

As discussed in Section IV-C, if the analysis and prior spaces satisfy S+ @ W = L?(R), then the recovery
f = Pyf can be generated by applying the operator Hyyp = (V*V)~"1V*W (S*IW)~1 on the Gabor coefficients
¢k, prior to synthesis. From Proposition V.1 we know that this direct-sum condition is satisfied if and only if
O (w,x) # 0 for all w and x, where ¥ (w, ) is as in (48) with v(t) replaced by w(t). The operators V*V,
V*W and S*W correspond to 2D convolutions with the kernels .y, [k, I], vw[k, {] and 7, [k, I] respectively, which
are given by (49) with the appropriate substitution of s(¢), v(t) and w(t). Hence, the operator Hy,, corresponds to
2D convolution with the filter Ay, whose 2D DTFT is given by

B DU (w, x)
Hsub(wam) - (bsw((‘L)"r)(va(w’x)u (74)

where V" (w, z), ®°*(w, z), and P*Y(w, x) are the 2D DTFTs of 7y, [k, ], 75wk, ] and 7y, [k, [] respectively.
When the synthesis space ) coincides with the prior space W, we have Hyyp = (V*V)7 VW (S*W)~! =

(S*W)~1, so that the correction filter is the same as in the consistency approach of section V-A. In this case, the
direct-sum condition (namely the invertibility of the operator S*W) guarantees perfect recovery of f(t). To see

this, note that any f € W can be written as f = Wd for some sequence dy, ;, so that the Gabor coefficients cj,; are

July 10, 2009 DRAFT



21

given by ¢ = S* f = S*Wd. Therefore, the expansion coefficients can be perfectly recovered using d = (S*W)"Lec.

This property is, of course, independent of the sampling lattice and holds true also in the rational under-sampling

regime.

B. Rational under-sampling

We now extend the subspace-prior approach to the rational under-sampling regime. As before, we assume that the
input f(¢) can be expressed in the form (72) for some sequence hy, ;, where w(t) is a given window in Sy. As we have
seen, the best possible recovery, which is the orthogonal projection f = Py f, can be obtained if the analysis and prior
spaces satisfy S~ @)W = L2(R), which in our case is equivalent to 7, [k, [] being invertible with respect to twisted
convolution. In this case, f = P, f can be produced by applying the operator Hyyp = (V*V) " 1V*W (S*W)~!
on the Gabor transform c;; prior to reconstruction. The operators V*V, V*W, and S*W correspond to twisted
convolution with the kernels 7., [k, ], 74 w[k, ] and rs [k, [] respectively. Therefore, Hgy, corresponds to twisted
convolution with

how [k, 1] = (1) Brow 8750 ) [k, 1], (75)

where, 7.} [k, 1] and r;l[k, (] are the inverses of 7,,[k,l] and rg,[k, 1] with respect to . Consequently, the ®

function of the subspace-prior filter is given by
me(w7 LL') = st (w7 x)_ltpvw (w7 x)@’u’u (w7 SL’)_I, (76)

where ®°*(w, z), ®""(w,x), and ®"(w, ) are the ®-representations of 7, [k, ], rywlk,] and 7, [k, ] respec-

tively.

VIII. TWISTED CONVOLUTION

In the previous sections, we saw that in order to process the samples c,, , one needs the inverse of certain
cross-correlation sequences with respect to . In this section we show how to obtain explicitly the inverse of some
sequence dj; with respect to twisted convolution with parameter ab. This depends very much on ab. If ab € N,
then the twisted convolution is a standard convolution, and the Fourier transform can be used to compute the inverse
of di ;. If ab = q/p, then one can use the construction derived in [27], which breaks the problem into computing
inverses of several sequences with respect to standard convolution. We now briefly review this method. For the
proofs and more detailed explanations, we refer the reader to the original paper.

Let dj,; be a sequence in 61(22). We create p? new sequences out of dp,;, defined as

(d"®) k1 = diy Z Zé[k—r—prml—s—pn], a7

MEZLNEL

where r,s = 0,1,...,p— 1. It is easy to see that the sequence d"° is supported on the coset (r + pZ) x (s + pZ)
and therefore d = Zf;é Zf;é d™?. In the case when p = 2, out of a sequence dj; we obtain four subsequences:
d®? which is supported on 2Z x 27, d°! supported on 2Z x (2Z + 1), d*** supported on (2Z + 1) x 2Z and d**
supported on (2Z + 1) x (2Z + 1).

July 10, 2009 DRAFT



22

Next, we associate with the sequence dj; a p X p matrix D whose entries are sequences in £

p—1
D'r,s — Z dm,T—se—Q‘nimsq/p’ (78)

m=0

where  — s should be interpreted as modulo p. This matrix is an element of an algebra M of p X p matrices with

multiplication of two matrices D and E given by

p—1
(D ® E)r,s = Z Dr,l * El,37 (79)

m=0

where * is a standard convolution. It was shown in [27] that an algebra of such matrices is closed under taking
inverses, meaning that if D is invertible in M then its inverse is also an element of M and its entries are also

coming from some sequence in ¢!(Z?). For example, when p = 2 the above matrix takes the form

dO’O + dl,O dO,l _ dl,l
dO,l + dl,l dO’O _ dl,O

D:

where we used the fact that since p = 2, ¢ must be odd, and thus e2™""59/2 for m, s = 0,1 takes the values 1 and
—1. Note that summing up the elements of the first column gives us back the sequence d.

It was shown in [27] that the invertibility of the sequence dj; with respect to f is equivalent to the invertibility
of the matrix D in this new matrix algebra, which in turn is equivalent to the invertibility of det(D) in ¢1(Z2, ).
Therefore, if D is invertible, its inverse can be computed using Cramer’s Rule. That is the (7, s) entry of D~ is
given by

(D7), = (det(D))~" x det(D(s, 7)), (80)

where D(s,r) is a p X p matrix obtained from D by substituting the sth row of D with a vector of zeros having §
on the rth position, and the rth column with a column of zeros having ¢ on the sth position. Note that det(D) is

a sequence and its inverse in (80) is taken with respect to standard convolution. For example, when p = 2 we get

6 0
D(0,0) = :
0 d0,0 _ dl,O
0 1)
D(].,O) == )
d*l+dt 0
0 dO,l _ dl’l
D(0,1) = ;
6 0
0 4+ d0 0
D(1,1) = . (81)
0 1)

Thus,
dO’O _ dLO 7d0’1 + dl,l

D™t = (det D) ! x
_dO,l _ dl,l dO’O + dl,O
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w,v=0,...,p—1

Fig. 3: A filter-bank realization of twisted convolution between cj; and dy ;.

where det(D) = (d%° + d*9) * (d®0 — d10) — (d®! + d'1) * (d%* — db1). Since the matrix algebra M is closed
under taking inverses, summing up the elements of the first column of D~ results in some sequence ey; which
is the inverse of dj; with respect to twisted convolution. Therefore, it is enough to compute only this column
and sum up its entries to get d~'. In our example with p = 2, the twisted-convolutional-inverse of d equals
(det(D))~t * (d%0 — @0 — g%t — gbt).

We mentioned in the previous sections that it is possible to realize twisted convolution with a rational parameter
ab using a filter bank. Indeed, using the decomposition (77) of the sequences, the twisted convolution of two
sequences ¢ and d,

(@) mm =Y diiCmpmie TN oy 1y e 2T DR (82)
k,l€Z k,l€Z

can be written as

p—1 p—1
(diec) = Z Z (¢ % dvTVTS) e 2mv=ra/p for 4y 9 =0,1,...,p— 1. (83)
r,s=0 u,v=0
Therefore, as shown in Fig. 3, each of the p2 sequences c¢®, r,s = 0,1,...,p—1, is split into p2 filters associated
with the sequences d“v, u,v = 0,1,...,p — 1. Then, dhc is obtained by summing over the resulting p* output

sequences. Figure 3 depicts one of the p* branches, which corresponds to the indices r, s ,u and v.

IX. EXAMPLE: INTEGER UNDER-SAMPLING WITH GAUSSIAN WINDOWS

We now demonstrate the prior-free recovery techniques derived in this paper. To retain simplicity we will focus

on the integer under-sampling scenario. In this regime, the smallest amount of information loss occurs when ab = 2.
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Fig. 4: The 2D correction filters corresponding to the minimax-regret and consistency methods.

Therefore, in our simulations we used a = 1 and b = 2. In this setting there are at most half the number of time-
frequency coefficients for any given frequency range per time unit, than in any invertible Gabor representation.
Consequently, algorithms operating in the Gabor domain (e.g., for system identification, speech enhancement, blind
source separation, etc.) will benefit from a reduction of at least a factor of 2 in computational load. On the other
hand, we expect the norm of the reconstruction error to be roughly on the order of the signal’s norm in the worst-case
scenario, since half of the information is lost in such a representation.

For tractability, we will work out the case in which the analysis and synthesis are both performed with a Gaussian

window:

1 t2
0= 7 {a) o

v(t) = (85)

1 { 12 }
————eXpy———= ¢ -
\/2mo? 202
In this scenario, the cross-correlation sequence 7, [k, (] = (v, Mp,Tams), has an analytic expression:

1 k)2 + 4n20202(bl)? 2micZabkl
Tsplk,l] = ———=exp _(a ) +4no50, (b) exp MO (86)
271 (02 +02) 2(0% +03) ol +o;

Similarly, rss[k, (] and 7., [k, ] can be obtained by replacing o4 by o, and vice versa.

The 2D filter heon of (51), corresponding to the consistency requirement, is the convolutional inverse of r4[k, I].
This sequence can be approximated numerically using the discrete Fourier transform (DFT) of the finite-length
sequence 7T, (k,l], (k,1) € [-K, K] x [-L, L], for some (large) K and L. To compute the filter h,x of (57),
corresponding to the minimax-regret approach, we need to invert 75[k,!] and 7,,[k, ], which can be done in a
similar manner. Note that both hco, and hmy are generally complex sequences. Figure 4 depicts the modulus |h¢on|

and |hp| for the case o5 = 0.1, 0, = 2, and ab = 2.
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Fig. 5: A chirp signal and its Gaussian-window Gabor representation.

To see the effect of these two filters, we now examine the recovery of a chirp signal from its non-invertible

Gabor representation using both methods. Specifically, let
f(t) =2cos (¢?). (87)

The Gaussian-window Gabor transform of f(¢) has a closed form expression, given by

1 . { ak(ak + 2blw) + 2ib%1?m202 }
- expl-
izl ¥ i+ 202

Ckl =

(88)

N 1 exp { —ak(ak — Qélﬂ) + 2ib%1272%02 } '
V2i02 +1 —i+ 202
The signal f(¢) and the modulus of its Gabor transform, |cy, ;|, are shown in Fig. 5. Although cj, ; seems to constitute
a good time-frequency representation of f(t), it is certainly not suited to play the role of the synthesis expansion
coefficients dj ;. This can be seen in Fig. 6(a), where c;; have been used without modification as expansion
coefficients to produce a recovery f(t). The signal-to-noise ratio (SNR) of this recovery is 20 log,o (|| f|l/Ilf = fII) =
—0.44dB.

The reconstructions obtained with the consistency and minimax-regret methods are shown in Fig. 6(b) and
(c). Clearly, they both bear better resemblance to f(¢). The consistent recovery is the unique signal that can be
constructed with the synthesis window v(t), whose Gabor transform coincides with ¢ ;. This property makes this
reconstruction desirable in some sense, although its SNR is only —1.03dB, worse than the uncompensated recovery.
To guarantee that the error between our recovery f (t) and the original signal f(¢) is small, for every possible f(¥)
that could have generated ¢y, ;, one has to use the minimax regret approach, as shown Fig. 6(c). This reconstruction
achieves an SNR of 0.1dB, and thus is better than the other two methods in terms of reconstruction error. Figure 7

depicts the expansion coefficients dj; corresponding to the two methods.
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(a) (®) (©)

Fig. 6: Reconstructions of f(¢) from its Gabor coefficients ¢y, ;. (a) Without processing cx ;. (b) Consistent recovery,
namely using di; = (¢ * heon)r, as expansion coefficients. (c) Minimax-regret recovery, namely using di; =

(c* hmx)x,1 as expansion coefficients.

con mx
k)l ‘dk,l
30 30
700
20 600 20 8
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~ 0_'-__...-"-:- l:i 400 ~ g TmEa -
o1 -l 4
-10 300 -10
200
-20 -20 2
100
-30 -30
-20 0 20 -20 0 20
k k

Fig. 7: The modulus of the expansion coefficients,

dg1|, corresponding to the consistent and minimax-regret recovery

methods.

X. CONCLUSIONS

In this paper we explored various techniques for recovering a signal from its non-invertible Gabor transform,
where the under-sampling factor is rational. Specifically, we studied situations where both the analysis and synthesis
windows of the transform are given, so that the only freedom is in processing the coefficients in the time-frequency
domain prior to synthesis. We began with the consistency approach, in which the recovered signal is required
to possess the same Gabor transform as the original signal. We then analyzed a minimax strategy whereby a

reconstruction with minimal worst case error is sought. Finally, we developed a recovery method yielding the
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minimal possible error when the original signal is known to lie in some given Gabor space. We showed that all three
techniques amount to performing a 2D twisted convolution operation on the Gabor coefficients prior to synthesis.
When the under-sampling factor of the transform is an integer, this process reduces to standard convolution. We

demonstrated our techniques for Gaussian-window transforms in the context of recovering a chirp signal.

APPENDIX A

THE MULTIPLICATION PROPERTY OF THE ¢ REPRESENTATION

Let ¢, and dj; be two sequences having ® matrix-valued function representations ®“ and o4 respectively.

Then the matrix-valued function ® associated with the twisted convolution cfd, can be expressed as
&1 (y 1) = Y (w,2) B (w, 2). (89)
Indeed, let again ab = ¢/p and let r,s = 0,...,p — 1 be fixed, then

(ﬁg,csh d) (w, Z‘) — Z (C u d) [S —r —l—pk, l]e—27riabrle—27ri(blz+akw)
kIEZ

o —2miab(s—r+pk—m)n —2mwiabrl —2wi(blx+akw
- § § Cm,n ds—r—i—pk—m,l—ne ( P ) € € ( )
kJl€EZmn€EL
p—1

_ —2miab(s—r—u)n —2mwiabrl —2mi(blr+akw
= g g g Cu—i—pm,nds—r—u-‘r}?(k—m)J—ne ( e € ( )
u=0k,l€EZ mnEL

p—1

_ —2miab(u—r)n  —2miabr(l+n) —2mi(b(l+n)x+a(k+m)w
=3 Y o utpmntu i phge 2T (1) = 2mi(b(14+n)a-+alk+m)w)
u=0k,l€EZm,n€EZ

p—1
_ E E du7r+pk7l€727riabrl6727ri(blx+akw) § CSiqupm’n6727riabunef27ri(bnw+amw)

u=0 \ k,l€Z m,neZ

p—1
= Z ‘I)g,u(wv .’I;)@Z’S(W, z).
u=0

Hence, %D (w,2) = ®%(w, 2)®°(w, z).

APPENDIX B
PROOF OF PROPOSITION II1.3
Since G (v, a, b) is a Riesz basis for V, there exist bounds A > 0 and B < oo such that AI,, < ®""(w,z) < BI,,
where ®"Y(w, z) is the matrix-valued function associated to the sequence r,,[k,!], defined in (24). The system
G(w,a,b), with w(t) = 3>} 1z heiMuTarv(t), is a Riesz basis if and only if there exist constants C' > 0 and
D < oo such that
CI, < ®""(w,z) < DI, (90)
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where ®“(w, x) is a matrix-valued function built from the cross-correlation sequence 7., [k, ] = (w, My Topw).
By substituting w(t) = ZMGZ Rt My Torv(t) in 7y [k, 1] one obtains

Tww[k'7 l] — Z Z Tvv[y —m,z— n]hm7ne—27m‘ab(z—n)mme2mab(z—l)k

Yy,2€ELmnEL

= Z (rvv h h)[y> Z]hy—k,z—ZGQﬂ'iab(Z7l)k

Y,2E€EZL

(R* 7w g R)[E, 1], 1)

where 7,,[m,n] = (v, My, Tamv) and h*[k,1] = h_j _;. It is easy to check, and we leave it for the reader, that
®" (w,z) = ®" (w, z)H. Therefore, using the relation from Appendix A, the (r, s)-entry of the matrix ®"“" (w, z)
is

o1 (w,7) = (8" (w,2)8"" (0, 1) 2" (w,2)) ©2)

7,8
where <I>h(w, x) is a matrix-valued function associated to the sequence hy; and defined in the Proposition. Hence,

if G(w, a,b) and G(v,a,b) are Riesz bases with bounds C' > 0, D < oo, and A > 0, B < oo respectively then

" (w, 2)®" (w,z) > %i’h(w,x)‘ﬁw(w,x)Qh(w,x)H = %@ww(ww) > g (93)
" (w,2)®" (w,x) < %@h(w,x)éw(w,a:)‘l’h(w,m)lf = %‘I’ww(w,x) < % 94)
Therefore " (w, x) satisfies (31) with bounds m = C'//B and M = D/A.
On the other hand, if the sequence hy; is such that (31) is satisfied, then
VY (w, 1) = B"(w, 1) B (v, 2) " (w, 2)H > A" (W, 2)®" (w,2) > Am 95)
B (w,x) = ®"(w, 2) B (w, 2)®" (w, ) < B®"(w,2)®"(w,2)! < BM, (96)

and so G(w, a,b) is a Riesz basis with bounds C = Am and D = BM. It remains to show that G(w,a,b) and
G(v,a,b) span the same space. Every element of G(w, a,b) can be uniquely represented by a linear combinations
of the elements from G(v, a,b), since the latter is a Riesz basis. It suffices to show that v(¢) can be written as a
linear combination of the elements from G(w, a,b) (it will be a unique representation since G(w, a, b) is a Riesz
basis). Then, since Gabor spaces are closed under translation and modulations, other basis elements from G (v, a, b)
will also admit a unique representation in terms of G(w,a,b). Let gi; be the inverse of hy; with respect to f,

meaning h g = J. The inverse exists because hy; satisfies (31). Let 0(t) = > s Gm.nMpnTamw(t). We will
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now show that 9(¢) = v(t). Indeed,
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