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Low Rate Sampling of Pulse Streams with
Application to Ultrasound Imaging
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Abstract—Signals comprised of a stream of short pulses appear model in ultrasound imaging. Ultrasound images are formed
in many applications including bio-imaging, radar, and ultraw-  py transmitting an ultrasonic pulse into a tissue. Echoes of
ideband communication. Recently, a new framework, referrd o 1se bounce off scatterers within the tissue, and ereat

to as finite rate of innovation, has paved the way to low rate . | isti f t f oul t th . Th
sampling of such pulses by exploiting the fact that only a snika a signal consisting of a stream or puises at the receiver. the

number of parameters per unit time are needed to fully descihe time-delays and amplitudes of the echoes indicate theiposit
these signals. Unfortunately, for high rates of innovationexisting and strength of the various scatterers, respectively.efoe,

approaches are numerically unstable. In this paper we propse a determining these parameters from low rate samples of the
general sampling approach which leads to stable recovery em in received signal is an important problem. Reducing the rate

the presence of many pulses. We begin by deriving a condition I fficient . hich i late t
on the sampling kernel which allows perfect reconstructionof ~&/'OWS MOre eflicient processing which can transiate to powe

periodic streams of pulses from a minimal number of samples. and size reduction of the ultrasound imaging system.
This extends previous work which assumes that the sampling  Our goal is to design a minimal rate single-channel sampling

kernel is an ideal low-pass filter. A compactly supported clas of and reconstruction scheme for pulse streams that is stable
filters, satisfying the mathematical condition, is then intoduced, even in the presence of many pulses. Since the set of FRI

leading to a sampling framework based on compactly supporg . .
kernels. We then extend our periodic solution to finite and signals does not form a subspace, classic subspace schemes

infinite streams, and show that our method is numerically stale ~ cannot be directly used to design low-rate sampling schemes
even for a large number of pulses per unit time. High noise Mathematically, FRI signals conform with a broader model
robustness is demonstrated as well when the time delays areof signals lying in a union of subspaces [4]-[8]. Although
sufficiently separated. Finally, we apply our results to ultasound the minimal sampling rate required for such settings has bee
imaging data, and show that our techniques result in substatal derived, no generic sampling scheme exists for the general

rate reduction with respect to traditional ultrasound sampling -
schemes. problem. Nonetheless, some special cases have been treated

- . T, in previous work, including streams of pulses.

Index Terms—Analog-to-digital conversion, annihilating filters, A st f oul be Vi d tric si |
finite rate of innovation, generalized sampling, perfect reon- . stream 9 puises Can_ € viewed as a parametric S'gne}'
struction, ultrasound imaging. uniquely defined by the time-delays of the pulses and their

amplitudes. An efficient sampling scheme for periodic strea
of impulses, having. impulses in each period, was proposed
l. INTRODUCTION in [3], [O]. This sampling scheme allows to obtain a set of

AMPLING is the process of representing a continuoudourier series coefficients of the periodic signal. Onces¢he

ime signal by discrete-time coefficients, while retainin§oefficients are known, the problem of determining the time-
the important features present in the analog signal. Thé wélelays and amplitudes of the pulses becomes that of findeng th
known Shannon-Nyquist theorem states that the minimal saffequencies and amplitudes of a sum of sinusoids. The latter
pling rate required for perfect reconstruction of bandiedi IS @ standard problem in spectral analysis [10] which can be
signals is twice the maximal frequency, and describes a sa$@lved using conventional methods, such as the annitglatin
pling and reconstruction scheme which achieves this mihinfiter approach, as long as the number of samples is greater
rate. This result has been generalized to minimal rate sagplthan 2L. This result is intuitive sinceL is the number of
schemes for signals lying in an arbitrary subspace [1], [2]. degrees of freedom in each period: time-delays andL

Recently, there has been growing interest in sampling 8fplitudes.

signals consisting of a stream of short pulses, where theepul Periodic streams of pulses are mathematically convergent t
shape is known. Such signals have a finite number of degré@glyze, however not very practical. In contrast, finiteans
of freedom per unit time, also known as the Finite Rate &f Pulses are prevalent in applications such as ultrasound
Innovation (FRI) property[[3]. This interest is motivategt b imaging. The first treatment of finite Dirac streams appears
applications such as digital processing of neuronal signa [3. in which a Gaussian sampling kernel was proposed.
bio-imaging, image processing and ultrawideband (UW he time-delays and amplitudes are then estimated from the
communications, where such signals are present in abuadafe@ussian tails. This method and its improvement [11] are

Our work is motivated by the possible application of thi§umerically unstable for high rates of innovation, sinceyth
rely on the tails of the Gaussians which take on low values. A
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component. However, the authors point out that this samplioS class, we design a sampling and reconstruction scheme
scheme is numerically unstable for larfjeTo the best of our which perfectly reconstructs a finite stream of pulses from
knowledge, a numerically stable sampling and reconstrnctia minimal number of samples, as long as the pulse shape
scheme (when the delays are sufficiently separated) for higas compact support. Our reconstruction is numericallylsta
order problems has not yet been reported. for both small values of. and large number of pulses, e.g.,
Infinite streams of pulses arise in applications such ds= 100. In contrast, Gaussian sampling filters [3],][11] are
UWB communications, where the communicated data changesstable for. > 9, and we show in simulations that the
frequently. Using a compactly supported filter|[12], and end moments approach_[12] exhibits large estimation errors for
certain limitations on the signal, the infinite stream can be > 5. In addition, we demonstrate substantial improvement
divided into a sequence of separate finite problems. Thenoise robustness even for low valuesiaf Our advantage
individual finite cases may be treated using methods for teeems from the fact that we propose compactly supported
finite setting, however this leads to a sampling rate that fiters on the one hand, while staying within the regime of
higher than the rate of innovation. Since the infinite streaFourier coefficients reconstruction on the other hand.
reconstruction scheme is based on the finite one, the ifistabi The compact support of the SoS class becomes advan-
in high order problems applies here as well. In additionageous when we extend our results to the infinite stream
the constraints that are cast on the signal become more aetting as well. In this context, we consider a signal cdimgjs
more stringent as the number of pulses per unit time grows. pulse bursts, where within each burst there may be a
In a recent work[[13] the authors propose a sampling atetge number of closely spaced pulses. We assume a maximal
reconstruction scheme for finite and infinite streams ofdirgpermitted density of the bursts, and design a sampling and
impulses for the restricted case in which there is no moreconstruction scheme which guarantees perfect recatistnu
than one impulse per sampling period. This may be viewed fasm low rate samples. The proposed method is based on our
a reduction of the infinite setting to a sequence of finitesstre solution for the finite case, and therefore exhibits nunadiic
problems, each witl. = 1. Our interest here is in high valuesstable reconstruction even for a large number of closelgespa
of L. pulses, which cannot be treated using existing approadi2gs [
Another related work[[7] proposes a semi-periodic modeAnother advantage is that in contrast to previous work, the
where the pulse time-delays do not change from period tonstraints cast on the structure of the signal are indepgnd
period, but the amplitudes vary. This is a hybrid case of L (the number of pulses in each burst) and therefore similar
which the number of degrees of freedom in the time-delayssampling schemes may be used for different valued. of
finite, but there is an infinite number of degrees of freedofinally, we show that our sampling scheme requires lower
in the amplitudes. Therefore, the proposed recovery schesampling rate forl > 3.
generally requires an infinite number of samples. This diffe As an application, we demonstrate our finite stream sam-
from the periodic and finite cases we discuss in this papgling scheme on real ultrasound imaging data acquired by
which have a finite number of degrees of freedom an@E healthcare’s ultrasound system. We obtain high accuracy
consequently, require only a finite number of samples. estimation while reducing the required number of samples by
In this paper we study sampling of signals consisting of 2 orders of magnitude in comparison with current imaging
stream of pulses, covering the three different cases: gierio techniques.
finite and infinite streams of pulses. The criteria we corrside The remainder of the paper is organized as follows. In
for designing such systems are: a) Minimal sampling ragection[Il we present the periodic signal model, and derive
which allows perfect reconstruction, b) numerical st&pili a general sampling scheme. A specific class of filters (the
(with sufficiently separated time delays), and c) minimeboS class) which satisfy this condition, and have compact
restrictions on the number of pulses per sampling period. support, is then developed and demonstrated via simukation
We begin by treating periodic pulse streams. For thisn extension of the SoS class to the finite case is presented in
setting, we develop a general sampling scheme which allo®ectior{Ill, followed by simulations showing the advantagé
to determine the times and amplitudes of the pulses, framar method in high order problems and in noisy settings. In
a minimal number of samples. Assuming an arbitrary pulgection[TV, we present our sampling scheme for an infinite
shape, we derive a condition on the sampling kernel, undstream of pulses. Sectidn] V explores the relationships of
which the solution is guaranteed. As we show, previous wodar work with previous methods. Finally, in Sectibn] VI, we
[3] is a special case of our extended results. In contrast demonstrate our method on real ultrasound imaging data.
the infinite time-support of the filters ir_[3], we develop a
compactly supported class of filters which satisfy our math- Il. PERIODIC STREAM OF PULSES
ematical condition. This class of filters consists of a sum of i L
sinc functions in the frequency domain. We therefore reféy Notations and Definitions
to such functions aSum of Sinc£SoS). To the best of our Matrices and vectors are denoted by bold font, with low-
knowledge, this is the first class of finite support filtersttharcase letters corresponding to vectors and uppercaseslett
solve the periodic case. to matrices. Thenth element of a vecton is written as
The compact support of the SoS class, in contrast to thg, and A;; denotes theijth element of a matrixA. Su-
lowpass filter proposed il ][3], is the key to extending thperscripts(:)”, (~)T and(~)H represent complex conjugation,
periodic solution to the finite stream case. Generalizing thransposition and conjugate transposition, respectivEhe



Moore-Penrose pseudo-inverse of a mathixis written as (H) the M x M diagonal matrix wittkth entry2 A (22£), and
AT. The continuous-time Fourier transform (CTFT) of &y (V)((t)) the M x L matrix with kith elemente—727kt/7,

continuous-time signak (t) € Lo is defined by X (w) = where () = {t1,...,t.} is the vector of the unknown delays.
75, @ (t) e dw, and In addition denote by d) the lengthi vector whoselth
0o element isa;, and by {) the lengthd/ vector whosekth
(z(t),y () = / o (t)y (t)dt, (1) element isX[k]. We may then write[(5) in matrix form as
denotes the inner product between tWwe signals. (z) = H)(V)(@®))(a). (6)

. Since () is invertible by construction we defingy)( =
B. Problem Formulation (H)~'(z), which satisfies

Consider ar-periodic stream of pulses, defined as

) W) = ) (O)). (7)
x(t) = Z Z ath(t =t —m7), (2) The matrix /) is a Vandermonde matrix and therefore has full
meZ l=1 column rank|[[10],[[15] as long a&/ > L and the time-delays

whereh(t) is a known pulse shape;, is the known period, are distinct, i.e.f; # t; for all 7 # j.

and {tz,az}f:p ty € [0,7), @y € C,1 = 1...L are the Writing the expression for theth element of the vectow(
unknown delays and amplitudes. Our goal is to samgle in (7) explicitly:

and reconstruct it, from a minimal humber of samples. Since L

the signal ha®L degrees of freedom, we expect the minimal (W) = Z age= 2k /T @)
number of samples to beL. We are primarily interested =

in pulses which have small time-support. Direct uniform

sampling of2L samples of the signal will result in many zerdEvidently, given the vectors), (7) is a standard problem of
samples, since the probability for the sample to hit a pudsefinding the frequencies and amplitudes of a suni. aomplex
very low. Therefore, we must construct a more sophisticatédponentials (see [10] for a review of this topic). This deob

sampling scheme. may be solved as long a&| = M > 2L.

Define the periodic continuation ofi(t) as f(t) = The annihilating filter approach used extensively by Vétter
> mez h(t —m7). Using Poisson’s summation formula]14] et al. [3], [9] is one way of recovering the frequencies. This
f(t) may be written as method can solve the problem using the critical number of

1 ork\ samplesM = 2L, as opposed to other techniques such as
flit) == ZH (_) eI2mkt/ (3) MUSIC [16], [17] and ESPRITL[18] which require substantial
T ez T oversampling. Since we are interested in minimal-rate sam-

where H(w) denotes the CTFT of the puldet). Substituting pling, we use the annihilating filter method throughout the

@) into (2) we obtain aper.
L
=) = Z af(t—t) C. Obtaining The Fourier Series Coefficients

=1 . . .
As we have seen, given the vector/df > 2L Fourier series

L
_ Z (lH <27T/€> Z alej27rktl/7'> oI2mkt/T coefficients £), we may use standard tools from spectral anal-
-
=1

o \7 ysis (e.g., annihilating filter) to determine the et a;}% ;.
B jomkt /T In practice, however, the signal is sampled in the time dagai
- Z Xlk]e ’ ) and therefore we do not have direct access to samples)of (
ke Our goal now is to design a single-channel sampling scheme
where we denoted which will allow to obtain the vectora) from time-domain
1 o\ & ‘ samples. In contrast to previous work regarding the petiodi
X[kl=-H (—) Zale_ﬂ”’““”. (5) casel[3],[9] which focused on a low-pass sampling filter, in
T T /= this section we derive a general condition on the sampling

The expansion irf{4) is the Fourier series representatidheof k€rnel allowing to obtain the vector], and consequently

r-periodic signalz(t) with Fourier coefficients given byY5). récover the time-delays)(and the amplitudesaf. For the
We will now show that once L or more Fourier coefficients Sake of clarity we co_nflne ou_rselves to uniform samplmg,_ but

of z(t) are known, we may use conventional tools from Speg:lese _results extend in a straightforward manner to noarmif

tral analysis in order to determine the unknowjts a,}2,. Sampling as well.

The method by which the Fourier coefficients are obtained

will be presented in subsequent sections. 0 N )]
Define a setK of M consecutive indices such that ' PR

H (22E) +£ 0, Vk € K. We assume such a set exists, which is

T

usually the case for short time-support puléés). Denote by Fig. 1. Single channel sampling scheme.




Consider sampling the signalt) uniformly with sampling Theorem 1. Consider ther-periodic stream of pulses of order
kernel s*(—t) and sampling period’, as depicted in Fid]1. L:

. L
The sampleioare given by 2(t) = Z Zazh(t P
cln] = / z(t)s*(t —nT)dt = (s(t —nT),z(t)). (9) meL =1
—o0 Choose a sek of consecutive indices for whidt (27k/7) #
Substituting [(#) into[(9) we have 0, Yk € K. Then the samples
cn] = ZX[k]/ A2 T X (f T dt c[n] = (s(t = nT),z(t)), n=0...N—1,
kez o - uniquely determine the signat(¢) for any filter s*(—t)
_ ZX[k]ejQﬂ'knT/T/ 32T/ T g (1) gt satisfying conditior(11), as long asN > |K| > 2L.
keZ o In order to extend Theorefd 1 to nonuniform sampling, we
= ZX[k]eﬂ"k”T/TS*(%k/r), (10) only need to substitute the nonuniform sampling times in the
keZ vector ¢), in (14).

whereS(w) is the CTFT ofs(t). Choosing any filtes*(—t) Theorem[dl presents a general single channel sampling
which satisfies scheme. One special case of this framework is the one pro-

posed by Vetterli et al. i [3] in which*(—t) = B sinc(—Bt),

i 0 w=2mk/T. k¢ K where B = M/7 and N > M > 2L. In this cases(t) is an
5% (w) = nonzero w = 27”“/_7’ kek (1) ideal low-pass filter of bandwidt with
arbitrary otherwisg w
we can rewrite[(T0) as S(w) = rect (%) . (16)
c[n] = Z X [k]e?2nT/T 5% (2nk /7). (12) Clearly, [16) satisfies the general condition[in](11) with=

pre {=[M/2],...,|M/2]} and S (22%) = 1, Vk € K. Note that

In contrast to [I0), the sum i {12) is finite. Note thatince this filter is real valued it must satigfyc K = —k € I,

(1T) implies that any real filter meeting this condition will € the indices come in pairs except for- 0. Sincek = 0

. B . " ~is part of the sefC, in this case the cardinality/ = |X| must
sa*tlsfy kek = —kck, _and n add|t|0nS(27rk/T)_ —_be odd valued so thaV > M > 2L + 1 samples, rather than
S*(—2wk/7), due to the conjugate symmetry of real filters.

Defining theM x M diagonal matrix.§) whosekth entry is the minimal rateN” > 2L.

B The ideal low-pass filter is bandlimited, and therefore has
ih(inrfw Te)n];c};c?g]kvfelcrﬁ:;(\j/vmg llggt:z vector ) whose infinite time-support. Due to the infinite support of the filte

it cannot be extended to finite and infinite streams of pulses.
(¢) = (V)(=)s)(S)(x) (13) In thel_ ne>k(t se(I:tionh\_N?] pro:oqseh a (;Igss ofI gon-ban:liérpited
- _ i sampling kernels, which exploit the additional degrees
where ¢). :'h{an"ffn =0...N -1}, and —(‘g) oll's defined 4om in condition[IIL), and have compact support in the time
as in ) \év't a diferent _parar_r;)elte;@)s and CdIMensIonsS 45 main. The compact support allows us to extend this class
N X,M' Tde matr:;(_(S‘.) IS l'”;’e,”' e'bly conlstructlon. SINCe 4 finite and infinite streams, presented in Sectlons I11[aAd |
(V) is Vandermonde, it is left invertible as long a6 > M. respectively. While the work iri_[12] focused on finite sugpor

Therefore, filters, their reconstruction scheme is based on moments of
@) =)' (~):)e). (14) the signal, rather than Fourier coefficients, and therefoee
In the special case whefé = M andT = /N, the recovery Sampling kernels do not satisfiz {11). As we demonstrate in
in (I4) becomes: the following sections, our method is advantageous in both
high order problems and noisy scenarios, in which the moment
() = (S)"'DFT{(c)}, (15)  method becomes very sensitive.

i.e., the vector_{) is obtained by applying the Discrete
Fourier Transform (DFT) on the sample vector, followed by B. Compactly Supported Sampling Kernels

correction matrix related to the sampling filter. Consider the following class of functions, which we call the

_ The idea behind this sampling scheme is that each samplgs ¢jass since it consists of a sum of sincs in the frequency
is actually a linear combination of the elements of).( yomain:

The sampling kernek*(—t) is designed to pass the coeffi-

cients X[k], k € K while suppressing all other coefficients G(w) = T Z by sinc <L _ k:) (17)
X[k], k ¢ K. This is exactly what the condition if{1L1) Vom (% 2r/T

means. This sampling scheme guarantees that each Sawgrebk £0, k € K. The filter in [T7) is real valued if and
combination is linearly independent of the others. Thersfo nly if & € IC’:> —k e K andby, = b*, for all k € K. Since
the linear system of equations in {13) has full column rar%r each sinc in the sum —k '
which allows us to solve for the vector )

We summarize this result in the following theorem. : w o\ _ [l w=2rnk/r K =k
’ sime (2#/7’ k) - { 0 w=2ek/r b £k ° 1O
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Fig. 3. The filterg(¢) with hamming window coefficients.

the filter G(w) satisfies[(I11) by construction. Switching to thdse optimized for different goals, e.g., parameters which wi

time domain result in a feasible analog filter.
t , Determining the parametef$y;, }rcc may be viewed from
g(t) = rect (;) Z brel 2Tk T (19) a more empirical point of view. The impulse response of any
kek analog filter having support may be written in terms of a
which is clearly a time compact filter with support windowed Fourier series as
The SoS class if(19) may be extended to a more general ‘
structure ®(t) = rect <—> Zﬂkeﬂ““”. (22)
T
Cw)=—= bio ( v k) (20) <
Vor = "\ 2/ Confining ourselves to filters which satisfy, # 0, k € K,

) ) o we may truncate the series and choose:
whereby, # 0, k € K, and¢(w) is any function satisfying:

= Br keK
1 w=0 b _{ 23)
pw)y=< 0 lw|eN . (1) b 0 ké¢k

arbitrary - otherwise as the parameters @f(¢) in (I9). With this choiceg(t) can

This more general structure allows for smooth versions ef tlve viewed as an approximation @(¢). Notice that there is

rect function, which is important when practically implemie an inherent tradeoff here: using more coefficients will lesu

ing analog filters. in a better approximation of the analog filter, but in turnlwil
The functiong(t) represents a class of filters determinetequire more samples, since the number of samplesiust

by the parameter$b; }rcx. These degrees of freedom offedoe greater than the cardinality of the det

a filter design tool where the free paramet¢bs}rcx may To demonstrate the filtery(t) we first chooseX =
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{-p,...,p} and set all coefficient$b,} to one, resulting in zero-mean Gaussian variables with varianéeWe define the
. » . SNR as: Li)l3
_ v j2wkt/T _ v ~ IIAC) 12
g(t) = rect (T) k;pe = rect (7—) D,(2nt/T), SNR = NT’ (28)
(24)  where Il - |l= denotes thel;-norm. In our experiments the
variance of the noise is set to give the desired SNR.
po sin ((p+ 1) ¢) The eimulation cons?sts dfooo experiments for eaeh SNR,
D,(t) = Z eIt = 2/ 7 (25) where in each experiment a new noise vector is created.
sin(t/2) The time-delays were chosen to b8 = 7 - (1/3 2/3)T
The resulting filter forp = 10 andr = 1 sec, is depicted in and the _amplitudes were set to one. The time-delays and
Fig. 2. the amphtudes remain eonstant throughogt the experiments
We define the error in time-delay estimation as the average
over all experiments off(t) — (¢)||3, where_{) and(t) denote
the true and estimated time-delays, respectively, sonted i
increasing order. In Fid.]6 we show the error as a function
of SNR, for our method versus the sinc sampling kernel.
Evidently, both methods have the same performance. However

where the Dirichlet kerneD, (¢) is defined by

k=—p

In Fig.[3 we show a different choice gf¢) where theb,’s
are chosen as a lengfl- symmetric Hamming window:

k+ | M/2]

b, = 0.54 — 0.46 cos (27r i

), keK. (26)

Notice that in both cases the coefficients satisfy= b* ,,
and therefore, the resulting filters are real valued. 1

SoS

E. Simulations

s of 1]

1) Demonstration of Our Sampling and Reconstructio =
Scheme:We begin with demonstrating our sampling schem:=
The input signak:(¢) consists ofL. = 5 delayed and weighted
versions of a Gaussian pulégt)

n

h(t) = ! exp(—t2/202), (27)

2702

with parameterr = 7 - 1073, and periodr = 1. The time-
delays and amplitudes were chosen randomly. In order
demonstrate near-critical sampling we choose the set afésd |
K ={-L,...,L} with cardinality M = |K| = 2L +1 = 11.
We filter z(¢) with g(¢) defined in[[IP), where the coefficients 10
br, k € K were set to be the lengthf symmetric Hamming
window given by [[2B). The output of the filter is samplea
uniformly N times, with sampling period” = 7/N, where Fig. 6. Error in time-delay estimation as a function of SNRngsour
N = M = 11. The sampling process is depicted in Hifj. 4. approach and the sinc filter method.

The Fourier series coefficients were obtained from the
samples as described iii{14). Finally, the time-delays agdr sampling scheme for the periodic case consists of sagpli
amplitudes were reconstructed using the annihilatingrfilt&ernels having compact support in the time domain. In the
spectral analysis method. The reconstructed and origigal snext section we exploit the compact support of our filter, and
nals are depicted in Fig] 5. The estimation and reconstmictiextend the results to the finite stream case. We will show that
are both exact to numerical precision. our sampling and reconstruction scheme offers a numeyicall

2) Noisy Case:We now consider the case in which thestable solution for this case, with high noise robustness.
samples are corrupted by noise. We compare our performancEinally, we can improve reconstruction accuracy at the
to the sinc filter method presented in [3], which has high@oi€xpense of oversampling, as illustrated in Hig. 7. Here we
robustness as long as the pulses are sufficiently spaced, aip@w recovery performance for oversampling factors of 2, 4

—delay estimation erro

Time

5 10 15 20 25 30 35 40 45 50
SNR [dB]

show that our method retains this robustness. and 8.
Our signal consists of. = 2 pulses, where the pulse
here was chosen aB(t) = §(t). The period was set to I1l. FINITE STREAM OF PULSES

T=1,K={-2,...,2},and N = M = 5 samples were .
taken, sampled uniformly with sampling peridd = 7/N. A. Extension of SoS Class

The sampling kernel ig;*(—t) defined in [(IP), where all Consider now a finite stream of pulses, defined as
coefficients{b, } were set to one. In our setup additive white
Gaussian noise (AWGN) is added to the samples, i.e., our;
samples are given byy{ = (c¢) + (n) where ¢) is the

L
()= ah(t—t), Le€[0,7),meR I=1..1L,
=1
uncorrupted vector of samples, ang €onsists of independent (29)



= which exploits the compact support of the filtgt), and under
8 " mild assumptions on the pulé€t) obtains precisely the same
= 10 samplesc[n] as in the periodic case, while using a compactly
= supported filter.
S From [10), and using*(—t) as the sampling kernel, the
o 107} samples taken in the periodic case can be written as
5 No oversampling
E cn] = (g(t—nT),x(t))
g -6 L oo
g 10 1 = Z Zal/ h(t —t; — m7)g*(t — nT)dt
% meZ l=1 e
o L o
$ o0 - ¥ Zal/ h(t)g” (¢ = (nT — ti — mr)) dt
IS mez I=1 —o©
[ . . . . L
|_
10 20 30 40 50
= aip(nT — t; — m7), (33)
SNR [dB) 22

Fig. 7. The effect of oversampling on estimation error. Gserpling by a where we defined

factor of 1, 2, 4 and 8.
p(9) = (g(t — 9), h(t)). (34)

where, as in Sectiof]llh(t) is a known pulse shape, andSinceg(t) in (I9) vanishes for allt| > /2 andh(t) satisfies
{t,,a;}£, are the unknown delays and amplitudes. The timé30). the support ob(t) is (R + 7), i.e.,
delays {t;}L_, are restricted to lie in a finite time interval

= = > .
[0,7). Again, there are only2L degrees of freedom, so p(t) =0 forall |t| > (R +7)/2 (35)
we expect the critical number of samples to B&. We ysing this property, the summation iz {33) will be over
wish to design a sampling and reconstruction method whigynzero values for indices: satisfying
perfectly reconstructs the signa(¢) from a minimal number
of samples. In this section we assume that the pl(sg has [nT —t; —m7| < (R+7)/2. (36)

finite supportR, i.e., . - . .
nite Supp ! Sampling within the window0, 7), i.e., nT € [0,7), and

h(t) =0, V|t| > R/2. (30) noting that the time-delays lie in the interviale [0,7), | =

. " . ) ) 1...L, (38) implies that
This is a rather weak condition, since our primary interest

is in very short pulses which have wide, or even infinitgyR+7)/2 > |nT —t; —m7| > |m|7—|nT —t;| > (jm|—1)7.

frequency support, and therefore cannot be sampled etiigien (37)

using classical sampling schemes for bandlimited signals. Here we used the triangle inequality and the fact {hat —
Note thatz(t) in (@) is the periodic continuation af(t) in  ¢;,| < 7 in our setting. Therefore,

(29). Thereforef(¢) may be convolved with a Dirac comb to

yield z(t): Im| < R/T2+ 5 = |m| < {R/T;— 3-‘ - lér, (38)
2(t) = &(t) « ¥ 6(t —mr). (31)
mez i.e., the elements of the sum in_{33) vanish forsallbut the
Exploiting this observation, we can write the samples of thélues in[3B). Consequently, the infinite sum([in(33) reduce
periodic signak[n] as to a finite sum overn < |r| so that [3B) becomes
(o T L
cn] = at)*g" (~t)|,_, . ) = S S apnT -ty —mr)
= Z(t) * Z ot —mr) * g*(—t)‘t:nT m=—r |=1
meZ r L 0o
= w7 (1), (32) -y Zal/ h(t — t)g" (t — nT + mr)dt
m=—r |=1 e
where we denoted(t) = >, ., g(t + m7). In other words, r L
sampling the period.ic signai(t) ir_1 (IZ) With a filtgrg*(—t), is = < Z g(t —nT 4+ m7), Z arh(t — tl)> . (39)
equivalent to sampling the aperiodic signgt) with the filter m——r =1

g*(—t) which is the periodic extension @f'(—t). Therefore,
in order to obtain the exact same sampleg, n =0... N—1
as in [12) for the periodic case, we could samp(e) with a of g(t)
periodic sampling kerng}*(—t). However, a periodic filter is g\)- -

of course impractical since it has infinite energy and irdinit gr(t) = Z gt +m7), (40)
support. We now propose a variant of the above approach e

where in the last equality we used the linearity of the inner
product. Defining a function which consists(@f-+1) periods



we conclude that B. Simulations

cn] = (go(t—nT),z(t)). (41) 1)~ Demonstration of the Sampling Scheréte input sig-

nal z(t) consists of L = 5 delayed and weighted versions

Therefore, the samplesgn] can be obtained by filtering theof the pulsen(t) = 4§(t). The delays and weights were
aperiodic signal(t) with the filter g;(—t) prior to sampling. chosen randomly. We choos€ = {—L,...,L}, so that
This filter, in contrast tog(t) in (32), has compact support); — (K| = 11. Since the support of(t) satisfiesk < 7
equal to(2r + 1)7. the parameter in (38) equalsl, and therefore we filtef(t)
We summarize this result in the following theorem. with gs,,(t) defined in [@R). The coefficients,, k € K were

Theorem 2. Consider the finite stream of pulses given by: @ll Set to one. The output of the filter is sampled uniformly
times, with sampling period@” = /N, whereN = M = 11.

(1) = ialh(t )t e[0,7), a €R, Perfect reconstruction is achieved as can be seen in[Fig. 8.
=1 1 T T

whereh(t) has finite supporR. Choose a sef of consecutive ——  Original
indices for whichH (2nk/7) # 0, Vk € K. Then,N samples 08} — © Estimated |
given by: ® O

cn] = (g-(t —nT),z(t)), n=0...N—1,nT €[0,7), e 1
wherer is defined in(@8) and g,.(¢) is defined by{@d) and & o4} |
compactly supported, uniquely determine the sigh@) as %
long asN > |K| > 2L. E o2 ]

If, for example, the supporR of h(t) satisfiesR < 7 then ?
we obtain from [(3B) that = 1. Therefore, the filter in this 0
case would consist df periods ofg(¢): l

-0.2} |
A
93p(t) =g (t)| _, =gt —=7)+g(t) + gt +7).  (42)

Practical implementation of the filter may be carried oungsi %4 02 04 06 08 1
delay-lines. time [units of 1]

The problem of sampling and reconstructing a finite stream
of pulses as in[{29), has already been addressed in [3]. THi@ 8. Application of the filtergs, (t) on a finite stream of = 5 diracs.
pulse considered there is(t) = J(¢). The authors use a
Gaussian sampling kernel prior to sampling and reconstruct The estimation is exact to numerical precision.
is based on the infinitely long tails of the Gaussian kernél. A 2) High Order Problems:The same simulation was carried
though analytically exact, this method is numerically ab& out with L = 20 diracs. The results are shown in Hig. 9. Here
as mentioned in[11]. This is due to the fact that the tails @fgain, the reconstruction is perfect even for this high orde
the Gaussian consist of very small values, which leads to rroblem.
merical instability. The authors of [11] propose improverse
of this method, based on substantial oversampling, whiati le
to better performance, however for high order problems th
still exhibit instability.

An alternative approach based on estimating the sigr L ~@ Estimated
moments was proposed i _]12]. This allows for compact
supported filters to be used in the sampling scheme, a 04 @ i

08l Original

therefore offers a local reconstruction scheme. With a @rog o 02} |
choice of the sampling period, the minimal number of sampl'S (P ?
is sufficient for this method. However, the authors mentiatt s  © ® Q‘O_J)
high order problems lead to numerical instability. In castr & —0.2 l .
to the estimation of Fourier coefficients, estimating higtien
moments from the samples is unstable since unstable weic —04r i
ing of the samples is carried out during the process. Wew o6} .
show in simulations that in the presence of noise, even in Ic
order problems, the performance of this method is infexor 08 © ©) 1
the scheme we introduced here. -1 : - : :

0 0.2 0.4 0.6 0.8 1

The strength of our reconstruction scheme is that we u
a compactly supported filter, while staying within the regim
of Fourier reconstruction. This allows us to stably solvghhi rig 9. High order problems: application of the filtgs, (t) on a finite
order problems, and achieve better noise robustness. stream of L = 20 diracs.

time [units of 1]
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3) Noisy Case:We now examine the performance of ouconfined ourselves to sampling within the interval 7).
method in the presence of noise. In addition, we compare dsimilarly, here, we assume that the samples are taken during
performance to the one proposed/ini[12], using B-splineéijte the burst duration. Therefore, if the minimal spacing betwe
and to the Gaussian sampling kernel suggestedlin [3]. TABy two consecutive bursts &-/2, then we are guaranteed
signal consists of. = 2 diracs. The time-delays are set to bé¢hat each sample taken during the burst is influenced by one
(t)=7-(1/32/3)T, wherer = 1, and both amplitudes areburst only, as depicted in Fig. 111. Consequently, the irinit
one. The set of indices i§ = {—L,..., L}, and the number problem can be reduced to a sequential solution of local
of samples isV = 5. The sampling period i§" = 7/N. distinct finite order problems, as in Sectign] Ill. Here the

The method of noise corruption is the same as in Semempact support of our filter comes into play, allowing us
tion[[I=E2. The B-splines we used were of orddr—1, and the to apply local reconstruction methods.
sampling periody’, is the same as above. Hard thresholding
was implemented in order to improve the spline method, as A
suggested by the authors in [12]. The threshold was chosen to
be3oy, whereo is the standard deviation of the AWGN. For
the Gaussian sampling kernel the parametevas optimized » '

gsp(t) filter support = 37
%z \

and took on the value @f.25. The results are given in Fig.110a. 3 .................. R

On average, our method outperforms the B-spline method by : ! o o o
an order of magnitude. The performance of the Gaussian and | b ! T 4 E !
the SoS approaches coincides for high SNR, but for low SNR —0.5r T 157 2,57 3.57

the latter prevails. m m

In Fig.[I0b-d the same simulation was carried out fot
; ; Fig. 11. Bursty signak(t). Spacing of37/2 between bursts ensures that
3,5,20, Ir’]esdpictlve@. Evidently, SSL gr.O\INS the adxanta?e of the influence of the current burst ends before taking the kmgd the next
our metho ecomes more substantial. Eor 5 the spline burst. This is due to the finite suppo8s of the sampling kernej;;ﬁp(—t).

method exhibits large estimation errors (on the order)pand
the Gaussian kernel's performance exhibits degradatid® of | iha above argument we assume we know the locations of

4 ordgrs ,Of mqgmtude comparing to the ,SOS filter. We haYﬁe bursts, since we must acquire samples from within thgtbur
seen in simulations that fdr > 6 the Gaussian method showsy,, ation. Samples outside the burst duration are contaetna
numerical instability as well, Iea_\dlng to errors on the orde by energy from adjacent bursts. Nonetheless, knowledge of
7. In contrast, our method estimates the time-delays staly, i |ocations is available in many applications such as
and with high noise robustness, as can be seen in[Elg. 19 chronized communication where the receiver knows when

The improved version of the Gaus_smn approach presgntectdnexpect the bursts, or in radar or imaging scenarios where
[11] would not perform better in this high order case, sirtce the transmitter is itself the receiver

fails for v_alues of L > 9, as mentioned by_ the authors. T_he We now state this result in a theorem.

computational complexity of all methods is the same, since

the main computational burden is the annihilating filtegsta Theorem 3. Consider a signak(t) which is a stream of bursts

which is common to all techniques. consisting of delayed and weighted diracs. The maximaltburs
In the next section we extend the finite case results to gHration is7, and the maximal number of pulses within each

infinite stream of pulses. This can be done due to the comphstst is L. Then, the samples given by

support of our filter. eln] = (gsp(t — nT),2(t), nez

IV. INFINITE STREAM OF PULSES wheregs,(t) is defined by42), are a sufficient characteriza-
tion of z(¢) as long as the spacing between two adjacent bursts

A. Sampling And Reconstruction Scheme ; :
_ o is greater than3r/2, and the burst locations are known.
We now consider the case of an infinite stream of pulses

Extending this result to a general puldgt) is quite
2t) =Y ah(t—t), ta R (43)  straightforward, as long ai(t) is compactly supported with
lez supportR, and we filter withg*(—¢) as defined in[(40) with
We assume that the infinite signal has a bursty charactéwe appropriate from (38). If we can choose a séf of
i.e., the signal has two distinct phases: a) bursts of maxinwnsecutive indices for whiclif (27k/7) # 0, Vk € K and
durationr containing at most. pulses, and b) quiet phasesve are guaranteed that the minimal spacing between two
between bursts. For the sake of clarity we begin with the caadjacent bursts is greater th&(®r + 1)7 + R) /2, then the
h(t) = 4(¢). For this choice the filtey(—t) in (40) reduces above theorem holds.
to g3, (~t) of [@2).
Since the filterg;,(—t) has compact suppor we are V. RELATED WORK
assured that the current burst cannot influence samples tak

37/2 seconds before or after it. In the finite case we ha\f eThroughoutthe paper we mentioned closely related methods

or sampling of pulse streams. In this section we explore
1The parameters for the Gaussian method took on the values= N m_ore detail the relatmnSh'pS betweep qu approach and
0.28,0.32, 0.9, respectively. previously developed solutions proposed.in [3], [BL./[12B].
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A. Periodic Case

The work in [3] was the first to address efficient sampling
of pulse streams, e.g., diracs. Their approach for solMireg t
periodic case was ideal lowpass filtering, followed by umifo

TABLE |

comparing between the two methods is shown in Thble I.

PERIODIC CASE- COMPARISON WITH PREVIOUS WORK

sampling, which allowed to obtain the Fourier series coeffi- Feature

|| Lowpass filter [[3] |

Proposed method

cients of the signal. These coefficients are then procesged Bpegrees of freedom

the annihilating filter to obtain the unknown time-delaysian ~required no. of sam{
amplitudes. In Sectioflll, we derived a general condition on ples

the sampling kerne[{11), under which recovery is guarahtee Time-support
The lowpass filter scheme of [3] is a special case of this tesul

The noise robustness of both the lowpass approach and ouf

more general method is high as long as the pulses are
separated, since reconstruction from Fourier series caffs
is stable in this case.

2L
2L +1 2L
Infinite T, finite support al-
lows extension to fi-
nite & infinite cases
‘Amlﬁloise Robustness High High
w"'Anang implementa-|| Approximate Approximate finite
tion lowpass filter support filter.
Truncated  Fourier
series form.

The lowpass filter is bandlimited and consequently has

infinite time-support. Therefore, this sampling schemeris u
suitable for finite and infinite streams of pulses. The SoSscla
introduced in Sectionlll consists of compactly supportedrfil
which is crucial to enable the extension of our results tddini
and infinite streams of pulses.

:B. Finite Pulse Stream

The authors of[[3] proposed a Gaussian sampling kernel

Both approaches achieve the minimal number of samplést sampling finite streams of Diracs. The Gaussian method is
Regarding implementation, both filters cannot be implemeéntnumerically unstable, as mentioned in][11], since the sampl
accurately, since analog filters are neither bandlimited nare multiplied by a rapidly diverging or decaying exponent.
time-limited, and therefore must be approximated. A tablEherefore, the Gaussian approach is unsuitableZfor 6.
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Modifications proposed in [11] exhibit better performanod a kernels imply thatP > 2L, therefore for anyL > 3, our
stability. However, these methods require substantialsara- method exhibits more efficient sampling. A table comparing
pling, and still exhibit instability for. > 9. the various features is shown in Tablg IlI.

The work in [12] offers compactly supported sampling ker- Recent work [[18] presented a low complexity method for
nels, which enable obtaining moments of the signal, ratiear t reconstructing streams of pulses (both infinite and finisesa
Fourier coefficients. The moments are then processed wdth ttonsisting of diracs. However the basic assumption of this
same annihilating filter used in previous methods. Howeasr, method is that there is at most one dirac per sampling period.
mentioned by the authors, this approach is unstable for highis means we must have prior knowledge about a lower limit
values of L. This is due to unstable weighting of the samplesn the spacing between two consecutive deltas, in order to
when obtaining the moments, a problem that disappears whgrarantee correct reconstruction. In some cases such @ limi
dealing with Fourier coefficients. We showed in simulationsiay not exist; even if it does it will usually force us to sampl
that typically for L > 5 the estimation errors, using the B-at a much higher rate than the critical one.
spline sampling kernel, become very large. In contrast, our
approach leads to stable reconstruction even for very high
values ofL, e.g.,L = 100. In addition, the moments method
treats Diracs, differentiated Diracs and compactly sugabr

TABLE Il
INFINITE CASE- COMPARISON

: ‘ Feature || Spline filter [12] | Proposed method
filters havmg no DC component, whereas our approach tremqsignal odel No more than L | Bursty  character:
any pulse with compact support. pulses in any interval| burst -7, quiet phase
All three methods achieve the minimal number of samples of LPT sec 1.57
2L. A comparison is shown in Tablgl I1. Rate of innovation - p220/2.57
bursty signal
TABLE I Min. sampling rate || P - p/2 | 2.5p
FINITE CASE - COMPARISON For L > 3 = Proposed sampling scheme is more efficient
P/2>3
Feature Gaussian filter| Spline Filter | Proposed Noise Robustness Low High
12
€] [L2] method Stability Unstable forL > 5 Stable forL = 100
Degrees of 2L
freedom
Required no. 2L
of samples V1. APPLICATION - ULTRASOUND IMAGING
Time-support || Infinite Finite Finite An interesting application of our framework is ultrasound
Stability g”ﬁtzb'e for g”;tgb'e for %ta_b'fog"e” for imaging. In ultrasonic imaging an acoustic pulse is trans-
_ — - _ mitted into the scanned tissue. The pulse is reflected due to
Noise Robust-|| Low Low High . .. .
ness changes in acoustic impedance which occur, for example, at

the boundaries between two different tissues. At the receiv
the echoes are recorded, where the time-of-arrival and powe
. of the echo indicate the scatterer’'s location and strength,
C. Infinite Streams respectively. Accurate estimation of tissue boundaried an
Dragotti et al. [[12] addressed the infinite stream cassgatterer locations allows for reliable detection of darta
with h(t) = 46(¢t). They proposed filtering the signal with aillnesses, and is therefore of major clinical importancke T
polynomial reproducing sampling kernel prior to samplitfg. exact location of the boundaries is usually more important
the signal has at mogt diracs within any interval of duration than the exact power of the reflection. This stream of pukses i
LPT, where P denotes the support of the sampling filtefinite since the pulse energy decays within the tissue. We now
and T the sampling period, then the samples are a sufficiet@monstrate our method on real 1-dimensional (1D) ultnagou
characterization of the signal. This condition allows teidié data.
the infinite stream into a sequence of finite case problems. InThe multiple echo signal which is recorded at the receiver
our approach the quiet phaseslofr between the bursts of can be modeled as a finite stream of pulses, as[in (29).
length + enable the reduction to the finite case. The unknown time-delays correspond to the locations of the
Since the infinite solution is based on the finite one, owarious scatterers, whereas the amplitudes corresporeito t
method is advantageous in terms of stability in high ordeeflection coefficients. The pulse shape in this case is a
problems and noise robustness. However, we do have @aussian defined il (R7), due the physical characterisfics o
additional requirement of quiet phases between the bursts.the electro-acoustic transducer (mechanical damping).
Regarding the sampling rate, the number of degrees ofln our setting, a phantom consisting of uniformly spaced
freedom of the signal per unit time, also known as the rapgns, mimicking point scatterers, was scanned by GE Health-
of innovation, isp = 2L /2.57, which is the critical sampling care’s Vivid-i portable ultrasound imaging system|[19]0]2
rate. Our sampling rate &L /7 and therefore we oversampleusing a 3S-RS probe. We use the data recorded by a single ele-
by a factor of2.5. In the same scenario, the method [inl[12inent in the probe, which is modeled as a 1D stream of pulses.
would require a sampling rate &fP/2.57, i.e., oversampling The center frequency of the probe 5 = 1.7021 MHz,
by a factor of P/2. Properties of polynomial reproducingThe width of the transmitted Gaussian pulse in this case is
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o =3-10"7 sec, and the depth of imaging I&nax = 0.16 m  our previous results. In both simulations, the estimationre
corresponding to a time windowfbf = 2.08 - 10~ sec. in the location of the pulses is aroufdl mm.

In this experiment all filtering and sampling operations are Current ultrasound imaging technology operates at the high
carried out digitally in simulation. The analog filter repd by rate sampled data, e.gf; = 20 MHz in our setting. Since
the sampling scheme is replaced by a lengthy Finite Impuldere are usually 100 different elements in a single ultraso
Response (FIR) filter. Since the sampling frequency of thgobe each sampled at a very high rate, data throughput
element in the system i, = 20 MHz, which is more thar5 becomes very high, and imposes high computational complex-
times higher than the Nyquist rate, the recorded data reptes ity to the system, limiting its capabilities. Thereforegth
the continuous signal reliably. Consequently, digitakfihg is a demand for lowering the sampling rate, which in turn
of the high-rate sampled data vectdi 0 samples) followed will reduce the complexity of reconstruction. Exploitiniget
by proper decimation mimics the original analog samplingarametric point of view, our sampling scheme reduces the
scheme with high accuracy. The recorded signal is depictegimpling rate by 2 orders of magnitude, from 4160 to around
in Fig.[12. The band-pass ultrasonic signal is demodulat8@l samples in our setting, while estimating the locations of
to base-band, i.e., envelope-detection is performed, rbefthe scatterers with high accuracy.
inserted into the process.

VII. CONCLUSIONS
0.8

We presented efficient sampling and reconstruction schemes

0.6} for streams of pulses. For the case of a periodic stream of
oal pulses, we derived a general condition on the sampling kerne
' which allows a single-channel uniform sampling scheme.
0.2} Previous work|[3] is a special case of this general result. We
§ 0 then proposed a class of filters, satisfying the conditioith w
= compact support. Exploiting the compact support of ther§ite
g -0.2 we constructed a new sampling scheme for the case of a finite
< o4 stream of pulses. Simulations show this method exhibitebet
' performance than previous techniques, in terms of staliit
-0.6 high order problems, and noise robustness. An extension to
08 an infinite stream of pulses was also presented. The compact

support of the filter allows for local reconstruction, andigh
lowers the complexity of the problem. Finally, we demon-
strated the advantage of our approach in reducing the sagpli
rate of ultrasound imaging, by applying our techniques & re
ultrasound data.

0.4 0.6 0.8 1

time [units of 1]

0 0.2

Fig. 12. Recorded ultrasound imaging signal. The data wasied by GE
healthcare’s Vivid-i ultrasound imaging system.
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