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Denoting , (7) can be written equivalently as
C)
where
(10)
and we déened
(11)
The objective in (9) is concave (linear) in , but the set

is not convex. To obtain a relaxation of (9) we may repladsy
the convex set

Fig. 1. Chebyshev center of the intersection of three ellipsoids. (12)

The RCC is the solution to the resulting minimax problem:

of three ellipsoids. The dotted circle is the minimum inscribing

circle of the intersection of the ellipsoids. (13)
Computing the Chebyshev center (5) is a hard optimization

problem. To better understand its intrinsichifilty, note that ~ The objective in (13) is concave (linear) in and and

the inner maximization is a non-convex quadratic optimizatiafbnvex in . Furthermore, the set is bounded. Therefore, we

problem. Relying on strong duality results derived in the coan replace the order of the minimization and maximization

text of quadratic optimization [21], it was recently shown thgp3], resulting in the equivalent problem

despite the non-convexity of the problem, it can be solvéd ef

ciently over the complex domain whenis the intersection of (14)

two ellipsoids. The same approach was then used over the real

domain to develop an apprommaﬂon of the Chebyshev C_em‘la'he inner minimization is a simple quadratic problem, whose

Herg, we exten.d these ideas tq a more gengrali quadr_atlc C(?éﬁmal value is - Thus, (14) reduces to

straint set. The importance of this generalization is that in man

practical applications there are more than two constraints. For (15)

example, interval restrictions are popular in image processing

in which the components of represent individual pixel values L ) .

which are limited to abxed interval (e.g., [0,255]). A bound Which is a convex optimization problem with a concave objec-

of the form can be represented by the ellipsoidiVe and linear matrix inequality constraints. The RCC estimate

, or by the intersection of the two degendS the -part of the solution to (15).
erate ellipsoids and . These types of sets The RCC is not generally equal to the Chebyshev center of

and the best way to represent them are discussed in Section \4An exception is when  with the problem dened over

is the discretization of &rst- or second-order differential op-
erator that accounts for smoothness properties[af], [22].

lll. THE RELAXED CHEBYSHEV CENTER
The RCC estimator, denoted , is obtained by replacing

the non-convex inner maximization in (5) by its sentidize (16)

relaxation, and then solving the resulting convex-concave min-

imax problem. Therefore, the RCC provides an upper bound on the optimal
To develop , consider the inner maximization in (5):  minimax value.

- In Theorem IIl.1 below, we present an explicit representation
@) of the RCC.
Theorem I11.1: The RCC estimate, which is the solu-

V\{he_re g are déned by (2), and is debPned tion to (15), is given by
similarly with , , SO
that . Thus, the set can be written as
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where is an optimal solution of the following relaxation, while in [20], this maximization was replaced by its

convex optimization problem in variables: Lagrangian dual. These derivations are equivalent since the dual
problem of the inner maximization problem is also the dual of
the (convex) semidmite relaxation [24]. Besides its simplicity,
this approach can be used to show that the CLS may also be
interpreted as a relaxation of the Chebyshev center. This is the
topic of Section V.

IV. FEASIBILITY OF THE EXACT CHEBYSHEV
(18) CENTER AND THERCC
The Chebyshev center and RCC approaches are designed to
Before proving the theorem, note that (18) can be cast agsiimate when we have the prior knowledge  where
semidénite program (SDP) [24]: is debned by (8) [or (3)]. Therefore, a desirable property of these
estimates is that they should also reside in the seneaning
they should be consistent with the prior information.
In Section IV-A, we use the dmition of the exact Chebyshev
center to establish its feasibility. We then prove in Section 1V-B
the feasibility of the RCC by using the representation (15).

A. Feasibility of the Chebyshev Center

Proposition IV.1: The solution of (5) is unique and feasible.
Proof: Problem (5) can be written as

(19)
. . (23)
This SDP can be solved by one of the many available SDP
solvers such as SeDuMi [25] and SDPT3 [26]. here Since is a max-
Proof: To prove the theorem we show that (18) is the dudl '

. ) . . imum of convex functions of, it is convex. As a result,
of (15). Since (15) is convex and strictly feasible (because we is strictly convex which readily implies [27] that (23) has

assumed that there is a point in the interior of, its optimal . .
value is equal to that of its dual problem. To compute the dug unique solution. .
"In order to prove the feasibility of the Chebyshev center, we

we Prst form the Lagrangian: will assume by contradiction that the optimal solutiorf (5)
is infeasible, i.e., . Let , where denotes
the orthogonal projection operator onto the convex seBy
the projection theorem on convex sets [27], we have

(20)
for every (24)
where and are the dual variables. DifferentiatingTherefore for ever
with respect to and equating to O, ' very '
(21)
where we used the fact that since is invertible.  \yhere theprst inequality follows from the fact that  and
22) for every (25)
which using the compactness ofimplies that
Combining (21) and (22) yields (17).
Next we note that since , we must have from (22) that
. Finally, substituting (21) and (22) into (20),
we obtain the dual problem (18). | o o
For , the expression for the RCC reduces to the orf@ntradicting the optimality of . u

obtained in [20]. We note that our derivation in Theorem I11.1 o
for an arbitrary is signibcantly simpler than the derivation in B. Feasibility of the RCC

[20] for the special case . The main difference is that Proposition IV.2: The RCC estimate of (13) is unique
here we replace the inner maximization with its serpidee  and feasible.
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Fig. 4. Comparison between different estimators.

A. Heat Equation To compute the RCC, we chose the seas

Thebrst example is a discretization of the heat integral equa- = A - %<y, }

tion implemented in the functiom a 9 ,1 . In this case, ) 0
with p = w 2 for some constant, andnp = > _ =

A =g (48) We then used the following quadratic representation:of

0

rxr =" SO Te2§7727i: ) ,90}

where A O %and ,g 0, The matrixA in this
problem is extremely ill-conditioned. The true vectas shown For comparison, we computed the CLS estimate which is the
in Fig. 3 (True Signal) and resides in the set solution tomin{ A - 2: .
The results of the RCC and CLS estimates foe= 2 and
={ 0. 0, Te<n (49) = 0 are shown at the bottom of Fig. 3. Evidently, the RCC
approach leads to the best performance. The squared error of the
wheree is the vector of all ones. The observed vector is given BRCC image "rcc — 2 was 196 and 55 times smaller than
=g wwherethe elements of are zero-mean, independenthat of the CLS solution for = 2and = 0 respectively.
Gaussian random variables with standard deviation 0.001. BothThe performance of both methods is better wher= 2,
g and are shown in Fig. 3 (Observation). as expected. However, it is interesting to note that even when






