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Abstract— The goal of this paper is to characterize the best
achievable performance for the problem of estimating an un-
known parameter having a sparse representation. Specifically,
we consider the setting in which a sparsely representable deter-
ministic parameter vector is to be estimated from measurements
corrupted by Gaussian noise, and derive a lower bound on the
mean-squared error (MSE) achievable in this setting. To this end,
an appropriate definition of bias in the sparse setting is developed,
and the constrained Craḿer–Rao bound (CRB) is obtained. This
bound is shown to equal the CRB of an estimator with knowledge
of the support set, for almost all feasible parameter values.
Consequently, in the unbiased case, our bound is identical to the
MSE of the oracle estimator. Combined with the fact that the
CRB is achieved at high signal-to-noise ratios by the maximum
likelihood technique, our result provides a new interpretation
for the common practice of using the oracle estimator as a gold
standard against which practical approaches are compared.

EDICS Topics:SSP-PARE, SSP-PERF.
Index terms:Constrained estimation, Cramér–Rao bound,

sparse estimation.

I. I NTRODUCTION

The problem of estimating a sparse unknown parameter
vector from noisy measurements has been analyzed intensively
in the past few years [1]–[4], and has already given rise
to numerous successful signal processing algorithms [5]–
[9]. In this paper, we consider the setting in which noisy
measurements of a deterministic vectorx0 are available. It is
assumed thatx0 has a sparse representationx0 = Dα0, where
D is a given dictionary and most of the entries ofα0 equal
zero. Thus, only a small number of “atoms,” or columns of
D, are required to representx0. The challenges confronting an
estimation technique are to recover eitherx0 itself or its sparse
representationα0. Several practical approaches turn out to be
surprisingly successful in this task. Such approaches include
the Dantzig selector (DS) [4] and basis pursuit denoising
(BPDN), which is also referred to as the Lasso [1], [2], [10].

A standard measure of estimator performance is the mean-
squared error (MSE). Several recent papers analyzed the MSE
obtained by methods such as the DS and BPDN [4], [11]. To
determine the quality of estimation approaches, it is of interest
to compare their achievements with theoretical performance
limits: if existing methods approach the performance bound,
then they are nearly optimal and further improvements in the
current setting are impossible. This motivates the development
of lower bounds on the MSE of estimators in the sparse setting.

Since the parameter to be estimated is deterministic, the
MSE is in general a function of the parameter value. While
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there are lower bounds on the worst-case achievable MSE
among all possible parameter values [12,§7.4], the actual per-
formance for a specific value, or even for most values, might
be substantially lower. Our goal is therefore to characterize
the minimum MSE obtainable for each particular parameter
vector. A standard method of achieving this objective is the
Cramér–Rao bound (CRB) [13], [14].

The fact thatx0 has a sparse representation is of central
importance for estimator design. Indeed, many sparse estima-
tion settings are underdetermined, meaning that without the
assumption of sparsity, it is impossible to identify the correct
parameter from its measurements, even without noise. In this
paper, we treat the sparsity assumption as a deterministic
prior constraint on the parameter. Specifically, we assume that
x0 ∈ S, whereS is the set of all parameter vectors which
can be represented by no more thans atoms, for a given
integer s. Our results are based on the well-studied theory
of the constrained CRB [15]–[18]. However, the geometry of
the setS arising in our setting necessitates the derivation
of a new type of constrained CRB [19]. In obtaining this
modified bound, we also provide new insight into the meaning
of the general constrained CRB. In particular, we show that the
fact that the constrained CRB is lower than the unconstrained
bound results not from the additional information suppliedby
the constraints themselves, but from an expansion of the class
of estimators under consideration.

With the aforementioned theoretical tools at hand, we obtain
lower bounds on the MSE in a variety of sparse estimation
problems. Our bound limits the MSE achievable by any esti-
mator having a pre-specified bias function, for each parameter
value. Particular emphasis is given to the unbiased case; the
reason for this preference is twofold: First, when the signal-
to-noise ratio (SNR) is high, biased estimation is suboptimal.
Second, for high SNR values, the unbiased CRB is achieved
by the maximum likelihood (ML) estimator.

While the obtained bounds differ depending on the exact
problem definition, in general terms and for unbiased estima-
tion the bounds can be described as follows. For parameters
having maximal support, i.e., parameters whose representation
requires the maximum allowed numbers of atoms, the lower
bound equals the MSE of the “oracle estimator” which knows
the locations (but not the values) of the nonzero representation
elements. On the other hand, for parameters which do not
have maximal support (a set which has Lebesgue measure
zero in S), our lower bound is identical to the CRB for an
unconstrained problem, which is substantially higher thanthe
oracle MSE.

The correspondence between the CRB and the MSE of
the oracle estimator (for all but a zero-measure subset of the
feasible parameter setS) is of particular interest since, unlike
the oracle estimator, the CRB is achieved by the ML estimator
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at high SNR. Our bound can thus be viewed as an alternative
justification for the common use of the oracle estimator as
a baseline against which practical algorithms are compared.
This gives further merit to recent results, which demonstrate
that BPDN and the DS both achieve near-oracle performance
[4], [11]. However, the existence of parameters for which
the bound is much higher indicates that oracular performance
cannot be attained forall parameter values, at least using
unbiased techniques. Indeed, as we will show, in many sparse
estimation scenarios, one cannot constructanyestimator which
is unbiased for all sparsely representable parameters.

The rest of this paper is organized as follows. In Section II,
we review the sparse setting as a constrained estimation prob-
lem. Section III defines a generalization of sparsity constraints,
which we refer to as locally balanced constraint sets; the
CRB is then derived in this general setting. In Section IV,
our general results are applied back to some specific sparse
estimation problems. Finally, in Section IV-B, the CRB is
compared to the empirical performance of estimators of sparse
vectors.

Throughout the paper, boldface lowercase lettersv denote
vectors while boldface uppercase lettersM denote matrices.
Given a vector functionf : R

n → R
k, we denote by∂f/∂x

thek×n matrix whoseijth element is∂fi/∂xj. The support of
a vector, denotedsupp(v), is the set of indices of the nonzero
entries inv. The Euclidean norm of a vectorv is denoted
‖v‖2, and the number of nonzero entries inv is ‖v‖0. Finally,
the symbolsR(M ), N (M ), andM † refer, respectively, to
the range space, null space, and Moore–Penrose pseudoinverse
of the matrixM .

II. SPARSEESTIMATION PROBLEMS

In this section, we describe several estimation problems
whose common theme is that the unknown parameter has a
sparse representation with respect to a known dictionary. We
then review some standard techniques used to recover the
unknown parameter in these problems. In Section IV-B we
will compare these methods with the performance bounds we
develop.

A. The Sparse Setting

Suppose we observe a measurement vectory ∈ R
m, given

by
y = Ax0 + w (1)

where x0 ∈ R
n is an unknown deterministic signal,w is

independent, identically distributed (IID) Gaussian noise with
zero mean and varianceσ2, andA is a knownm× n matrix.
We assume the prior knowledge that there exists a sparse
representation ofx0, or, more precisely, that

x0 ∈ S , {x ∈ R
n : x = Dα, ‖α‖0 ≤ s} . (2)

In other words, the setS describes signalsx which can be
formed from a linear combination of no more thans columns,
or atoms, fromD. The dictionaryD is ann× p matrix with
n ≤ p, and we assume thats < p, so that only a subset of
the atoms inD can be used to represent any signal inS. We
further assume thatD ands are known.

Quite a few important signal recovery applications can be
formulated using the setting described above. For example,
if A = I, theny consists of noisy observations ofx0, and
recoveringx0 is a denoising problem [5], [6]. IfA corresponds
to a blurring kernel, we obtain a deblurring problem [7]. In
both cases, the matrixA is square and invertible. Interpolation
and inpainting can likewise be formulated as (1), but in those
casesA is an underdetermined matrix, i.e., we havem < n
[9]. For all of these estimation scenarios, our goal is to obtain
an estimatêx whose MSE is as low as possible, where the
MSE is defined as

MSE , E
{
‖x̂ − x0‖2

2

}
. (3)

Note thatx0 is deterministic, so that the expectation in (3)
(and throughout the paper) is taken over the noisew but not
over x0. Thus, the MSE is in general a function ofx0.

In the above settings, the goal is to estimate the unknown
signalx0. However, it may also be of interest to recover the
coefficient vectorα0 for which x0 = Dα0, e.g., for the
purpose of model selection [1], [4]. In this case, the goal is
to construct an estimator̂α whose MSEE{‖α̂ − α0‖2

2} is
as low as possible. UnlessD is unitary, estimatingα0 is
not equivalent to estimatingx0. Note, however, that when
estimatingα0, the matricesA and D can be combined to
obtain the equivalent problem

y = Hα0 + w (4)

whereH , AD is anm × p matrix and

α0 ∈ T = {α ∈ R
p : ‖α‖0 ≤ s}. (5)

Therefore, this problem can also be seen as a special case of
(1) and (2). Nevertheless, it will occasionally be convenient to
refer specifically to the problem of estimatingα0 from (4).

Signal estimation problems differ in the properties of the
dictionaryD and measurement matrixA. In particular, prob-
lems of a very different nature arise depending on whether
the dictionary is a basis or an overcomplete frame. For
example, many approaches to denoising yield simple shrinkage
techniques whenD is a basis, but deteriorate to NP-hard
optimization problems whenD is overcomplete [20].

An additional difficulty with the overcomplete setting is that
it is not always possible to recoverα0 from the measurements.
To see this, consider the estimation problem (4) and assume
that H is overcomplete, i.e.,H does not have full column
rank. Now suppose one can find a set of2s columns ofH
which are linearly dependent. In other words, there exists
a vector z having ‖z‖0 = 2s for which Hz = 0. By
distributing the nonzero elements ofz among two vectorsα1

and −α2, we obtain thatα1, α2 ∈ T and Hα1 = Hα2.
Consequently, the probability distribution ofy is identical for
these two parameter vectors, and it is therefore impossibleto
distinguish between them; the estimation problem is then said
to be unidentifiable [21,§1.5.2]. We conclude that a necessary
and sufficient condition for (4) to be identifiable (whenH
is overcomplete) is that any set of2s columns is linearly
independent. This condition can equivalently be written as

spark(H) > 2s (6)
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wherespark(H) is defined as the smallest integerk such that
there exists a set ofk columns fromH which are linearly
dependent [22]. Since successful estimation is impossibleif
the problem is unidentifiable, we will assume in the sequel
that whenH is overcomplete, (6) is satisfied.1 On the other
hand, ifH is not overcomplete (i.e.,H has full column rank),
then any set of columns fromH is linearly independent; we
denote this byspark(H) = ∞. Thus (6) also holds for non-
overcomplete matricesH.

Similarly, in the estimation problem (1), one may require
that every feasible parameterx ∈ S have auniquerepresenta-
tion α ∈ T such thatx = Dα. The necessary and sufficient
condition for this to hold is

spark(D) > 2s. (7)

Simply put, the requirement (7) ensures that the sparsity level
s outweighs the fact that the dictionary is overcomplete, and
gives a unique “interpretation” in terms of dictionary atoms
for any feasible parameterx. Thus, while this requirement is
not necessary forx to be identifiable in the setting (1), we
will assume in the sequel that the assumption (7) holds.

To summarize, a variety of applications can be framed in the
context of the constrained estimation problem (1)–(2). From a
mathematical point of view, these problems differ in

1) whetherA has full column rank (i.e., whether (1) is
well-determined);

2) whetherD is invertible (i.e., whether the dictionary is
overcomplete);

3) whether the goal is to estimatex0 or α0.

Our objective in this paper is to formulate a technique for
obtaining lower bounds on the achievable MSE in each of
these estimation problems.

B. Estimation Techniques

We now review some standard estimators for the sparse
problems described above. These techniques are usually
viewed as methods for obtaining an estimateα̂ of the vector
α0 in (4), and we will adopt this perspective in the current
section. One way to estimatex0 in the more general problem
(1) is to first estimateα0 with the methods described below
and then use the formulâx = Dα̂.

A widely-used estimation technique is the ML approach,
which provides an estimate ofα0 by solving

min
α

‖y − Hα‖2

2 s.t. ‖α‖0 ≤ s. (8)

Unfortunately, (8) is a nonconvex optimization problem and
solving it is NP-hard [20], meaning that an efficient algorithm
providing the ML estimator is unlikely to exist. In fact, to the
best of our knowledge, the most efficient method for solving
(8) for generalH is to enumerate the

(
p

s

)
possibles-element

support sets ofα and choose the one for which‖y−Hα‖2
2 is

minimal. This is clearly an impractical strategy for reasonable
values ofp ands. Consequently, several efficient alternatives

1Practical methods for ensuring the validity of this assumption for a given
matrix H are available using bounds onspark(H) [22].

have been proposed for estimatingα0. One of these is theℓ1-
penalty version of BPDN [1], which is defined as a solution
α̂BP to the quadratic program

min
α

1

2
‖y − Hα‖2

2 + γ‖α‖1 (9)

with some regularization parameterγ. More recently, the DS
was proposed [4]; this approach estimatesα0 as a solution
α̂DS to

min
α

‖α‖1 s.t. ‖HT (y − Hα)‖∞ ≤ τ (10)

whereτ is again a user-selected parameter. A modification of
the DS, known as the Gauss–Dantzig selector (GDS) [4], is to
useα̂DS only to estimate the support ofα0. In this approach,
one solves (10) and determines the support set ofα̂DS. The
GDS estimate is then obtained as

α̂GDS =

{
H

†
bαDS

y on the support set of̂αDS

0 elsewhere
(11)

whereH bαDS
consists of the columns ofH corresponding to

the support of̂αDS.
Previous research on the performance of these estimators

has primarily examined their worst-case MSE among all
possible values ofα0 ∈ T . Specifically, it has been shown
[4] that, under suitable conditions onH, s, andτ , the DS of
(10) satisfies

‖α0 − α̂DS‖2

2 ≤ Csσ2 log p with high probability (12)

for some constantC. It follows that the MSE of the DS is
also no greater than a constant timessσ2 log p for all α0 ∈ T
[12]. An identical property was also demonstrated for BPDN
(9) with an appropriate choice ofγ [11]. Conversely, it is
known that the worst-case error ofany estimator is at least
a constant timessσ2 log p [12, §7.4]. Thus, both BPDN and
the DS are optimal, up to a constant, in terms of worst-case
error. Nevertheless, the MSE of these approaches for specific
values ofα0, even for a vast majority of such values, might
be much lower. Our goal differs from this line of work in that
we characterize thepointwiseperformance of an estimator,
i.e., the MSE for specific values ofα0.

Another baseline with which practical techniques are often
compared is the oracle estimator, given by

α̂oracle =

{
H†

α0
b on the setsupp(α0)

0 elsewhere
(13)

where Hα0
is the submatrix constructed from the columns

of H corresponding to the nonzero entries ofα0. In other
words,α̂oracle is the least-squares (LS) solution among vectors
whose support coincides withsupp(α0), which is assumed to
have been provided by an “oracle.” Of course, in practice the
support ofα0 is unknown, so that̂αoracle cannot actually
be implemented. Nevertheless, one often compares the perfor-
mance of true estimators witĥαoracle, whose MSE is given
by [4]

σ2 Tr((HT
α0

Hα0
)−1). (14)

Is (14) a bound on estimation MSE? Whilêαoracle is a
reasonable technique to adopt ifsupp(α0) is known, this does
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not imply that (14) is a lower bound on the performance
of practical estimators. Indeed, as will be demonstrated in
Section IV-B, when the SNR is low, both BPDN and the DS
outperformα̂oracle, thanks to the use of shrinkage in these
estimators. Furthermore, ifsupp(α0) is known, then there
even exist techniques which are better thanα̂oracle for all
values ofα0 [23]. As we will see, one can indeed interpret
(14) as a lower bound on the achievable MSE, but such a
result requires a certain restriction of the class of estimators
under consideration.

III. T HE CONSTRAINED CRAMÉR–RAO BOUND

A common technique for determining the achievable perfor-
mance in a given estimation problem is to calculate the CRB,
which is a lower bound on the MSE of estimators having a
given bias [13]. However, application of the CRB to the current
problem requires some preliminary theoretical developments.
This is a result of several properties of the sparse estimation
scenario defined in Section II-A: First, the setting (1) is a
constrained estimation problem whose constraint setS is
not a topological manifold. Second, the Fisher information
matrix (FIM) for this problem is often not invertible. Although
there has been considerable research concerning the CRB for
constrained estimation [15]–[18], the bound for estimation
problems having these two characteristics has thus far not been
derived. Our goal in the current section is to close this gap
by extending the constrained CRB to situations encompassing
the sparse estimation scenario.

We begin this section with a general discussion of the CRB
and its adaptation to constrained estimation problems. This
leads us to an analysis of the geometry of the constraint setS
of (2), from which we define an abstract property, called local
balance, characterizing points inS. Finally, the CRB itself
is derived for estimation problems having locally balanced
constraint sets.

A. The Effect of Constraints on the CRB

In previous settings for which the constrained CRB was
derived, it was noted that the constrained bound is typically
lower than the unconstrained version [15, Remark 4]. At first
glance, one would attribute the reduction in the value of the
bound to the fact that the constraints add information about
the unknown parameter, and this seems to be the implication
in prior work. However, such an explanation is incorrect; the
actual reason for this reduction is more subtle, as will be
demonstrated presently.

The MSE of an estimator is, in general, a function of the
unknown parameterx0; an estimator might be better suited
for some values ofx0 than others. For example, in the sparse
setting of Section II-A, this may occur if some of the atoms
in D are more highly correlated than others, and are therefore
more difficult to tell apart. Our goal is to characterize the
pointwise performance of an estimator, i.e., the achievable
MSE for a given value ofx0. This is illustrated schematically
in Fig. 1; the bound we obtain must not be overtaken by any
estimator, at any pointx.

CRB

x

Variance

x̂1 (possible)

x̂2 (impossible)

Fig. 1. The CRB is a pointwise bound, meaning that it provides, for every
pointx, a limit on the performance of all estimators with a given bias function.
For example, no estimator with the given bias can achieve theperformance
of x̂2.

To obtain a meaningful pointwise bound, one must exclude
some estimators from consideration. If this is not done, the
bound will be tarnished by estimators of the typex̂ = xu, for
some constantxu, which achieve an MSE of0 at the specific
point x = xu. Thus, the only pointwise lower bound on the
MSE of all estimators is0. This is clearly not a useful result.

It is standard practice to circumvent this difficulty by
restricting attention to estimators having a particular biasb(x),
defined by

b(x) , E{x̂} − x. (15)

The CRB provides a lower bound on the covariance matrix
Cov(x̂) of all estimators having a given biasb(x). It is well-
known that the MSE of an estimator is given by

MSE = ‖b(x)‖2

2 + Tr(Cov(x̂)), (16)

so that bounding the covariance of estimators having a given
bias function yields a bound on the MSE. In particular, it is
common to examine unbiased estimators; in this case, since
b(x) = 0, we haveMSE = Tr(Cov(x̂)). The unbiased
approach is intuitively appealing since it ensures that, while the
estimate will not always be accurate, it will yield the correct
value of x “on average.” Furthermore, for high SNR, it can
be shown that biased estimators are suboptimal.

However, in many constrained settings, it is impossible to
construct estimators which are unbiased for allx ∈ R

n. For
example, suppose we are to estimate the coefficientsα0 of
an overcomplete dictionary based on the measurements given
by (4). Since the dictionary is overcomplete, its nullspaceis
nontrivial; furthermore, each coefficient vector in the nullspace
yields an identical distribution of the measurements, so that an
estimator can be unbiased for one of these vectors at most.

The question is whether it is possible to construct estimators
which are unbiased for some, but not all, values ofx. One
possible approach is to seek estimators which are unbiased
for all x ∈ S. However, as we will see later in this section,
even this requirement can be too strict, since in some cases
unbiasedness is possible for most, but not all, values ofx ∈ S.
More generally, the CRB is alocal bound, meaning that it
determines the achievable performance at a particular value of
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x based on the statistics atx and at nearby values. Thus, it is
irrelevant to introduce requirements on estimation performance
for parameters which are distant from the valuex of interest.

Since we seek a locally unbiased estimator, one possibility
is to require unbiasedness at a single point, sayxu. As it turns
out, it is always possible to construct such a technique: this
is againx̂ = xu, which is unbiased atxu but nowhere else.
To avoid this loophole, one can require an estimator to be
unbiased in the neighborhood

Bε(x0) = {x ∈ R
m : ‖x − x0‖2 < ε} (17)

of x0, for some smallε. It follows that both the biasb(x) and
the bias gradient

B(x) ,
∂b

∂x
(18)

vanish at x = x0. This formulation is the basis of the
unconstrained unbiased CRB, a lower bound on the covariance
at x0 which applies to all estimators whose bias gradient is
zero atx0.

It turns out that even this requirement is too stringent
in constrained settings. As we will see in Section IV-A,
estimators of the coefficients of an overcomplete dictionary
must have a nonzero bias gradient matrix. The reason is related
to the fact that unbiasedness is required over the setBε(x0),
which, in the overcomplete setting, has a higher dimension
than the number of measurements.

However, it can be argued that one is not truly interested
in the bias at all points inBε(x0), since many of these
points violate the constraint setS. A reasonable compromise
is to require unbiasedness overBε(x0) ∩ S, i.e., over the
neighborhood ofx0 restricted to the constraint setS. This
leads to a weaker requirement on the bias gradientB atx0. To
develop this requirement, we must first examine the constraint
setS of (2) more closely.

It is helpful to visualizeS as a union of subspaces: each
choice ofs atoms from the dictionaryD spans a subspace in
R

m, and the constraint setS is the union of all such subspaces
[24]. One can distinguish between two types of elements in
S based on the structure of their local surroundings. Points
belonging to a single subspace (among the union of subspaces
generatingS) have ans-dimensional Euclidean neighborhood.
On the other hand, points belonging to the intersection of
two or more subspaces have a more complicated, star-shaped
neighborhood. These two types of elements inS will turn out
to be substantially different in terms of the CRB. However, the
neighborhoods of all vectorsx ∈ S are characterized by the
fact that there exist feasible directionsv in which movement
is possible without violating the constraints, i.e.,x + λv ∈ S
for sufficiently smallλ. These feasible directions completely
describe the neighborhood of the point, in the sense that if
x′ ∈ S is sufficiently close tox, then the entire straight line
betweenx andx′ is in S.

This characterization leads us to the following definition of
a locally balanced set. A metric spaceS is said to be locally
balanced if, for allx ∈ S, there exists an open setC ⊂ S such
that x ∈ C and such that, for allx′ ∈ C and for all |λ| ≤ 1,
we have

x + λ(x′ − x) ∈ C. (19)

An example of a locally balanced set is given in Fig. 2(a),
which represents a union of two subspaces. In Fig. 2(a), for
any pointx ∈ S, and for any pointx′ ∈ S sufficiently close
to x, the entire line segment betweenx andx′, as well as the
line segment in the opposite direction, are also inS. Likewise,
in the open ball in Fig. 2(b), any pointx has a sufficiently
small neighborhoodC such that, for anyx′ ∈ C, the line
segment connectingx to x′ is contained inS. On the other
hand, the curve in Fig. 2(c) is not locally balanced, since the
line connectingx to any other point on the set does not lie
within the set.2 Observe that the neighborhood of a pointx

in a locally balanced setS is entirely determined by the set
of feasible directionsv, directions along which infinitesimal
changes ofx do not violate the constraints.

We emphasize that any union of subspaces is locally bal-
anced, and, in particular, so is the constraint set of a sparse
estimation problem. This will enable us to apply the CRB to
various sparsity settings in Section IV. However, there arealso
many other types of locally balanced sets; for example, any
open set is locally balanced. In the remainder of this section
we will discuss the CRB for locally balanced constraint sets
in general.

Recall that we require unbiasedness over the neighborhood
of x0 restricted to the constraint setS. If S is locally balanced,
this implies that for any feasible directionv,

Bv = 0. (20)

In other words, all feasible directions must be in the nullspace
of B. This is a weaker condition than requiring the bias
gradient to equal zero, and is thus more useful for constrained
estimation problems. If an estimator̂x satisfies (20) for all
feasible directionsv at a certain pointx0, we say thatx̂
is S-unbiased atx0. This terminology emphasizes the fact
thatS-unbiasedness depends both on the pointx0 and on the
constraint setS.

Consider the subspaceF spanned by the feasible directions
at a certain pointx ∈ S. We refer toF as the feasible subspace
at x. Note thatF may include infeasible directions, if these
are linear combinations of feasible directions. Nevertheless,
because of the linearity of (20), any vectoru ∈ F satisfies
Bu = 0, even if u is infeasible. Thus,S-unbiasedness is
actually a property of the feasible subspaceF , rather than the
set of feasible directions.

Since S is a subset of a finite-dimensional Euclidean
space,F is also finite-dimensional, although different points
in S may yield subspaces having differing dimensions. Let
u1, . . . , uk denote an orthonormal basis forF , and define the
matrix

U = [u1, . . . , ul]. (21)

Note thatui and U are functions ofx. Furthermore, for a
given functionx, different orthonormal bases can be chosen;
the choice of a basis is arbitrary and will not affect our results.

2We note in passing that since the curve in Fig. 2(c) is continuously
differentiable, it can be locally approximated by a locallybalanced set. Our
derivation of the CRB can be extended to such approximately locally balanced
sets in a manner similar to that of [15], but such an extensionis not necessary
for the purposes of this paper.
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x

x

x

(a) (c)

x
′

(b)

x

x
′

x
′

Fig. 2. In a locally balanced set such as a union of subspaces (a) and an open ball (b), each point is locally defined by a set offeasible directions along
which an infinitesimal movement does not violate the constraints. The curve (c) is not characterized in this way and thus is not locally balanced.

As we have seen,S-unbiasedness atx0 can alternatively be
written asBu = 0 for all u ∈ F , or, equivalently

BU = 0. (22)

The constrained CRB can now be derived as a lower bound
on all S-unbiased estimators, which is a weaker requirement
than “ordinary” unbiasedness. Consequently, the constrained
bound applies to a wider class of estimators, and is thus
usually lower than the unconstrained version of the CRB. This
explains the puzzling phenomenon presented in the beginning
of this subsection.

Just asS-unbiasedness was defined by requiring the bias
gradient matrix to vanish when multiplied by any feasible di-
rection vector, we can defineS-biased estimators by requiring
a specific value (not necessarily zero) for the bias gradient
matrix when multiplied by a feasible direction vector. In an
analogy to (22), this implies that one must define a value for
the matrixBU . Our goal in Section III-B will be to construct
a lower bound on the covariance at a givenx achievable by
any estimator whose bias gradientB at x satisfiesBU = P ,
for a given matrixP . This is referred to as specifying the
S-bias of the estimator atx.

It may seem odd that in this construction, the CRB is not
directly influenced by the constraint set. Indeed,S is mani-
fested in the bound only through the class of bias functions
under consideration. At first glance, one would think that the
knowledge thatx belongs toS could be incorporated into
the bound to yield a reduction in the minimum achievable
estimation error. However, no such reduction is possible. To
see this, recall that the CRB is a pointwise bound, meaning that
it limits the achievable covariance separately for each value
of x, among all estimators having a given biasb(x). It is
impossible for any estimator in this class to achieve lower
covariance than the CRB, even at a single value ofx (see
Fig. 1). Indeed, one may even design an estimator specialized
for a particular valuex0 (but having the prerequisite bias).
Even the covariance of this estimator, atx0 itself, can still be
no lower than the CRB.

Now suppose we would like to develop a pointwise bound
when it is known thatx belongs to a constraint setS. Would

such a bound be lower than the unconstrained CRB? Note that
an estimator designed specifically for a particular parameter
valuex0 can perform at least as well as an estimator designed
for the entire constraint setS, which includesx0 as well as
other possible parameter values. As we have seen, the CRB
already bounds the performance of over-specialized estimators.
Thus, merely imposing constraints onx will not, in itself, alter
the CRB. To obtain a reduced lower bound in the constrained
setting, one must increase the class of allowed estimators by
providing an incomplete specification of the bias function,
namely theS-bias defined above.

B. The CRB for Locally Balanced Constraints

We are now in a position to state the CRB for locally
balanced constraint sets. Lety be a measurement vector with
pdf p(y; x), for some deterministic unknown parameter vector
x ∈ S ⊆ R

n, whereS is a locally balanced set, as defined
above. We assume thatp(y; x) is differentiable with respect
to x. The FIM J(x) is defined as

J(x) = E
{
∆∆

T
}

(23)

where

∆ =
∂ log p(y; x)

∂x
. (24)

We assume that the FIM is well-defined and finite. WhileJ

is always positive semidefinite, we do not require it to be
invertible. Indeed, we will see that in some sparse estimation
scenarios,J is singular.

As explained above, the constrained CRB is a bound on all
estimators having a givenS-bias, i.e., all estimators having a
given productBU , whereB is the bias gradient matrix (18) at
x andU is a basis (21) of the feasible subspace atx. Previous
results on the constrained CRB [15]–[18] are likewise solely
a function ofBU , though the underlying reason for this has
not been previously discussed. Under these settings, the CRB
can be stated as follows.

Theorem 1:Supposex0 is known to belong to a locally
balanced constraint setS with a corresponding matrixU
defined in (21). Let̂x be a finite-variance estimator ofx whose



7

S-bias gradient matrix atx0 is given byBU . Assume that
integration with respect toy and differentiation with respect
to x can be interchanged,3 and suppose that

R(U(U + BU)T )) ⊆ R(UUT JUUT ). (25)

Then, the covariance of̂x at x0 satisfies

Cov(x̂) � (U + BU)
(
UT JU

)†

(U + BU)T . (26)

Equality is achieved in (26) if and only if

x̂ = x0 + b(x0) + (U + BU)
(
UT JU

)†

UT
∆ (27)

in the mean square sense, where∆ is defined by (24).
Conversely, if (25) does not hold, then there exists no finite-
variance estimator with the givenS-bias.

Gorman and Hero have previously demonstrated [15,
Lemma 2] that (26) holds whenJ is positive definite. The-
orem 1 above generalizes this result to the case in whichJ

can be singular. In this case, the bound is somewhat more
involved, since it is possible that no finite-variance estimator
exists; this leads to the condition (25), which is analogous
to other results for a singular FIM [17], [18]. The difference
between Theorem 1 and these results is the assumption of a
locally balanced constraint setS; earlier work on the singular
FIM considered only the situation in which the constraint
set could be described as an intersection of equalities and
inequalities involving continuously differentiable functions of
the parameter vector. Indeed, Theorem 1 is formally identical
to [18, Th. 1], with the caveat that the matrixU has a different
meaning in that context. Nevertheless, the proof in [18] can
be applied without change to the locally balanced setting
described above, and we omit it from this paper for the sake
of brevity.

Note that there is some freedom in the choice of the matrix
U in (21), since one can choose as the columns ofU any
orthonormal basis for the feasible subspaceF . However, all
such choices are equivalent. To see this, note that

(UQUT )† = UQ†UT (28)

for any orthonormalU and anyQ [25, Th. 1.2.1.P7]. Thus
(26) is equivalent to

Cov(x̂) � (I + B)
(
UUT JUUT

)†

(I + BT )

for all x ∈ S (29)

so that the bound depends onU only throughUUT . It can
similarly be shown that (27) also depends only onUUT . But
UUT is the orthogonal projector onto the feasible subspaceF ,
and this projector is indifferent to the choice an orthonormal
basis. Therefore, any choice of a matrixU results in an
identical bound.

IV. B OUNDS ONSPARSEESTIMATION

In this section, we apply the CRB of Theorem 1 to several
sparse estimation scenarios. We begin with an analysis of the
problem of estimating a sparse parameter vector.

3This condition basically requires that the bounds ofp(y;x) do not depend
on x. Such regularity conditions are assumed in all forms of the CRB.

A. Estimating a Sparse Vector

Suppose we would like to estimate a parameter vectorα0,
known to belong to the setT of (5), from measurementsy
given by (4). To determine the CRB in this setting, we must
first identify the feasible subspacesF corresponding to each of
the elements inT . To this end, consider first vectorsα ∈ T
for which ‖α‖0 = s, i.e., vectors having maximal support.
Denote by{i1, . . . , is} the support set ofα. Then, for allδ,
we have

‖α + δeik
‖0 = ‖α‖0 = s, k = 1, . . . , s (30)

whereej is the jth column of the identity matrix. Thusα +
δeik

∈ T , and consequently, the vectors{ei1 , . . . , eis
} are

all feasible directions, as is any linear combination of these
vectors. On the other hand, for anyj /∈ supp(α) and for any
nonzeroδ, we have‖α + δej‖0 = s + 1, and thusej is not a
feasible direction; neither is any other vector which is notin
span{ei1 , . . . , eis

}. It follows that the feasible subspaceF for
points having maximal support is given byspan{ei1 , . . . , eis

},
and a possible choice for the matrixU of (21) is

U = [ei1 , . . . , eis
] for ‖α‖0 = s. (31)

The situation is different for pointsα having ‖α‖0 < s.
In this case, vectorsei corresponding toany direction i are
feasible directions, since

‖α + δei‖0 ≤ ‖α‖0 + 1 ≤ s. (32)

Because the feasible subspace is defined as the span of all
feasible directions, we have

F ⊇ span{e1, . . . , ep} = R
p. (33)

It follows that F = R
p and thus a convenient choice for the

matrix U is
U = I for ‖α‖0 < s. (34)

Consequently, whenever‖α‖0 < s, a specification of theT -
bias amounts to completely specifying the usual estimation
bias (15).

To invoke Theorem 1, we must also determine the FIM
J(α). Under our assumption of white Gaussian noise,J(α)
is given by [13, p. 85]

J(α) =
1

σ2
HT H. (35)

Using (31), (34), and (35), it is readily shown that

UT JU =

{
1

σ2 HT
αHα when‖α‖0 = s

1

σ2 HT H when‖α‖0 < s
(36)

whereHα is the p × s matrix consisting of the columns of
H indexed bysupp(α).

We now wish to determine under what conditions (25)
holds. Consider first pointsα0 for which ‖α0‖0 = s. Since,
by (6), we havespark(H) > s, it follows that in this case
UT JU is invertible. Therefore

R(UUT JUUT ) = R(UUT ). (37)

Since
R(UUT (I + BT )) ⊆ R(UUT ) (38)
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we have that condition (25) holds when‖α0‖0 = s.
The condition (25) is no longer guaranteed when‖α0‖0 <

s. In this case,U = I, so that (25) is equivalent to

R(I + BT ) ⊆ R(HT H). (39)

Using the fact thatR(HT H) = R(HT ) and that, for any
matrix Q, R(QT ) = N (Q)

⊥, we find that (39) is equivalent
to

N (H) ⊆ N (I + B). (40)

Combining these conclusions with Theorem 1 yields the
following CRB for the problem of estimating a sparse vector.

Theorem 2:Consider the estimation problem (4) withα0

given by (5), and assume that (6) holds. For a finite-variance
estimatorα̂ of α0 to exist, its bias gradient matrixB must
satisfy (40) whenever‖α0‖0 < s. Furthermore, the covariance
of any estimator whoseT -bias gradient matrix isBU satisfies

Cov(α̂) � σ2(I + B)(HT H)†(I + BT )

when‖α0‖0 < s,

Cov(α̂) � σ2(U + BU)(HT
α0

Hα0
)−1(U + BU)T

when‖α0‖0 = s. (41)

Here, Hα0
is the matrix containing the columns ofH

corresponding tosupp(α0).
Let us examine Theorem 2 separately in the underdeter-

mined and well-determined cases. In the well-determined case,
in which H has full row rank, the nullspace ofH is trivial,
so that (40) always holds. It follows that the CRB is always
finite, in the sense that we cannot rule out the existence of
an estimator having any given bias function. Some insight can
be obtained in this case by examining theT -unbiased case.
Noting also thatHT H is invertible in the well-determined
case, the bound forT -unbiased estimators is given by

Cov(α̂) � σ2(HT H)−1 when‖α0‖0 < s,

Cov(α̂) � σ2U(HT
α0

Hα0
)−1UT when‖α0‖0 = s.

(42)

From this formulation, the behavior of the CRB can be
described as follows. Whenα0 has non-maximal support
(‖α0‖0 < s), the CRB is identical to the bound which
would have been obtained had there been no constraints in
the problem. This is becauseU = I in this case, so that
T -unbiasedness and ordinary unbiasedness are equivalent. As
we have seen in Section III-A, the CRB is a function of the
class of estimators under consideration, rather than a direct
consequence of the constraint set, so the unconstrained and
constrained bounds must be equivalent in this case. The bound
in this case,σ2(HT H)−1, is achieved by the unconstrained
LS estimator

α̂ = (HT H)−1HT y (43)

which is the minimum variance unbiased estimator in the
unconstrained case. Thus, we learn from Theorem 2 that for
values of α0 having non-maximal support, noT -unbiased
estimator can outperform the standard LS estimator, which
does not assume any knowledge about the constraint setT .

On the other hand, consider the case in whichα0 has
maximal support, i.e.,‖α0‖0 = s. Suppose first thatsupp(α0)

is known, so that one must estimate only the nonzero values
of α0. In this case, a reasonable approach is to use the
oracle estimator (13), whose covariance matrix is given by
σ2U(HT

α0
Hα0

)−1UT [4]. Thus, when α0 has maximal
support, Theorem 2 states thatT -unbiased estimators can
perform, at best, as well as the oracle estimator, which is
equivalent to the LS approach when the support ofα0 is
known.

The situation is similar, but somewhat more involved, in
the underdetermined case. Here, the condition (40) for the
existence of an estimator having a given bias gradient matrix
no longer automatically holds. To interpret this condition, it is
helpful to introduce the mean gradient matrixM (α), defined
as

M(α) =
∂E{α̂}

∂α
= I + B. (44)

The matrix M (α) is a measure of the sensitivity of an
estimator to changes in the parameter vector. For example,
a T -unbiased estimator is sensitive to anyfeasiblechange in
α. Thus,N (M ) denotes the subspace of directions for which
α̂ is insensitive. Likewise,N (H) is the subspace of directions
whence a change inα does not modifyHα. The condition
(40) therefore states that for an estimator to exist, it mustbe
insensitive to changes inα which are unobservable through
Hα, at least when‖α‖0 < s. No such requirement is imposed
in the case‖α‖0 = s, since in this case there are far fewer
feasible directions.

The lower bound (41) is similarly a consequence of the
wide range of feasible directions obtained when‖α‖0 < s, as
opposed to the tight constraints when‖α‖0 = s. Specifically,
when‖α‖0 < s, a change to any component ofα is feasible
and hence the lower bound equals that of an unconstrained
estimation problem, with the FIM given byσ−2HT H . On the
other hand, when‖α‖0 = s, the bound is effectively that of an
estimator with knowledge of the particular subspace to which
α belongs; for this subspace the FIM is the submatrixUT JU

given in (36). In the next subsection, we will demonstrate an
analogous result for denoising and deblurring scenarios. This
phenomenon is discussed further in Section VI.

Another difference between the well-determined and un-
derdetermined cases is that whenH is underdetermined, an
estimator cannot beT -unbiased for allα. To see this, recall
from (22) thatT -unbiased estimators are defined by the fact
that BU = 0. When ‖α‖0 < s, we haveU = I and
thus T -unbiasedness impliesB = 0, so thatN (I + B) =
{0}. But sinceH is underdetermined,N (H) is nontrivial.
Consequently, (40) cannot hold forT -unbiased estimators
when‖α‖0 < s.

The lack of T -unbiased estimators when‖α0‖0 < s is
a direct consequence of the fact that the feasible direction
set at suchα0 contains all of the directionse1, . . . , ep. The
conclusion from Theorem 2 is then that no estimator can be
expected to be unbiased in such a high-dimensional neigh-
borhood, just as unbiased estimation is impossible in thep-
dimensional neighborhoodBε(α0), as explained in Section III-
A. However, it is still possible to obtain a finite CRB in this
setting by further restricting the constraint set: if it is known
that ‖α0‖0 = s̃ < s, then one can redefineT in (5) by
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replacings with s̃. This will enlarge the class of estimators
consideredT -unbiased, and Theorem 2 would then provide a
finite lower bound on those estimators.

While an estimator cannot be unbiased forall α ∈ T ,
unbiasedness is possible at pointsα for which ‖α‖0 = s.
In this case, Theorem 2 produces a bound on the MSE of a
T -unbiased estimator, obtained by calculating the trace of (41)
in the caseBU = 0. This bound is given by

E
{
‖α̂ − α0‖2

2

}
≥ σ2 Tr((HT

α0
Hα0

)−1), ‖α0‖0 = s.
(45)

The most striking feature of (45) is that it is identical
to the oracle MSE (14). However, the CRB is of additional
importance because of the fact that the ML estimator achieves
the CRB in the limit when a large number of independent
measurements are available, a situation which is equivalent
in our setting to the limitσ → 0. In other words, an MSE
of (45) is achieved at high SNR by the ML approach (8),
as we will show in Section IV-B. While the ML approach
is computationally intractable in the sparse estimation setting,
it is still implementable in principle, as opposed tôαoracle,
which relies on unavailable information (namely, the support
set ofα0). Thus, Theorem 1 gives an alternative interpretation
to comparisons of estimator performance with the oracle.

Observe that the bound (45) depends on the value ofα0

(through its support set, which definesHα0
). This implies

that some values ofα0 are more difficult to estimate than
others. For example, suppose theℓ2 norms of some of the
columns of H are significantly larger than the remaining
columns. Measurements of a parameterα0 whose support
corresponds to the large-norm columns ofH will then have
a much higher SNR than measurements of a parameter corre-
sponding to small-norm columns, and this will clearly affect
the accuracy with whichα0 can be estimated. To analyze
the behavior beyond this effect, it is common to consider the
situation in which the columnshi of H are normalized so that
‖hi‖2 = 1. In this case, for sufficiently incoherent dictionaries,
Tr((HT

α0
Hα0

)−1) is bounded above and below by a small
constant timess, so that the CRB is similar for all values of
α0. To see this, letµ be the coherence ofH [1], defined (for
H having normalized columns) as

µ , max
i6=j

∣∣∣hT
i hj

∣∣∣ . (46)

By the Gershgorin disc theorem, the eigenvalues ofHT
α0

Hα0

are in the range[1 − sµ, 1 + sµ]. It follows that the unbiased
CRB (45) is bounded above and below by

sσ2

1 + sµ
≤ σ2 Tr((HT

α0
Hα0

)−1) ≤ sσ2

1 − sµ
. (47)

Thus, whens is somewhat smaller than1/µ, the CRB is
roughly equal tosσ2 for all values of α0. As we have
seen in Section II-B, for sufficiently smalls, the worst-case
MSE of practical estimators, such as BPDN and the DS, is
O(sσ2 log p). Thus, practical estimators come almost within
a constant of the unbiased CRB, implying that they are close
to optimal for all values ofα0, at least when compared with
unbiased techniques.

B. Denoising and Deblurring

We next consider the problem (1), in which it is required to
estimate not the sparse vectorα0 itself, but rather the vector
x0 = Dα0, whereD is a known dictionary matrix. Thus,x0

belongs to the setS of (2). We assume for concreteness thatD

has full row rank and thatA has full column rank. This setting
encompasses the denoising and deblurring problems described
in Section II-A, with the latter arising whenA = I. Similar
calculations can be carried out whenA is rank-deficient, a
situation which occurs, for example, in some interpolation
problems.

Recall from (7) thatspark(D) > 2s. This requirement
guarantees that everyx ∈ S has a unique representation
x = Dα for whichα is in the setT of (5). We denote byr(·)
the mapping fromS to T which returns this representation.
In other words,r(x) is the unique vector inT for which

x = Dr(x) and ‖r(x)‖0 ≤ s. (48)

Note that while the mappingr is well-defined, actually cal-
culating the value ofr(x) for a given vectorx is, in general,
NP-hard.

In the current setting, unlike the scenario of Section IV-
A, it is always possible to construct an unbiased estimator.
Indeed, even without imposing the constraint (2), there exists
an unbiased estimator. This is the LS or maximum likelihood
estimator, given by

x̂ = (AT A)−1AT y. (49)

A standard calculation demonstrates that the covariance ofx̂

is
σ2(AT A)−1. (50)

On the other hand, the FIM for the setting (1) is given by

J =
1

σ2
AT A. (51)

SinceA has full row rank, the FIM is invertible. Consequently,
it is seen from (50) and (51) that the LS approach achieves the
CRB J−1 for unbiased estimators. This well-known property
demonstrates that in the unconstrained setting, the LS tech-
nique is optimal among all unbiased estimators.

The LS estimator, like any other unbiased approach, is
alsoS-unbiased. However, with the addition of the constraint
x0 ∈ S, one would expect to obtain improved performance. It
is therefore of interest to obtain the CRB for the constrained
setting. To this end, we first note that sinceJ is invertible,
we haveR(UUT JUUT ) = R(UUT ) for any U , and
consequently (25) holds for any matrixB. The bound (26) of
Theorem 1 thus applies regardless of the bias gradient matrix.

To derive the CRB, consider first valuesx ∈ S such that
‖r(x)‖0 < s. Then,‖r(x)+ δei‖0 ≤ s for any δ and for any
ei. Therefore,

x + δDei ∈ S (52)

for anyδ andei. In other words, the feasible directions include
all columns ofD. Since it is assumed thatD has full row rank,
this implies that the feasible subspaceF equalsR

n, and the
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matrix U of (21) can be chosen asU = I. Substituting this
value into (26), we obtain

Cov(x̂) � σ2(I + B)(AT A)−1(I + B)T . (53)

Next, consider valuesx ∈ S for which ‖r(x)‖0 = s. Then,
for sufficiently smallδ > 0, we have‖r(x)+ δv‖0 ≤ s if and
only if v = ei for somei ∈ supp(r(x)). Equivalently,

x + δv ∈ S if and only if v = Dei and i ∈ supp(r(x)).
(54)

Consequently,F in this case is given by

span{Dei : i ∈ supp(r(x))}. (55)

To obtain the CRB of Theorem 1, we will use the equivalent
form (29) which makes use only ofUUT , the orthogonal
projector ontoF , rather thanU itself. Let Dx represent
the n × s matrix containing thes columns of D indexed
by supp(r(x)). From (7) we havespark(D) > s, and
therefore the columns ofDx are linearly independent. Thus
the orthogonal projector ontoF is also given by

P , Dx(DT
xDx)−1DT

x . (56)

Substituting this result into (29) and using Theorem 1, we
obtain

Cov(x̂) � σ2(I + B)
(
PAT AP

)†

(I + BT ). (57)

Our calculations are summarized in the following theorem.
Theorem 3:Consider the estimation setting (1) with the

constraint (2), and supposespark(D) > 2s. Let x̂ be a finite-
variance estimator whose bias gradient matrix isB. Then,

Cov(x̂) � σ2(I + B)(AT A)−1(I + BT )

when‖r(x)‖0 < s,

Cov(x̂) � σ2(I + B)
(
PAT AP

)†

(I + BT )

when‖r(x)‖0 = s. (58)

Here,P is given by (56), in whichDx is the n × s matrix
consisting of the columns ofD participating in the (unique)
s-element representationDα of x.

Note that although this is not evident from the formulation
(58), the bound of Theorem 3 depends on the bias only through
the S-bias gradient matrixBU . This is because Theorem 3
is derived from (29), which is equivalent to (26).

As in Theorem 2, the bound exhibits a dichotomy between
points having maximal and non-maximal support. In the
former case, the CRB is equivalent to the bound obtained when
the support set is known, whereas in the latter the bound is
equivalent to an unconstrained CRB. This point is discussed
further in Section VI.

V. NUMERICAL RESULTS

In this section, we demonstrate the use of the CRB for mea-
suring the achievable MSE in the sparse estimation problem
(4). To this end, a series of simulations was performed. In each
simulation, a random100×200 dictionaryH was constructed
from a zero-mean Gaussian IID distribution, whose columns
hi were normalized so that‖hi‖2 = 1. A parameterα0 was

then selected by choosing a support uniformly at random and
selecting the nonzero elements as Gaussian IID variables with
mean0 and variance1. Noisy measurementsy were obtained
from (4), andα0 was then estimated using BPDN (9), the DS
(10), and the GDS (11). The regularization parameters were
chosen asτ = 2σ

√
log p and γ = 4σ

√
log(p − s), rules of

thumb which are motivated by a theoretical analysis [11]. The
MSE of each estimate was then calculated by repeating this
process with different realizations of the random variables. The
unbiased CRB was calculated using (45).

A first set of experiments was conducted to examine the
CRB at various SNR levels. In this simulation, the ML
estimator (8) was also computed, in order to verify its con-
vergence to the CRB at high SNR. Since the ML approach
is computationally prohibitive whenp and s are large, this
necessitated the selection of the rather low support sizes = 3.
The MSE and CRB were calculated for 15 SNR values by
changing the noise standard deviationσ between1 and10−3.
The MSE of the ML approach, as well as the other estimators
of Section II-B, is compared with the CRB in Fig. 3(a).
The convergence of the ML estimator to the CRB is clearly
visible in this figure. The performance of the GDS is also
impressive, being as good or better than the ML approach.
Apparently, at high SNR, the DS tends to correctly recover the
true support set, in which case GDS (11) equals the oracle (13).
Perhaps surprisingly, applying a LS estimate on the supportset
obtained by BPDN (which could be called a “Gauss–BPDN”
strategy) does not work well at all, and in fact results in higher
MSE than a direct application of BPDN. (The results for the
Gauss–BPDN method are not plotted in Fig. 3.)

While the CRB developed in Section IV provides a useful
lower bound, one must not forget that it is applicable only
for unbiased estimators. The bias of most estimators tends to
be negligible in low-noise settings, but often increases with
the noise varianceσ2. Indeed, whenσ2 is as large as‖α0‖2

2,
the measurements carry very little useful information about
α0, and an estimator can improve performance by shrinkage.
Such a strategy, while clearly biased, yields lower MSE than
a naive reliance on the noisy measurements. This is indeed
the behavior of the DS and BPDN, since for largeσ2, the ℓ1

regularization becomes the dominant term, resulting in heavy
shrinkage. Consequently, the unbiased CRB no longer applies
to these estimators. This is seen from the fact that some of the
estimators outperform the CRB when the SNR is exceedingly
low.

The performance of the estimators of Section II-B, exclud-
ing the ML method, was also compared for varying sparsity
levels. To this end, the simulation was repeated for 15 support
sizes in the range1 ≤ s ≤ 30, with a constant noise
standard deviation ofσ = 0.01. The results are plotted in
Fig. 3(b). While a substantial gap exists between the CRB and
the MSE of the practical estimators in this case, the general
trend in both cases describes a similar rate of increase as
s grows. Interestingly, a drawback of the GDS approach is
visible in this setting: ass increases, correct support recovery
becomes more difficult, and shrinkage becomes a valuable
asset for reducing the sensitivity of the estimate to random
measurement fluctuations. The LS approach practiced by the
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Fig. 3. MSE of various estimators compared with the unbiasedCRB (45), for (a) varying SNR and (b) varying sparsity levels.

GDS, which does not perform shrinkage, leads to gradual
performance deterioration.

Results similar to Fig. 3 were obtained for a variety of
related estimation scenarios, including several deterministic,
rather than random, dictionariesH.

VI. D ISCUSSION

In this paper, we extended the CRB to constraint sets sat-
isfying the local balance condition (Theorem 1). This enabled
us to derive lower bounds on the achievable performance in
various estimation problems (Theorems 2 and 3). In simple
terms, Theorems 2 and 3 can be summarized as follows. The
behavior of the CRB differs depending on whether or not the
parameter has maximal support (i.e.,‖α‖0 = s). In the case
of maximal support, the bound equals that which would be
obtained if the sparsity pattern were known; we refer to this
as an “oracle bound”. On the other hand, when‖α‖0 < s,
performance is identical to the unconstrained case, and the
bound is substantially higher.

When all elements ofα are considerably larger than the
standard deviation of the noise, the support set can be recov-
ered correctly with high probability (at least if computational
considerations are ignored). Thus, in this case the oracle bound
is likely to be fairly tight. When the support ofα is not
maximal, noise added toDα is indistinguishable from an
additional nonzero component ofα, and thus performance in
this case deteriorates to the point where the knowledge thatα

is sparse does not improve performance over the unconstrained
case.

The primary situation in which the bounds derived in this
paper are likely to be loose is the case in whichα is maximally
sparse, but for which some components are not particularly
large. We refer to such values ofα as low-SNR points.
In these cases, any attempt to recover the sparsity pattern
will occasionally fail, and consequently, despite the optimistic
CRB, it is unlikely that the oracle bound can be achieved.
Indeed, the covariance matrix of any finite-variance estimator
is a continuous function ofα, and the fact that performance is

bounded by the unconstrained bound when‖α‖0 < s implies
that performance must be similarly poor for low SNR.

This excessive optimism is a result of the local nature of
the CRB: The bound is a function of the estimation setting
only in anε-neighborhood of the parameter itself. Indeed, the
CRB depends on the constraint set only through the feasible
directions, which were defined in Section III-A as those
directions which do not violate the constraints forsufficiently
small deviations. Thus, for the CRB, it is entirely irrelevant
if some of the components ofα are close to zero, as long as
supp(α) is held constant.

A tighter version of the bound can be obtained by deriving
the Hammersley–Chapman–Robbins (HCR) bound for sparsity
constraints [15], [26], [27]. This non-local bound dependson
the constraints at points beyond the local neighborhood ofx.
Consequently, this bound will yield tighter results for lowSNR
values, and will create a smooth transition between the regions
of maximal and non-maximal support. However, the bound
will depend on more complex properties of the estimation
setting, such as the distance betweenDα and feasible points
with differing supports. Therefore, it is unlikely that a practical
closed form for the HCR bound will be obtainable.
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