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~ Abstract— Time delay estimation arises in many applications of different sampling techniques can be accommodated. Our
in which a multipath medium has to be identified from pulses main contribution is the development of efficient sampling
transmitted through the channel. Various approaches have @en  ¢-hemes for the received signal. The resulting samplirg rat

proposed in the literature to identify time delays introduced by . . .
multipath environments. However, these methods either opate is generally much lower than the traditional Nyquist rate of

on the analog received signal, or require high sampling rate in  the transmitted pulses, and depends only on the number of
order to achieve reasonable time resolution. In this paperour multipath components and the transmission rate, but not on
goal is to develop a unified approach to time delay estimation the bandwidth of the transmitted pulse.

from low rate samples of the output of a multipath channel. A ¢assical solution for the time delay estimation problem

Our methods result in perfect recovery of the multipath delays . . . .
from samples of the channel output at the lowest possible rat 'S based on correlation between the received signal and the

even in the presence of overlapping transmitted pulses. Thirate transmitted pulse [1]. However, the time resolution of this
depends only on the number of multipath components and the method is limited by the inverse of the transmitted pulse
transmission rate, but not on the bandwidth of the probing pandwidth. Therefore, this technique is effective only whe
signal. In addition, our development allows for a variety of e myltipath components are well separated in time, or when

different sampling methods. By properly manipulating the low- . - .
rate samples, we show that the time delays can be recoveredonly one component is present. This approach was originally

using the well-known ESPRIT algorithm. Combining results fom Motivated in the analog domain, where the entire analog
sampling theory with those obtained in the context of diredon of ~ correlation is computed. Performing the correlation in the
arrival estimation methods, we develop necessary and suffent  digital domain requires samples of the data at a high sagplin
conditions on the transmitted pulse and the sampling funcbns a46 iy order to approximate the continuous correlation.
in ordtlar. to ensure perfect recovery of the channel parametes at | der t | | | d ltinath t
the minimal possible rate. n order to resolve closely spaced multipath components,
various superresolution estimation algorithms were psego
In [4], [5], the MUSIC [6] method was applied in the time
|. INTRODUCTION domain in order to estimate the time delay of each multipath
component. Hou and Wu [7] were the first to convert the

Time delay estimation is an important signal processwlgqhe estimation problem to model-based sinusoidal paramet
5

problem, arising in various applications such as radar [ timation, and used an autoregressive method in order to
underwater acoustics [2], wireless communications [3 an . X i
. : . . estimate the model's parameter. Other works, such as [5],
more. In a pr|cal scenarlo, pul§es with a priort k'?OW” sha_\jtg [9], relied on the same principle, but different esttioa
are transmitted through a multipath medium, which consi aTJ'gorithms were used: Tufts-Kumaresan SVD algorithm [10],

of several propagation paths. As a result the received bignaTLS-ESPRIT method [11] and a modification of MUSIC

composed of delayed and weighted replicas of the transiitte .
respectively.

pulses. In order to identify the medium, the time delay arid ga . .
- . . n the above superresolution approaches, the sampling stag
coefficient of each multipath component has to be estimate : .

. . was typically not directly addressed. Most of these workg re
from the received signal.

. . on uniform pointwise samples of the received signal, at a
In this paper we consider recovery of the parameters defin- . . . :
||gh sampling rate. In [7] the required sampling rate is the

ing such a multipath medium from samples of the Channﬁgquist rate of the transmitted pulse. Since often the pulse

output. Specifically, we assume that pulses with known Shagrg chosen to have small time support, the bandwidth can be

are transmitted at a constant rate through the medium, acg;ute large, corresponding to a high Nyquist rate. In [8] and
0

our aim is to recover the time delays and time-varying gajl frequency domain algorithm proposed in [5], the sangplin

coefficients of each multipath component, from samples @ . . . . .
. . . the received analog signal is not mentioned explicitigc®
the received signal. We focus on the sampling stage, and

. hese algorithms involve operations in the analog frequenc
derive methods that ensure perfect recovery from samples . “effectivelv thev also require sampling at the N qui
of the channel output at the minimal possible rate. The ’ y ey q pling ¥

roposed samplina schemes are flexible. so that a varir?te' The time resolution ability of the method in [9] dilgct
prop ping ' (eié(pends on the sampling rate, and therefore a high rate is
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and no concrete conditions on the transmitted pulse and gpaces, and therefore extends previous work, which focused
samples were given, in order to ensure unique recovery of the finite unions, to a broader setting. In comparison with FRI
delays from the samples. techniques, our approach allows for lower sampling rates an
Besides the sampling stage which is not studied in previoasa lower computational cost. Furthermore, we do not need to
works, another assumption underlying all the methods atsovempose stringent conditions on the pulse shapes, as require
that the receiver has access to a single experiment ([7][9B] by FRI methods.
or multiple non-overlapping experiments ([4], [5], [9]) dme This paper is organized as follows. In Sectibh Il, we
channel. In each experiment a pulse is transmitted thraugh tescribe our signal model. A general sampling scheme of
multipath medium, and it is required that all the returnsisfan the received signal is proposed in Sectiod IIl. Secfion 1V
before the next experiment is conducted. This imposes ttescribes the recovery of the unknown delays from the sam-
constraint that the transmitted pulse is sufficiently timated, ples, and provides sufficient conditions ensuring a unique
which can be problematic in certain scenarios. For examptegcovery. Relation to previous works is discussed in détail
in wireless communications, modulated pulses are tratetnitSection[V. Section_VI describes an application example of
at a constant symbol rate through the medium. In this case, efeannel identification in wireless communications. Nuiedri
cannot consider the observed signal over one symbol pesiodeaperiments are described in SectionlVII.
an independent experiment, since it will generally be afféc
by reflections caused by adjacent symbols. Il. SIGNAL MODEL AND PROBLEM FORMULATION
In Section[I] we propose a general signal model, that cgn
describe the received signal from a time-varying multipath’
medium. An advantage of our model is that it does not requireMatrices and vectors are denoted by bold font, with lower-
the assumption of non-overlapping experiments, and allo&ase letters corresponding to vectors and uppercaseslétter
for general pulse shapes. We then formulate the mediungtrices. Theith element of a vectoa is written asa,,, and
identification problem as a sampling problem, in which thie stheijth element of a matri is denoted byA;;. Superscripts
of parameters defining the medium have to be recovered frdm', (1" and ()" represent complex conjugation, transpo-
samples of the received signal at the lowest possible rate. Sition and conjugate transposition, respectively. The Moo
this end we develop a general sampling scheme, which censRRenrose pseudo-inverse of a matAxis written asAf. The
of filtering the received signal with a bank @f sampling identity matrix of sizen is denoted by,,.
fiters and uniformly sampling their outputs. This class of The Fourier transform of a continuous-time signglt)
sampling methods is common in sampling theory [12] and cdr is defined byX (w) = ffooo x (t) e 7*dw, and
accommodate a wide variety of sampling techniques, inodi
pointwise uniform sampling. GiveK multipath components, (x(t),y () = / x (t)y* (t)dt, (1)
we show that at lea®K sampling filters are required in order —o0
to perfectly recover the time delays. We then develop eipligienotes the inner product between two continuous-time sig-
sampling strategies that achieve this minimal rate. Inip#letr, nals. The discrete-time Fourier transform (DTFT) of a se-
we derive sufficient conditions on the transmitted pulsetaed quencea [n] € /5 is defined by
choice of sampling filters, which guarantee unique recoeéry _ _
the channel parameters. ATy =3 aln]e T, (2
In order to recover the channel parameters from the given nez
samples we combine results from standard sampling theasid is periodic with perio@r /T
with those of direction of arrival (DOA) algorithms [13],
14], [6], [11]. Specifically, by appropriate manipulatiarf .
Ehe] S:Ewr]ml[ing] seguences,yweyshgvl\al thpat we can ?ormulate gm&gnal model
problem within the framework of DOA methods. We then rely We consider the class of signals that can be written in the
on the estimation of signal parameters via rotational iavere form
techniques (ESPRIT) [11], developed in that context. The
unknoavn de(lays are) r[ecg)vered frl?)m the samples by first z(t) = Z Z a[n] g (¢ =ty =nT), 3)
applying a digital correction filter bank, and then applythg
ESPRIT algorithm. Once the time delays are identified, thveherer = {tk}szl is a set ofK distinct unknown time delays
gain coefficients are recovered using standard sampling.todn the continuous intervdl, T'), ay [n] is an arbitrary sequence
The sampling schemes we develop for the channel iden-¢, andg (t) € Lo is a known function. Each signal from
tification problem treated in this paper, can be viewed ithis class can describe the propagation of a pulse with known
the broader context of sampling theory. In Sectloh V wshapeg (t) which is transmitted at a constant rate bfT’
discuss in detail the relationship between our problem atfttough a medium consisting &€ paths. Each path has a
previous related setups treated in the sampling literatumnstant delay;, and a time-varying gain, which is described
compressed sensing of analog signals [15], [16], [17], ,[18)y the sequencey [n]. In cases where the transmitted pulses
[19], and finite-rate of innovation (FRI) sampling [20], [21 are amplitude modulated, the sequengdn] describes the
The results we develop here can be viewed as a specialltiplication between the pulse amplitude and the gain co-
case of analog compressed sensing over an infinite unionedficient of each path. In Sectidn VI we will discuss more

Notations and Definitions



thoroughly an example of a communication signal transuhitte 51 (~1) tZiT“ [n] Ll
through a multipath time-varying channel.

Our problem is to determine the delaysand the gains
ax[n] from samples of the received signélt), at the minimal
possible rate. Since these parameters uniquely defineour *“ 1 : Mg (¢77)
channel identification problem is equivalent to developéfig
ficient sampling schemes for signals of the fofh (3), allayin
perfect reconstruction of the signal from its samples.

The model [(B) is more general than that described in
previous work [7], [4], [5], [8]. [9], which is based on sirebr
multiple experiments on the medium. In each experiment t
received signal is observed over a finite time window, which
is synchronized to the transmission time of the pulse. More

: . ) . ) o signal z (t) € A by coefficientsay, [n], the generatorg ()
precisely, the received signal in thgh experiment is given are typically chosen to form a Riesz basis 4f[23], [24].

st (—t) ><(31\’ ] ax [n]

t=nT

I”Flléq 1. Sampling and reconstruction scheme for the case ekrdelays

by K Clearly, the signal model if[3) is a special case[df (7) with
T (1) = Zakng (t—ty), tel0,T), (4) generatorg(t), obtained fromK™ delayed versions of (¢):
k=1
g t)=gt—tr), 1<k<K. (8)

wheret,, is the delay of théth multipath component which is
constant in all the experiments, ang, is the gain coefficient . .
of the kth multipath component at theth experiment, whichis ~ One way to sample a signal of the fori (7) is to use
generally varying from one experiment to another. This modgarallel sampling channels [15]. In each channel the signal
can be seen as a special casdbf (3) with additional contstraff first filtered with an impulse responsg (—t), and then

on the pulsey (¢) and the transmission rate/T’. Indeed, we sampled uniformly at time$ = nT" to produce the sampling

can write the received signal on theh experiment as sequencer [n], as depicted in the left-hand side of Fig. 1.
The sampling sequence at the output of ttie channel can

zn, (t)=xz(t—nT) te€l0,T), (5) be written as
if we require that celn] = (@ (1), 50 (t—nT)), 1<(<K. )
g(t—ty—nT)=0forall n 0. (6) ‘
, , L By analyzing the DTFTsC; (e/“T) of the sequences
This requirement means th_at the pul@(at) has f|n|_te time cen],1 < ¢ < K, it was shown in [15] that the sequences
support, and that the repetition pt_—znod of the pulfess long ay[n],1 < ¢ < K, which define the signak (t), can be
enough such that all the reflections from one pulse Van'ﬁ-ﬁcovered fromeg[n] using an adequate multichannel filter
before the next pulse is transmitted. On the other hand, qur,, Specifically, let (eij) a(eij) denote the lengtt

signal model does not require these constraints, so thahit ¢.;;,mn vectors whoséh elements are, (eij) A, (eij)
support infinite length pulses and allows interference betw respectively. Then, it can be shown that ’

experiments.

c (e-j“’T) = Mgsc (ej“’T) a (ej“’T) , (20)
Ill. SAMPLING SCHEME

A. Known delays whereMgc (e7“T) is a K x K matrix with ¢kth element

Before we treat our sampling problem of signals of the
form (3), we first consider a simpler setting in which the@sgck (e.in) - 1 Z Sk (w _ 2_7Tm) e (w _ 2_7Tm) )
delayst;, are known. In this case our signal model is a special T mez T T
case of the more general class of signals that lie in a shift- (11)
invariant (SI) subspace. For such signals classes, thengell HereGy, (w) andsS, (w) denote the Fourier transforms gf (¢)
known sampling schemes that guarantee perfect recoverg atand s, () respectively. If the this matrix is stably invertible
minimal possible rate [12], [15], [22]. Below, we review thed.€ inw, then the sequences [n] can be recovered from the
main results in this setting which will serve as a basis far ogamples using the multichannel filter bank whose frequency
development in the case in which the delays are unknown.response is given big/, (e/“7), as depicted in the right-

A finitely-generated Sl subspace 6f is defined as [23], hand side of Figl]1.

[24], [25] The proposed sampling scheme achieves an average sam-
% pling rate of K/T since there ar& sampling sequences each
A=zt = ar In F—nT) anlnl €t b at ratel/T. Intuitively, this approach requires one sample per
{ (¥ ;% [l g ( )2 ax[n] € degree of freedom of the signal(t): for a signal of the form

(7) (@), under the assumption that the time delays are known, or
The functionsgy, (t) are referred to as the generators.4f a signal of the form[{7), in each time periddthere areK
In order to guarantee a unique stable representation of argw parameters.



B. Unknown delays andD (w, 7) is a diagonal matrix withkth diagonal element
We now address our original problem of designing §d4ual toe <. Our goal is to express the relation i {15)

sampling scheme for signals of the forfd (3) with unknowAS lllr?gar filtering in the DTFT domain. Howev_er, from the

delays. We propose a sampling scheme similar to the c&igfinition of the matricesM (w,7) and D (w,7) it can be

of known delays, comprised of parallel sampling channeRen that their elements are generally not periodiavin

Since now there are more degrees of freedom in the sigfdhough their multiplicationM (w, ) D (w,7) is 27/T' pe-

2 (1), intuitively we will require at least the same number ofiodic. Therefore, the matricel! (w, 7) and D (w, ) cannot

channels as in the case of known delays. Denoting the numBgRresent frequency responses of valid filters. To solve thi

of channels byp, this implies thatp > K. As we will see, Problem, we define ther/T" periodic expansion oM (w, 7),

under certain conditions on the sampling filters and py(gp  denoted byM (e’ 7). as

p = 2K sampling filters are sufficient to guarantee perfect M (eij 7_) — M (w mod 27 /T, 7) (17)
recovery ofz(t) from the samples. We will also show that this - o T .
is the minimal possible rate achievable for all signals). ~ and similarly we define ther/T periodic expansion of

Similarly to the known delay case, our sampling scheme B (w,7) asD (¢/7, 7). It can easily be see that for al

based on multiple channels. In each channel the sigral _ jwT jwT

is pre-filtered using the filtes; (—t) and sampled uniformly M(w,7)D (w,7) =M (e ’T) D (e ’T) ' (18)
at timest = nT resulting in the sample§](9). In the FourieTherefore, we can expreds [15) as

domain, we can write {9) as . . _ .

<1) ¢ (5T) = M (7, 7) D (7, 7) a (7). (19)
i 1 ™

Ce (ej T) -7 Z Sy <W - ?m) X <W - ?m) : This relation can now be interpreted as linear filtering in
the DTFT domain. For convenience, when working with

(12) H H H 2T
From the definition ofz(t), its Fourier transform can be expressions in the DT.FT domain, we assume hat [0, 7)
written as and therefore we omit the modulr/T from the argument
of the relevant functions.
X () XK: Z (0] G (w) e~ 4nT) Our final step is to define the vectbr(e/“7) as
w) = ag |n w)e
k=1nez b (ej“T) =D (ej”T, 7') a (ej“T) . (20)
K
_ ZAk (74T G (w) et (13) Using this definition we can rewrit€ {(1L9) in the form
k=1

c (e-j“’T) =M (ej“’T, 7)b (e-j“’T) . (21)
where A;; (e/“T) denotes the DTFT of the sequeneg(n],

andG (w) denotes the Fourier transform gft). Substituting
(I3) into [12), we have

Our problem can then be reformulated as that of recovering
b (e/#T) and the unknown delay set from the vector
c (e?T), forallw € [0, 22). Once these are known, the vector

‘ K ‘ 1 o a (e/*T) can be recovered using the relation[inl(20).

Co (&) = ZAk (e7T) 7 Z Sy (w - ?m> To proceed, we focus our attention on sampling filtg&o)
k=1 mEL with finite support in the frequency domain, contained in the
Ve (w _ %ﬂm) o (w—2Em)i frequency range
K ‘ o o F= [2%7 2% (p+7)} : (22)

= ZAk (e7T) e‘wt’“T Z Sy (w — ?m)
=1 me’ where~y € Z is an index which determines the working
o’ BT frequency bandr. This choice should be such that it matches

G (W - _m> eI, the frequency occupation gf(¢) (althoughg(t) does not have

o _ to be bandlimited). This freedom allows our sampling scheme
where the second equality is a result of the fact tha{e/“”)  to support both complex and real valued signals. Under this

is 2 /T-periodic. choice of filters, each elemei (7“7, ) of (I6) can be
Denoting byc (e“™) the lengthp column vector whoséth  expressed as

element isC; (e/“T) and bya (/") the length% column ,

vector whosekth element isAy, (e/“7'), we can write[(T4) in My (77, 7) = Z W (7°T) N (7) 23)
matrix form as ’ ’

m=1
c(e/“T) =M (w,7)D (w,7)a (e/*7) (15) where W (e/“T) is ap x p matrix whose/mth element is
. L iven b
whereM (w, 7) is ap x K matrix with ¢kth element J y
i 1 . 2
My (w,T) = W (e747) :TSZ (w—?(m—l—i—y))

1 . 2 2T 2w,
:fZSL’ (w—Tm>G(w—?m>e IF M (16) -G(w—%w(m—l—kv)), (24)

meZ



rL dilnl . andG (e7+T) is ap x p diagonal matrix whosenth diagonal

element is given by

| 2
"0 —1 ; Wi | N G (/1) = @ (w ~ o (m—1+ 7>> SNC )

«r_ Each one of these matrices needs to be stably invertible.
50 o ai Therefore, from[(34) the condition that the functig(t) needs
to satisfy is that

Fig. 2. Sampling and reconstruction scheme for the case lafawn delays
’ Ping Y 0<a<|GW)|<b<ooaeweF. (35)

In addition the filterss} (—¢) should be chosen in such a way

andN (7) is ap x K Vandermonde matrix withnkth element , they form a stably invertible matris (¢+7). Examples

Ny (1) = e 7 F (=147t (25) of such filters are given in the next subsection.
o . We summarize the results so far in the following proposi-
Substituting [(ZB) into[{21), tion.
c(eT) = W (e/*T) N (1) b(e7T). (26) Proposition 1: Let ¢y [n] = (z(t),s0(t —nT)), 1 < £ <

T ) ] ] p be a set ofp sequences obtained by filtering the signal
If W (e/“T) is stably invertible, then we can define the, (t) defined by [(B) withp filters s} (—t) and sampling

modified measurement vectdr(e’«”) as their outputs at times:T. Let S,(w) be supported oF =
2T 21 21 g
d (7T — W1 (edeT juTy o7y 37, % (p+7)], and letQ = [0, 2%). If the functiong ()
(™) (") e () @7) satisfies the condition if (85) and the matgiXe’~”'), defined
This vector satisfies by (33), is stably invertible a.e € Q, then the delays and
. . jwT i
d (eT) = N (1) b (/7). (28) vectorb (e/“T’) can be found from the set of equations
jwT\ __ jwT
Since N (1) is independent ofu, from the linearity of the d(e’) =N(m)b (1), (36)
DTFT, we can expres$ (P8) in the time domain as using DOA techniques, described in the next section. Here
d[n] =N(r)bn], neZ (29) N (72—2 is ap x K Vandermonde matrix withmkth element
e*JT(m71+7)tk' and

The elements of the vectors[n] and b [n] are the discrete , , ,
time sequences, obtained from the inverse DTFT of the d(e™T) = W (e/T) ¢ (e7) (37)
elements of the vectors (¢/7) andd (e/“T) respectively. \ in W (747 defined by[[24). The sequenaegn] can then
Equation[[2B) and its equivalent time domain represematigy, acovered by
(29), describe an infinite set of measurement vectors, elach o
tained by the same measurement mal¥ixr), which depends ~ a (e’*") =D~' (7“7, 7) NT(7)d (¢/“), weQ (38)
on the unknown delays. This problem is reminiscent of the
type of problems that arise in DOA estimation, as we discu
in the next section. Therefore, our approach is to rely oultes ¢
developed in that context in order to first recovefrom the
measurements. After is known, the vectord (e/“7) and C. Examples of filters
a (e-WT) can be found USing Iinear f||ter|ng relations by We now provide some exampies of f||tef§(t) Satisfying
b (eij) Nt (r)d (eij) _ (30) the required conditions. _ - _
1) Complex bandpass filter-banKhe first example is a set
SinceN (7) is a Vandermonde matrix, its columns are linearlgf complex bandpass filters. We assume that the working band
independent, and consequeny N = I. Using [20), is 7 = [0,25p] (y = 0), and the functiory (¢) satisfies[(35)
WwT\ =1 [ jwT T on that frequency range. We choose the filter§—¢) as ideal
a (ej ) =D (ej ’T) Ni(r)d (ej ) ' (31) bandpass filters, covering consecutive fre(iﬁ;resncyi bands:

g@ereD(e-WT’T) is a diagonal matrix with diagonal elements

=jwty

The resulting sampling and reconstruction scheme is dsgbict T 01 2 g2n
in Fig.[2. S =15 @€ [( - ) %] (39)
Our last step, therefore, is to derive conditions on the 0, otherwise.

filters s; (—t) and the functiory (¢) in order that the matrix

W (¢/7) is stably invertible. To this end, we can decompos he resulting matrixS (e7~7") is diagonal, and stably invert-
the matrix W (eij) as Ible. This example generalizes to any valid working band,

’ . . given by [22), by shifting the frequency response of therfilte
W (e/“T) =8 (e74T) G (e7T) (32)  We now provide an example demonstrating the importance
T o of the sampling filter.

whereS (¢/+7) is ap x p matrix with émth element Example 1:We consider the case whepgt) = 4(t) and

2m there areK = 2 diracs per period of” = 1, as illustrated in

JwTy\ __ 1 *
Sem (1) = o\ w7 m—147) (33)  Fig.[@(a). The sampling scheme described above, consisting



be seen tha$ (e/“7) is invertible for allw € ©, when the

00 s delays in each channél, are distinct.
" : One special case of this choice of sampling filters is when
o " the delays are uniformly spaced, e = (¢ — 1) T/p. In this

N . VN case our sampling scheme can be implemented by an ideal low
" - pass filter with cutoffrp/T", followed by a uniform sampler
o T at a rate ofp/T.

IV. RECOVERY OF THEUNKNOWN DELAYS

We have seen in the previous section that perfect recon-
struction of a signak (¢) of the form [3), is equivalent to that
of recovering the delays from the modified measurements of

(29). As we now show, this problem is similar to that arising
/\ /\ /\ [\ /\/\/\[\AA[\/\A/\f in DOA estimation.

°T/WWV \/ Uv WWVW | o | o
A. Relation to direction of arrival estimation

B e I R ST T In DOA estimation [13], [14], [6], [11],K narrow band
sources impinge on an array, composedpo$ensors, from
© d distinct DOAs. The goal is to estimate the DOAs of the sources

Fig. 3. Stream of diracs. (a)k — 2 diracs per periodl’ = 1. (b)-(d) from a set of A/ measurements, obtained from the sensors
The outputs of the first three sampling channels. The dashes tlenote the outputs at distinct time instants.

sampling instants. The DOA estimation problem can be formulated using the
following measurement model
of a complex bandpass filter-bank, is used. In Figs. 3(b)- X=A(0)S (44)

(d), we show the outputs of the first sampling channels. . .
. . - where X is ap x M matrix, composed of the measurements
This example demonstrates the need for the sampling filters . . o
. . nits columns,S is a K x M matrix consisting of the sources
when sampling short-length pulses at a low sampling rate. is in its columns andt (©) is ap x K matrix which
The sampling kernels have the affect of smoothing the shoie p

ulses (diracs in this example). Consequently, even when epends on the set of unknown DOA& The structure of
P ' . Pi€). quenty, ) (©) is such that itskth column, denotech (6), depends
sampling rate is low, the samples contain information abou

. ) . only on the DOAG®,, of the kth source. The vectoa (6y)
the signal. In contrast, if we where to sample the signal mn .
Is referred to as the steering vector of the array toward

Fig. [3(a) directly at a low rate, then we would often Obtallairection 0. The set containing all possible steering vectors,

girélzalzero samples which contain no information about thlfee’ {a(0),0 € [0,2r)} is referred as the array manifold,

2) Delayed channelstn this example we assumeis even Given X, the problem is to recover the DOA&, and the

and define the working band as sourcess.
The set of equations if_(P9) has the same form[a$ (44).
F— [_ Kl Ep} (40) Thekth column of the matrixN (7) depends only on théth
T T

unknown delayt;, and can be described by the vectofty ),
(v = —p/2). We also assume that(t) satisfies [(35). We where

%heo;sigvthgézsﬁitiﬁ;??ﬁuieIay ofA, € [0,T) followed by an n(t) = eI FEt i EANE . i1t 1T
' ' (45)

Teiwhe e F The array manifold in our setting is the set of vectors

Se(w) = 0, otherwise. (41) {n(t),t € [0,T)}. Therefore, we can adopt DOA methods

to estimate the unknown delays. The only difference between

Wlth this choice of filters, the&mth element of the matrix the two prob|ems is that in our Setting’ we have inﬁnite|y
S (¢/“T) defined in [3B) is given by many measurement vectors, in contrast to the DOA problem in
which X has finitely many columns. This will require several
adjustments, which we will detail in the ensuing subsecation
— It Q4p/2))A =i mA: (42)  Two prominent methods for DOA estimation are MUSIC
(MUltiple Signal Classification) [6] and ESPRIT (Estimatio
of Signal Parameters via Rotational Invariance Technigues

S (%T) = ® (/*T) F, (43) [11]. These algorithms belpng to a class of techniql_Jes, know

_ as subspace methods, which are based on separating the space

where® (/") is a diagonap x p matrix whosefth diagonal containing the measurements into two subspaces, the signal
element is«zj(“*%ﬂ(””/r"))m, andF is a Vandermonde matrix and noise subspaces. Estimating the unknown set of param-
whoselmth element is given by~ 7 ™A« From [@3) it can eters using MUSIC involves a continuous one-dimensional

ng(ejw:r) — (e (m-1-p/2))A,

The matrixS (e/“7) can be expressed as



search over the parameter range. This procedure can bg coStearly, from its construction, the rank of the matiixis r.
from a computational point of view. The ESPRIT approackhrom [47),

can estimate the unknown set of parameters more efficiently, p>2K —r. (51)
by IMposing the addlt_lonal_ requirement that th? measu.rem%]ccording to Theorem 1 in [26], the solutioff, B) is the
matrix is rotationally invariant. We describe this propeir : lution to[{50) under the conditidny51)
subsectiof IV-C and show that in our cdSg7) satisfies this unique solution to[(50) '

Since the set of unknown delaysis the unique solution to
property, and therefore we can use the ESPRIT approach.the finite set of equations(b0), it is also a unique solutmtine

infinite set of equationg (46). Ongeis uniquely determined,
B. Sufficient conditions for perfect recovery the matrixN (7) is known. Since every vector of the vector

bhan _ K
We now rely on results obtained in the context of DO&etb[A] is contained inC",

estimation in order to develop sufficient conditions for a dim (span(B[]&])) <K (52)
unique solution to[{29). Such a solution consists of the it&in -
set of vectord [n],n € Z and the unknown delays Therefore, according td (#7) > K. The matrixN (7) is

Conditions for a unique solutioi®, S) for (@4) where ap x K Vandermonde matrix which consist df linearly
derived in [26]. Since [26] deals with a finite number ofndependent vectors. Therefore, for everg A, if b[n] is a
measurements, we have to extend the results to our caséy wisiglution to
consists of an infinite number of measurements. The analysis d[n] =N (7)bn] (53)
in [26] requires a preliminary condition that any subsetpof
distinct steering vectors from the array manifold is lingar
independent. In our case this condition translates into t
requirement that any set of vectorsn(t;),1 < i < p

then it is the unique solution. ]
ﬁéopositionDZ suggests that a unigue solution to the set of
eduations[(29) is guaranteed, under proper selection of the
) . - number of sampling channels. This parameter, in turn,
associated with distinct delays € [0,7),1 < ¢ < p are . ping Iﬁ P .
determines the average sampling rate of our sampling scheme

linearly independent. Fronf_(45), any such set forms:ap R o
Vandermonde matrix, and are therefore linearly independevr\{hICh is given byp/T. The condition [(4F) depends on the

Therefore, this condition automatically holds in our peshl value of dim(span(b [A])), which is generally not known in

without forcing any additional constraints. advance. According to our assumption dsparib[A])) > 1,

To derive sufficient conditions for a unique solution of théhereforg in order to satisfy the uniqueness conditioh {47)
very signal of the form[{3), we must haye > 2K — 1

set of infinite equation$ (29) we introduce some notation. V\?e

define the measurement séfA] as the set containing all sampllng cha_nnels or a m'”!”?a' samplmg rate 21_ X/T.
L Comparing this result to the minimal sampling rate in theecas
measurement vectord [A] = {d [n]|,n € Z}. Similarly, we

define the unknown vector sbtiA] asb [A] = {b [n],n € Z}. when the delays are known in advance, there is a penalty of

; 2 in the minimal rate.
We may then rewrite(29) as In Section[V-A we show that our signal model, described

d[A] =N (r)b[A]. (46) in @), can fit the framework proposed in [15], under the
_ N _ N N assumption that the unknown delays are taken from a discrete
The following proposition provides sufficient conditior® fa  grid. For this case, it was shown in [15] that the theoretical

unique solution to[(46). minimum sampling rate required for perfect recovery of the
Proposition 2: If (7,b[A]) is a solution to[(Z6), signal from its samples &K /T. Clearly this rate is necessary
K — di BIA 47 in our case, in which the unknown delays can take any value
p>2K —dim (span( [ ])) (47) in the continuous intervdl, T'). Therefore, according to the
and results of Propositionl2, our sampling scheme can achieve th
dim (span(E [A])) >1, 48) minimal sampling rate required for signals of the foim (3).
then (7, b [A]) is the unique solution of(36). C. Recovering the unknown delays

The notation spafb [A]) is used for the minimal dimension  according to Propositiofi]2, in order be able to perfectly
subspace containing the unknown vectorlsgt]. The condi- reconstruct every signal of the fori (3), our sampling soem
tion (48) is needed to avoid the case whbrg\] = 0. In this st havep > 2K sampling channels. We assume throughout
case clearly the set can not recovered uniquely. that this condition holds.

Proof: We denoter = dim (span(b [A])). From [48)  we now describe an algorithm for the recovery of the un-
r > 1. Therefore, there exist a finite subset= {n;};,_; C A, known delays from the measurement dét\], which is based
such that the vector se{A] spans am-dimensional subspace:on the ESPRIT [11] algorithm. One of the conditions needed

] _ - in order to use the ESPRIT method is that the correlation
dim (span(b[A])) =r. (49)  matrix

— H
By defining the matrice® andD as the matrices consisting Ry = Z b{n]b™ [n], (54)

~ ~ neZ

of the vector setb[A] andd[A], we can write _ N o _ N
is positive definite. In order to relate this condition to our
D =N (7)B. (50) problem, we state the following proposition from [27].



Proposition 3: If the sum [54) exists, then every mati& The matrixEg; is a (p — 1) x K (p > K) matrix with full
satisfyingRy, = V'V has column span equal to sp@n/A]).  column rank. ThereforEZlEsT = Ik. Using [60) we define
An immediate corollary from Propositidn 3 is thRf,;, > 0 the following K x K matrix ® as
is equivalent to the condition difspan(b [A])) = K. In this ; o
case, which we refer to as thmcorrelated casewe can apply ® =E; By = TR (r) T (61)

the ESPRIT algorithm on the measurem_enﬁspt] inorderto  grom [61) it is clear that the diagonal mati () can be
recover the unknown delays. The case @pan(b [A])) < K, gptained from the matrix@ by performing an eigenvalue
will be referred to as theorrelated caseln this setting the decomposition. Once the matr (7) is known, the unknown

conditionR;;, > 0 doest not hold, and the ESPRIT algorithnae|ays can be retrieved from its diagonal elements as
cannot applied directly. Instead, we will use an additiatatje

originally proposed in [28], [29]. b = —zarg(Rkk (7). (62)
Note, that 2
Ry = Z d[n] d* [n] In summary, our algorithm cor_13|st of the.followmg steps:
ez 1) Construct the correlation matrix Rgq =

Sz dn] d” n).
= N(7) <Zb [n] b [n]) N¥ (1) 2) Perform an SVD decomposition &.,, and construct
nez the matrixE; consisting of thei( singular vectors asso-
= N (1) RN (7). (55) ciated with the non-zero singular values in its columns.
3) Compute the matrix® = EllEST'
4) Compute the eigenvalues &f, \;,i =1,2,..., K.
5) Retrieve the unknown delays by = —%arg()\i).

Since for any set of delays;, the matrix N (7) has full
column-rank, the ranks of the matricRg; andR,; are equal.
Therefore, the decision whether we are in the uncorrelated o

?é;?;agedfgfriﬁ] gc?r? enr]naadt(reiiglrectly from the given measure-z) Correlated Case:When the conditiorR,, = 0 is not
1) Un)éorrelated Case'Frorgd@) under the assumptionsatiSﬁed the ESPRIT algorithm cannot be applied directly on

that the matrixR;, is positive definite, it can be shown that€ vector sed [A]. In this case the rank dRqq is smaller
than K, and therefore its column span is no longer equal

the rank of the matriR 44 is K. Moreover, the matriceR 4 ) . ) .
o} the entire signal subspace. To accommodate this setting,

and N (7) have the same column span which is referred L X
the sig(nazl subspace. By performing a singular value decoli® perform an additional stage before applying the ESPRIT

position (SVD) of the matrixR,, we can obtaink’ vectors, method, based on the spatial smoothing technique proposed i

X . . . 29], [28].
which span the signal subspace, by taking ihéeft singular [ _
vectors associated to the non-zero singular valud® gf We vel-?orzroceed' we defind/ = p — K length{K +1) sub

define thep x K matrix E; as the matrix containing those
L T

vectors in its columns. _ diln)=[di[n) dipi[n] ... digx[n] ], (63)

Now, we will the exploit the special structure of the Vander- . _
monde matrix. We denote the matii, () as the sub matrix and denote byN, () the sub matrix composed of the first
extracted fromiN (r) by deleting its last row. In the same wayK + 1 rows of the matrixN (). Using these definitions and

we defineN; (7) as the sub matrix extracted froh (7) by (29) it can be shown that

deleting its first row. Th(_e Var_1dermonde ma.tN((T) satisfies di[n] = Ny ()R (1)bln], i=1,2, ..M (64)
the following rotational invariance property:
N; (r) = N| (1) R (7) (56) For each one of the sub vectors we define the following

correlation matrix
whereR (7) is a diagonalK’ x K matrix, whosekth diagonal

element is given bRy (1) = e727%+/T_ Since the matrices Rusi = »_di[n]df [n]. (65)
N (7) and E; have the same column span, there exists an nez

invertible K x K matrix T such that The smoothed correlation mati,, is defined as an averaged

N (7) = E,T. (57) Version of the correlation matricéq,;:
By deleting the last row in(37) we get
N, (1) = E, T. (58)

Similarly, deleting the first row in{57) and using the rotaigl Using the relation in[{84) we can rewrite {66) as
invariance property[ (36), we have

Ny (1) R (1) = E T (59) B
hereRy, is the modified correlation of the vecto :
Combining [58) and[(39) leads to the following relation’ o ! m ! vectoksir|

between the matriceBs; andE;) :
Es; =E, TR (1) T % (60)

_ 1 &
Rgq = i Zl Raq,:- (66)
Ria = Ni(1)RuN{ (1), (67)

M
_ 1 . _
Ry, = i ; ROY (1) Ry R (7). (68)



Under our assumptionp > 2K, therefore M > K. channels, which entails a price in terms of sampling rate. In
According to the theorem in [29], whelW > K the modified contrast, our reconstruction algorithm is based on the EBPR
correlation matrixRy;, is non singular regardless of the rankalgorithm, and can obtain the minimal sampling rate &f/T
of the matrixR,;. From [6T) the smoothed correlation matrixn polynomial complexity. Furthermore, we do not require
Ryqis a (K + 1) x K size matrix with rankK and column discritization of the time delays but rather can accommedat
range equal to the column range of the mafiNx (7). We any continuous set of delays. In this sense we can view our
will refer now to this subspace as the signal subspace. Wmpling paradigm as a special case of compressed sensing
can then apply the ESPRIT algorithm by using the smoothé&at an infinite union of Sl spaces. Since previous work in this

correlation matrixR 4. area has focused on sampling methods for finite unions, this
appears to be a first systematic example of a sampling theory
V. RELATED SAMPLING PROBLEMS where the subspace is chosen over an infinite union.

In the introduction, we outlined previous approaches to Another difference with the approach of [15] is the design of

time-delay estimation. In this section, we explore in mord'€ sampling filters. In our method, we have seen that simple
detail the relationship between our sampling problem af@MPpling filters can be used, such as time delays followed by
previous related setups treated in the sampling literatuf@VPass filtering, or baseband filters. In contrast, the sEhe

compressed sensing of analog signals [15], [16], [17], ’[13?1‘ [15] requires proper design of the sampling filters, whih
[19], and FRI sampling [20], [21]. Obtained in two stages. In the first stagé filters h, (t) ,1 <

¢ < N are chosen that satisfy some conditions with respect
. . to the V possible generating functions. At the second stage, a
A. Compressed sensing of analog signals smaller set ofp > 2K filters s;(¢) is constructed fromh,(t),

The sampling problem in [15] deals with signals that lie in gjg

union of Sl spaces [18]. The unknown signal can be described N N
in terms of N generating functions,(t) as si (1) = Z Z Z Alycim [0] han (t — T, (71)

r(t) = Z Z de [TL] a¢ (t —nT), (69) (=1 m=1n€eZ

|0|=K neZ where A is ap x N matrix that satisfies the requirements

where the notatiorj| = K means a sum over at mostOf compressed sensing in the appropriate dimension [3@], an

K elements. Thus, for each signal there are oRlyactive cim [n] are a set of sequences given explicitly in [15]. In order
. o . . to arrive at filters that are easy to implement, a careful @hoi
generating functions out ofV total possible functions, but

; : . ?f the parameters is needed, which may be difficult to obtain.
we do not know in advance which generators are active. Tn

principle, such signals can be sampled and recovered using
the paradigm described in Sectio Il correspondingtgen- B. Signals with finite rate of innovation
erating functions. Indeed, any signal of the fofm](69) diear Another interesting class of signals that has been treated
also lies in the Sl subspace spanned byXhgeneratora,(t), recently in the sampling literature are FRI signals [20]1][2
where some of the sequenag$n| are identicallyd. However, Such signals have a finite number of degrees of freedom per
this would require a sampling rate &f/T', obtained byN unit time, referred to as the rate of innovation. Examples of
sampling filters. Since only< of the generators are active,FR| signals include streams of diracs, nonuniform spliaes|
intuitively, we should be able to reduce the rate and still hsiecewise polynomials. A general form of an FRI signal is
able to recover the signal. The main contribution of [15] is given by [20]
sampling scheme consisting 2f< filters that is sufficient in
order to recover:(t) exactly. z(t) = Z cnd (t—1tn), (72)
We can formulate our problem as a union of Sl spaces of n€z
the form [69) if we assume that th€ unknown delays are where¢ (t) is a known functiont,, are unknown time shifts
taken from a discrete grid containing possible time delays. andc,, are unknown weighing coefficients. Recovery of such
Under this assumption the generating functiong in (69) @n kignals from their samples is equivalent to the recoveryef t
expressed as delayst,, and the weights,,.
Our signal model can be seen as a special case of
a(t)=g{t—t), 1<t<N. (70) (72), Whgre additiongﬂ?)shift invariant structurepis impose
Therefore, under a discrete setting, the method of [15] cdihis means that in each periddthe time delays are constant
provide a sampling and reconstruction scheme for a signalrefative to the beginning of the period, whereas in a general
the form [3) with rate2K/T. FRI signal the time delay can vary from period to period. Our
Similar to our approach here, the sampling scheme in [1Blethod is designed in such a way that it utilizes this extra
is based or2 K parallel channels, each comprised of a filtestructure to reduce the rate, while still guaranteeing querf
and a uniform sampler at rate/T. However, in order to recovery.
achieve this minimum sampling rate, the reconstruction in The FRI signals dealt with in [20], [21] are divided into
[15] involves brute-force solving an optimization problemhree main classes: periodic, finite length and infinite tentj
with combinatorial complexity. The complexity of the reconwe address our signal model as an FRI signal it will generally
struction stage can be reduced by increasing the numberfalf into the third category of infinite length FRI signals.
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Some special classes of finite (and periodic) FRI signalsevhavhered [m] are the data symbols taken from a finite alphabet,
treated in [20], such as streams of diracs. For these speeiatl N, is the total number of transmitted symbols.
settings sampling theorems where derived with very specificThe transmitted signatr (t) passes through a baseband
kernels, that achieve the minimal rate (the rate of innovgti time-varying multipath channel whose impulse response is
However, these methods are not adapted to the general madetieled as [32]

). K
Sampling and reconstruction of infinite length FRI signals h(r,t) = Zo‘k )6 (1 — 1) (74)
was treated in [21]. The method in [21] is based on the use 1

of specific sampling kernels which have finite time support; . . . .
kernels that can reproduce polynomials or exponentials. \1vhereak () Is the path time varying complex gain for thén

n ... . . . .
addition the functiony (¢) is limited to diracs, differentiated multipath propagation path and is the corresponding time
diracs, or short pulses with compact support and no D

lay. The total number of paths is denotedibyWe assume

component. The reconstruction algorithm proposed in [gl]tl at the channel is slowly varying relative to the symboérat

. . : ) . S0 that the path gains are considered to be constant over one
local, namely it recovers the signal’'s parameters in eauok ti

. . . ) symbol period:
interval separately. Naive use of this approach in our cante y P

has two main disadvantages. First, in our method the unknown ay (t) = ag [nT] fort € [nT,(n+1)T]. (75)

delays are recovered from all the samples of the signa). In additi that th tion del
A local algorithm is less robust to noise and does not tafg addition, we assume fthat the propagation defays are con-

the shared information into account. In addition, in terms ined to Qn%symbﬁl, It?ﬁ < [O’T)' U_nde_r thesbe assumptions,
computational complexity, in our method all the samples apge received signai at the receiver s given by

collected to form a finite size correlation matrix, and thiea t K Nsym
ESPRIT algorithm is applied once. Using the local algorithm — zr (t) = Z Z ap[n]g(t —m —nT)+n(t)  (76)
requires applying the annihilating filter method, used &1 F k=1 n=1
recovery, on each time interval over again. where
A final disadvantage of the FRI approach is the higher ay [n] = oy, [nT) d [n] (77)

sampling rate required. In order to discuss the sampling rat ,

achieved by the local algorithm proposed in [21], we Iimi?nd”(t) denotes_ the channel noise. ) )
our discussion to the case where the functicit) is a dirac, _| € received signaiy (¢) fits the signal model described in
which is the main case dealt with in [21]. The theorems fdg)- Therefore, if the pulse shape(?) satisfies the condition
unigue recovery of the signal from its samples in [21] regqui ) withp = 2K, our s_amplmg scheme_ can recover the t|_me
that in each interval of sizeK LT, there are at mosk diracs, delays of the propagation paths. In addition, if the trantedi
where L is the support of the sampling kernel afig is the symbols are known to the receiver, the time varying pathgain

sampling period. Since in each interval of sizewe havek ¢an be recovered from the sequenagsn]. ,
diracs, it can be easily shown that the minimal sampling rate”*S @ result our sampling scheme can estimate the channel’s
is 2/ /T, which is a factor ofL. larger than the rate achievedP@rameters from samples of the output at a low rate, propor-
by our scheme. For example, when using a B-spline kernfipnal to the number of paths. As an example, we can look
which is the function with the shortest time support that caff € channel estimation problem in code division multiple
reproduce polynomials of a certain order, an order of attlecc€SS (CDMA) communication. This problem was handled
N = 2K — 1 is needed, which has time suppdit= 2k. USINg subspace techniques in [33], [34]. In these works the

Thus, the sampling rate & times larger than our approachSa@MPpling is done at the chip ratg7T. or above, wherel.
is the chip duration given byl,, = T/N and N is the

spreading factor which is usually high023, for example,

in GPS applications). In contrast, our sampling scheme can
In this section we describe a possible application of thgovide recovery of the channel's parameters at a sampling

proposed signal model and sampling scheme to the problemgfe of 2K/7. For a channel with a small number of paths,

channel estimation in wireless communication [31]. In saoh this sampling rate can be significantly lower than the chip.ra
application a transmitted communication signal passesitir

a multipath time-varying channel. The aim of the receiver is VII. NUMERICAL EXPERIMENTS
to estimate the channel's parameters from the samples of th? . . . . .
n all simulations we use the sampling scheme described in

received signal. . : . i
; I . Section[IlI-C.1, which consists of a bank of ideal band-pass
We consider a baseband communication system operatlnqnl%rs. We assume that the working bandis— [O, %p} ’

a multipath fading environment with pulse amplitude moedula :

tion (PAM). The data symbols are transmitted at a symbgpd that the functiory (¢) .has constant frequency response
rate of /T, modulated by a known puise(r). For this {8 REEEN RI08 el R T e

Eommunlcatlon system the transmitted signalt) is given we use the total least-squares (TLS) version of the ESPRIT
y Neym algorithm described in [11].

ar (t) = Z d[n]g (t —nT) (73) In the first simulation we demonstrate a channel estimation
n=1

VI. APPLICATION

application. We consider a time-varying channel of the form
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Fig. 4. Channel estimation with = 5 sampling channels, and SNR5dB. Fig. 5. Estimation of the time-varying gain coefficient ofetfiirst path,
p =5, SNR=15dB

(74), with K = 4 paths. In order to simulate a time varying -
channel, the channel’s gain coefficients [n7T] are modeled
according to the Jakes’ model [35] as a zero-mean comple
valued Gaussian stationary process with the classicaldpesh sl
power spectral density. In such a model the varying rate
each gain coefficient depends on the maximal Doppler stk
fa- In order to simulate a slow varying channel, relativel
to the symbol ratel /T, we used for each path a maxima
Doppler shift of f; = 0.05/T. The energy of each time- -6or
varying path gain coefficient was normalized (tb/2)’k+1.
The path delays were drawn uniformly in the ran§eT).
For the estimationV,,,, = 100 symbols were used where the -8 . s m " 20 prs »
data symbols are assumed to be known. The samples at SNR 108]
output of each of the sampling channels were corrupted by o
complex-valued Gaussian white noise with an SNR®1B. Fig. 6. MSE of the delays estimation versus SNR, for= 2 andp = 4.
The number of sampling channels is taken to pe=

‘Z’ IWhId,]A\ItIE Onlﬁ/ OnE more thzt:\gd;he nulr_nberhof ur:knowestimation is shown versus the number of sampling channels,
cays. ougn we have seen sampling Channels are¢, . 5 constant SNR of0dB. It can be seen that by increasing

required for perfect recovery of every signal of the fofth (3)[ e number of channels, the estimation error improves.
for some signals lowering the number of sampling channePs '

is possible. Indeed, according to Propositidn 2, for signal

with dim (span(b [A])) = K, the minimal number of sampling VIIl. CONCLUSION
channels required i& + 1. We will demonstrate that for this  |n this paper, we considered the problem of estimating
example,K + 1 channels are sufficient. the time delays and time varying coefficients of a multipath

In Fig. [4 the original and estimated channels are showghannel, from low-rate samples of the received signal. We
Since the gain coefficients of the channel are time-varyinghowed that this problem can be formulated within the broade
only their averaged energy over time is shown in the figureontext of sampling theory, in which our goal is to recover an
In Fig.[5, we plot the magnitude of the original and estimateghalog signalz(t) that lies in a Sl subspace, spanned Ky
gains of the first path versus time. From Fig5. 4 &hd 5 it igenerators with unknown delays. This class of problems can
evident that our method can provide a good estimate of the viewed as an infinite union of subspaces.
channel’s parameters, even when the samples are noisy. We showed that if the channel hd§ multipath compo-

In the next simulations we examine the effect of SNR angknts, or equivalently, if the SI subspace is generated<by
the number of sampling channels on the error in the delagsnerators, than under appropriate conditions on the sagnpl
estimation. We choosk = 2 close delayst; = 0.43527 and filters, a sampling rate 02K /T is necessary and sufficient
to = 0.5217'. The sequences[n],k = 1,2, n = 1,2,...50 to guarantee perfect recovery of any signét). Here T is
are chosen as finite length sequences with unit power choglee transmission rate, or the period of the generators. We de
according to Jakes’ model witli; = 0.05/7". All the results veloped necessary and sufficient conditions on the generato
are based on averagin@00 experiments. and the sampling filters in order to guarantee perfect regove

In Fig. [8, the mean-squared error (MSE) of the timingt the minimal possible rate. To recover the unknown time
delays estimation is shown versus the SNR, when ugiagd  delays, we showed that our problem can be formulated within
sampling channels. In Fi@] 7, the MSE of the timing delaythe context of DOA estimation. Using this relationship, we
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Fig. 7. MSE of the delays estimation versus the number of 8agiphannels
p, for K = 2 and SNR%0dB.

proposed an ESPRIT-type algorithm to determine the unknO\ﬁn
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