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Abstract

We consider the problem of estimating a deterministic spaesctorx, from underdetermined noisy measure-
ments, in which the noise is a Gaussian random vector. Twmigaes which are commonly used in this setting are
the Dantzig selector and basis pursuit denoising (BPDN)a#t previously been shown that, with high probability,
the Dantzig selector comes close to the performance of #rdeestimator which knows the locations of the nonzero
components okg, when the performance is measured by thelistance betweer, and its estimate. In this paper,
we demonstrate that BPDN achieves analogous results, atthb constants involved in the BPDN analysis are
significantly better.
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. INTRODUCTION

typical setup, an unknown deterministic parameigirE R is to be estimated from measuremehts- Ax + w.
The dictionaryA € R™™ is deterministic and known, but typically consists of momuens than rows (i.e.,

estimates having a lo#, norm; the difference between these approaches is in theochethensuring consistency

ability of BPDN and the Dantzig selector to approximatg as long asxg is sufficiently sparse [2]—[4].

even ifw is chosen so as to maximally harm the estimator. An argualolsemealistic scenario is to modet as
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Estimation problems with sparsity constraints have atthconsiderable attention in recent years because of
their potential use in numerous signal processing appicat such as denoising, compression and sampling. In a

m > n), SO that without further assumptions, is unidentifiable fromb. The impassé is resolved by assuming that
the parameter vector is sparse, i.e., that most elements afe zero. Under the assumption of sparsity, several
estimation approaches can be used; these include basisitpdesoising (BPDN) [1] (also known as the Lasso

in the context of regression problems in machine learning) he Dantzig selector [2]. Both techniques seek

between the estimate and the measurements. A large bodgafetical and empirical evidence demonstrates the
To completely specify the problem, we must define in some \waybehavior of the measurement noise. This is
usually done using one of two approaches. The first is to aaghgrformance assuming the noise is unknown but

bounded. We refer to such a setting as adversarial, sindeisrcase one must demonstrate successful operation

a random vector, and seek performance guarantees whichwhitbichigh probability. This last option should be

distinguished from Bayesian performance analysis, astipeatin [5], [6], where on top of the stochastic model

for w, a probabilistic model for, is also used. In this paper, we assume a deterministic p&asag which
necessarily leads to weaker bounds.

As noted previously [2], [3], the assumption of random nogiggds significant improvements in performance
guarantees, compared with the adversarial setting. Indesadés and Tao [2] have demonstrated that the Dantzig
selector is close to optimal under the assumption of Gamgsiadom noise. More specifically, they showed that,

with high probability, the/s distance betweenry and the Dantzig estimate is within a constant timesm of the
performance of an ideal “oracle” estimator, which knows libeations of the nonzero elements xf. Thelogm
factor is an unavoidable consequence of the fact that theanorocations inky are unknown [7]. Thus, the error
of the Dantzig selector comes within a constant multipleha&f iminimum achievable estimation error.
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Can such a performance guarantee be provided for the BPDIbagp as well? This question was raised
immediately after the publication of the Dantzig selecemuit [8], [9]. Recently, Bickel et al. [10] have demonstit
that, indeed, the performance of BPDN is bounded, with higthability, by C'log m times the oracle performance,
for a constantC'. However, the constant involved in this analysis is considly larger than that of the Dantzig
selector.

In this paper, we provide a performance guarantee for BPDitIwis better than that of the Dantzig selector,
sometimes by more than an order of magnitude. Thus, in tefngaiaranteed performance under random noise,
BPDN is at least as successful as the Dantzig selector. Calysas also provides a rule of thumb for choosing
the regularization parameter of BPDN, and we show numdyitlaht this rule is useful even beyond the range of
settings supported by the theoretical analysis. Our esult formulated using only the mutual coherence of the
dictionary, and thus do not require knowledge of any commrally intractable properties of the problem setting.

The rest of this paper is organized as follows. We begin inti@efll with an overview of the problem setting
and an analysis of several measures of the suitability aérgidictionaries for sparse estimation. In Secfioh IlI,
we review some convex relaxation techniques for sparsenastin. In Sectio IV, we analyze the performance
of BPDN under adversarial noise. This motivates the intotidn of random noise, for which substantially better
guarantees can be obtained in Seclidn V. Finally, the \mlwf these results is examined in a practical estimation
scenario in Sectiopn VI.

The following notation is used throughout the paper. Vectrd matrices are denoted, respectively, by boldface
lowercase and boldface uppercase letters. The indicesaidhzero entries of a vectarare called its support set
and denotedupp(x). Given an index seA and a matrixA, the notationA 5 refers to the submatrix formed from
the columns ofA indexed byA. The ¢, norm of a vector, for 1 < p < oo, is denoted|x||,, while ||x||o refers
to the number of nonzero elementsxn

Il. CHARACTERIZING THE DICTIONARY

Let xo € R™ be an unknown vector, and denote its support set\py= supp(xp). Let k = ||x¢|lo be the
number of nonzero entries ixy. In our setting, it is typically assumed thatis much smaller thamn, i.e., that
most elements ixg are zero. Suppose we obtain noisy measurements

b=Axy+w 1)

where A € R™ ™ is a known overcomplete dictionaryn(> n). We refer to the columng; of A as theatoms
of the dictionary, and assume throughout our work that tloenatare normalized|a;||; = 1. We will consider
primarily the situation in which the noise is random, though for comparison we will also examine thes cdsa
bounded deterministic noise vector; a precise definitionwdé deferred to subsequent sections.

For x( to be identifiable, one must guarantee that different vatiieg, produce significantly different values of
b. One way to ensure this is to examine all poss#ddictionariesor k-element sets of atoms, and verify that
the subspaces spanned by these subdictionaries diffetastibly from one another.

More specifically, several methods have been proposediaaiare the notion of the suitability of a dictionary for
sparse estimation. These include the mutual coherenceuthalative coherence [3], the exact recovery coefficient
(ERC) [3], the spark [4], and the uniform uncertainty prpiei (UUP) [2], [11]. Except for the mutual coherence
and cumulative coherence, none of these measures can hengfficalculated, in general, for a given mati.
Since the values of the cumulative and mutual coherence uite glose, our focus in this paper will be on the
mutual coherencg = p(A), which is defined as

i 2 max|afay|. 2)
i#]

While the mutual coherence can be efficiently calculatedady from [2), it is not immediately clear in what
way u is related to the requirement that subdictionaries mush sfiferent subspaces. Indeed,ensures a lack
of correlation between single atoms, while we require ardison betweerk-element subdictionaries. To explore
this relation, we will now define the UUP, which is more ditgaelated to the subdictionaries &. We will then
show that the mutual coherence can be used to bound the ntmstaolved in the UUP, a fact which will also
prove useful in our subsequent analysis. This strategyspified by earlier works, which have used the mutual



coherence to bound the ERC [3] and the spark [4]. Thus, thereoke can be viewed as a tractable proxy for
more accurate measures of the quality of a dictionary, whanmot themselves be calculated efficiently.

By the UUP we refer to two properties describing “good” diatiries, namely, the restricted isometry property
(RIP) and the restricted orthogonality property (ROP),alhive now define. A dictionarA is said to satisfy the
RIP [11] of orderk with parametep,, if, for every index setA of size k, we have

(L= a)lyl3 < [Aayl3 < (1 +8)lyl3 3)

for all y € R*. Thus, whery,, is small, the RIP ensures that aklyatom subdictionary is nearly orthogonal, which
in turn implies that any two disjoint /2-atom subdictionaries are well-separated.

Similarly, A is said to satisfy the ROP [2] of ord€k, k2) with paramete®y, i, if, for every pair of disjoint
index sets\; and A; having cardinalitiest; and ks, respectively, we have

YT AL ANY2| < Ok, kollyill2llyzlle 4)

for all y; € R¥ and for ally, € R*2. In words, the ROP requires any two disjoint subdictiorsgentaining
k1 and ko elements, respectively, to be nearly orthogonal to eacbroithese two properties are therefore closely
related to the requirement that distinct subdictionariedAdoehave dissimilarly.

In recent years, it has been demonstrated that variousigabestimation technigues successfully approximate
xg from b, if the constants;,, and@y, ;, are sufficiently small [2], [11], [12]. This occurs, for exafa, when the
entries inA are chosen randomly according to a Gaussian 11D distribuas well as in some specific deterministic
dictionary constructions.

Unfortunately, in the standard estimation setting, onenoamesign the system matriA according to these
specific rules. In general, if one is given a particular dictiry A, then there is no known algorithm for efficiently
determining its UUP constants. Indeed, the very nature®ftblP properties seems to require enumerating over an
exponential number of subspaces in order to find the “wongtidgctionary. While the mutual coherengeof (2))
tends to be far less accurate in capturing the accuracy aftebilary, it is still useful to be able to say something
about the UUP constants based onlyanSuch a result is given in the following lemma.

Lemma 1:For any matrixA, the RIP constani;, of (3) and the ROP consta#y, i, of (4) satisfy the bounds

Oky ko < 1/ K1k (6)

where is the mutual coherenckl(2).

The proof of Lemmad]l can be found in Appendix I. We will applysttemma in Sectiof V, when examining
the performance of the Dantzig selector. The lemma can asasbd in conjunction with other results that rely on
the RIP and ROP.

In the next section, we highlight some of the methods use@pmroximatingx, from b. The ability of these
algorithms to accurately estimatg turns out to be related to the merit of the dictionary, as tjtiad above. We
will be interested, in particular, in performance guarastevhich are a function of the mutual coherence; such
results will be presented in Sectidns IV V.

[1l. ESTIMATION TECHNIQUES

We now briefly review several approaches for estimatgdrom noisy measurements given by [1). Our main
focus in this paper is thé;-penalty version of BPDN, which estimateg as a solutionkgp to the quadratic
program

min 3[|b — Ax| + (x| @)

for some regularization parameter We refer to the optimization problernl (7) as BPDN; this is tobe confused
with the related/;-error version of BPDN, given by

min [|x||; s.t.|b—Ax|3<6 (8)

for a given value of. Since [[T) is the Lagrangian dfl(8), the two problems aretedlan that any solution of the
/1-penalty problem for a particulay corresponds to a solution of thg-error version with an appropriate choice
of . Nevertheless, strictly speaking@] (7) andl (8) are distinct



A more recently proposed estimator is the Dantzig sele@prdefined as a solutiokpg to the optimization
problem
m}in IIx|[1 St ||JA*(b— Ax)|l0o < T 9

where is again a user-selected parameter. The Dantzig seleig®BPDN, is a convex relaxation method, but
rather than penalizing th& norm of the residuab — Ax, the Dantzig selector ensures that the residual is weakly
correlated with all dictionary atoms.

Finally, we also mention the so-called oracle estimatorctviis based both ob and on the support set, of
xp; the support set is assumed to have been provided by an &drddie oracle estimator finds the least squares
solution among vectorg whose support coincides withy. The resulting estimator is given by

.I>
. {AAOb on the support set, (10)

Xor =
0 elsewhere.

SinceA is unknown, the oracle estimator cannot be applied in prackiowever, it is often used as a gold standard
against which the performance of practical estimators @aodmpared.

IV. PERFORMANCE UNDERADVERSARIAL NOISE

Our problem is to estimate, from noisy measurements given by [1). In this section, we discuss the case in
which the noisew is an unknown deterministic vector which satisfipg||2 < . In Section ¥, we will compare
this setting with the results which can be obtained wheis random.

Typical “stability” results under adversarial noise gudee that if the mutual coherengeof A is sufficiently
small, and ifxg is sufficiently sparse, then the distance betwggp andxg is on the order of the noise magnitude.
Consider, for example, the following theorem, which is flihea the work of Tropp [3§IV—C]E

Theorem 1 (Tropp)Let xo be an unknown deterministic vector with known sparsiis|o = k, and letb =
Axy + w, where|w|z < e. Suppose the mutual cohereneef the dictionaryA satisfiesk < 1/(3u). Let xgp
denote a solution of BPDN7) with regularization parametet 2¢. Then,xpp is unique, the support atgp is
a subset of the support &f;, and

lIxo — %XBP||cc < <3 + \/gg e~ 4.22¢. (11)

Results similar to Theorem 1 have also been obtained [4], Thl 1.1], [12, Th. 1.2] for the related,-error
estimation approaci(8). In all cases, unless one considatiices having a particular structure, the theorems hold
under the assumption thékg||o = O(1/u), and the stability result guarantees that the distancedsstwpp and
x( IS on the order of the noise power To the best of our knowledge, no stability results are abéd for the
Dantzig selector under this setting.

The adversarial noise results are somewhat disappoirtiecause one would expect the knowledge thais
sparse to assist in denoising; yet Theofém 1 guaranteeshatlyhe distance between each coordinat&gf and
the corresponding coordinate &f is less than about four times the maximum noise level. Howeke fact that
no denoising has occurred is a consequence of the probl¢imgsigself, rather than a limitation of the algorithms
proposed above. In the adversarial case, even the oragieatst (10) can only guarantee an estimation error on
the order ofe. This is becausev can be chosen so that € span(A,,), in which case projection ontpan(A,,),
as performed by the oracle estimator, does not remove anippaf the noise.

In conclusion, results in this adversarial context musetako account values ol which are chosen so as
to cause maximal damage to the estimation algorithm. In npaagtical situations, such a scenario is overly
pessimistic. Thus, it is interesting to ask what guaranteesbe made about the performance of BPDN under the
assumption of random (and thus non-adversarial) noises 3t¢enario is considered in the next section.

Tropp considers only the case in which the entriesg@belong to the sef0, +1}. However, since the analysis performed in §8/-C]
can readily be applied to the general setting considereg, neg omit the proof of Theorefd 1.



V. PERFORMANCE UNDERRANDOM NOISE

Assume now that we obtain measuremdntas in [1), and thatv is a Gaussian random vector with me@n
and covariancer’I. Let us begin by examining the oracle estimafgy of (I0). It is readily seen [2] that the
MSE of X is E{|%or —x0ll3} = o Tr((A}, Aa,)~"). It follows from the Gershgorin disc theorem [13] that
all eigenvalues oA} A,, are betweerl — (k — 1)u and1 + (k + 1)u. Therefore, for reasonable sparsity levels,
TY((ARUAAO)*) is not much larger tha; for example, if we assume, as in Theoreim 1, that 1/3u, then
TY((ARUAAO)*) < 3k, and thus the oracle’s MSE in this case is no larger tham”. Considering that the mean
power ofw is no?, it is evident that the oracle estimator has substantiatiuced the noise level. One would like
to know whether comparable performance gains can be achlevgractical methods, which do not have access
to the oracle.

This question was first addressed in the context of the Dasiiector[(R). The result, due to Candés and Tao
[2], is derived using the UUP constants$ (8)—(4). For a givetrin A, however, it is usually intractable to determine
the UUP constants. Instead, we obtain the following resylapplying Lemmadll to [2, Th. 1.1].

Theorem 2 (Cangs and Tao):Let x, be an unknown deterministic vector such thiay|lo = &, and letb =

Axq + w, wherew ~ N(0,0°I) is a random noise vector. Assume that
1
F<ld —r— (12)
1+ V2)u

and consider the Dantzig selectbt (9) with parameter

T=0v2(1+a)logm (13)

for some constant: > 0. Then, with probability exceeding

1
- 14
me/mlogm’ (14)
the Dantzig selectokpg satisfies
%0 — %psl|3 < 2¢2(1 + a) - logm - ko? (15)
where 4
c1 = (16)

1— (L+V2)k—1)p

This theorem is significant because it demonstrates thdle wiyg does not quite reach the performance of the
oracle estimator, it does come within a constant factor iplidtd by log m, with high probability. Note that the
log m factor is an unavoidable result of the fact that the locatiohthe nonzero elements #y are unknown (see
[7, §7.4] and the references therein).

It is clearly of interest to determine whether results samilo Theoreni |2 can be obtained for BPDN [8], [9].
Bickel et al. [10] have recently answered this questionrafiiively; they showed that, with high probability, BPDN
comes within a factor of' log m of the oracle performance, for a constéhtin fact, their analysis is quite versatile,
and simultaneously provides a result for both the Dantzigcser and BPDN. However, the constatitobtained
in their BPDN guarantee is always larger thea8, which is considerably weaker than that of Theoftdm 2.

In the following, we obtain an improved performance guagarfor BPDN. In particular, we demonstrate that, for
an appropriate choice of the regularization parametehe squared error of the BPDN estimate is bounded, with
high probability, by a small constant timés2 log(m — k), and that this constant is lower than that of Theokém 2.
We begin by stating the following somewhat more generallteainose proof is found in AppendixIll.

Theorem 3:Let xo be an unknown deterministic vector with known spargity||o = &, and letb = Axg + w,
wherew ~ N(0,0°I) is a random noise vector. Supposeﬁhat

k< i a7
3p

2As in [3], analogous findings can also be obtained under thakererequirement < 1/(2u), but the resulting expressions are somewhat
more involved.



Then, with probability exceeding

(1 — (m — k) exp (-8”722» (1 - e—k/7> , (18)

the solutionxgp of BPDN (7) is unique and satisfies

2
Ixo — %gpl} < (oV3+37) k. (19)

To compare the results for BPDN and the Dantzig selector, ox derive from Theorem]3 a result which
holds with a probability on the order df_(14). Observe thabider for [18) to be a high probability, we require
exp(—v2/(80?)) to be substantially smaller than/(m — k). This requirement can be used to select a value for the
regularization parameter. In particular, one requires to be at least on the order qf8c2 log(m — k). However,
~ should not be much larger than this value, as this will inseethe error bound (19). We propose to use the value

v = /802(1 + ) log(m — k) (20)

for some fairly smalle > 0. Substituting this value of into TheoreniB yields the following result.
Corollary 1: Under the conditions of Theorem 3, legp be a solution of BPDN{7) with given by [20). Then,

with probability exceeding
(1 (m — k:)a> (1 € > (21)

%0 — %Bp||3 < (\/§+3\/2(1 + ) log(m—k))2k02. (22)

Let us examine the probability (1) with which Corolldry 1ld® to verify that it is indeed roughly equal
to (14). The expressio_(R1) consists of a product of two serboth of which converge té as the problem
dimensions increase. The right-hand term may seem odd gedaappears to favor non-sparse signals; however,
this is an artifact of the method of proof, which requires &isient number of nonzero coefficients for large
number approximations to hold. This right-hand term cogeertol exponentially and therefore typically has a
negligible effect on the overall probability of success; éxample, fork > 100 this term is larger than — 1075,

The left-hand term in[(21) tends tb polynomially asm — k increases. This is a slightly lower rate than the
probability [(14) with which the Dantzig selector bound hmldhowever, this difference is compensated for by a
correspondingly lower multiplicative factor &bg(m — k) in the BPDN error bound_(22), as opposed to ihem
factor in the Dantzig selector. In any case, for both thearémhold,m must increase much more quickly than
so that these differences are negligible.

For largek andm — k, Corollary[1 ensures that, with high probabilifggp — x||3 is no larger than a constant
multiplied by ko2 log(m — k). Up to a multiplicative constant, this error bound is essdigtidentical to the result
(@5) for the Dantzig selector. As we have seen, the prohigsilivith which these bounds hold are likewise almost
identical. However, the constants involved in the BPDN, amdnstrated by Corollaiyl 1, are substantially lower
than those previously known for the Dantzig selector. Tothes consider a situation in which= 1/(4u). In this
case, for large:, the bound[(15) on the Dantzig selector rapidly converges to

we have

%0 — %ps||3 < 203.6(1 + «) -logm - ko?. (23)
By comparison, the performance of BPDN in the same settisdyoainded by Corollaryl 1, is
%0 — %pp||3 < 18(1 + @) - log(m — k) - ko (24)

which is over 10 times lower. This improvement is not merelgesult of the particular choice df or n. Indeed,
the multiplicative factor ofl8 which appeared in the BPDN bourld {24) holds for lakgeith any value ofyu, as
long ask < 1/(3u); whereas it can be seen from [1%)4(16) that the multiplieafictor of the Dantzig selector is
always larger thars2.
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Fig. 1. MSE of the Dantzig selectdr](9), BPDN (7), and the trastimator[(ID), for various sparsity levels. The stadd#eviation of
the noise isc = 0.01 in (a) ando = 0.1 in (b).

VI. NUMERICAL RESULTS

As we have seen, the performance guarantees of BPDN are thettethe corresponding results for the Dantzig
selector. However, since both bounds are far from tights itelevant to ask whether this gain also appears in the
actual MSE achieved by the two estimators. We now addresgtiéstion by simulation.

Several researchers have compared the performance of BROMea Dantzig selector numerically [8], [9], [14].
While the results of these analyses were mixed, they can ipenswized by saying that the two approaches often
yield similar results, perhaps with an occasional advanfag BPDN. These comparisons typically employ some
data-driven method for selecting the regularization patansy of (7) andr of (9). By contrast, our aim is to
ascertain the applicability of the performance guarantéeise Dantzig selector and BPDN. Consequently, we will
analyze the performance of the two approaches when theamzation is chosen as recommended by Thedrem 2
and Corollary1L.

To perform the comparisori00 random dictionarie\ and100 random parameter vectoss were constructed.
Each dictionary consisted ofi = 200 atoms of lengthn = 100; the dictionary entries were chosen from a zero-
mean Gaussian 11D distribution, and were then normalizesh&gure that thé, norm of each atom i$. The support
of x¢ was selected uniformly at random, and the nonzero elemdriteeqparameter were Gaussian IID variables
with mean0 and standard deviatioh

For each dictionary and parameter vectidr,noisy measurements of the form [1) were generated by adding
Gaussian random noise with me@mand standard deviation. The parametex, was then estimated from using
BPDN (1), the Dantzig selectdr](9), and the oracle estim@i@y. The optimization problemg](7) arid (9) were solved
in Matlab using theCVX package [15]. The regularization parameter used for BPDN {#8), as recommended
by Corollary[1, and the threshold used for the Dantzig setewts [18), as recommended by Theofdm 2 and [2].
In both cases, a value af = 1 was chosen; this ensures that the probability of succes$8MBand the Dantzig
selector, as given by Theoreins 2 did 3, has the same ordergrfitode for large problems. Finally, the MSE
of each estimate was calculated and averaged over all agaliz of the noise, parameters and dictionaries. The
experiment was repeated for 15 support sikeis the rangel < k£ < 30 and for two different noise standard
deviations,c = 0.01 ando = 0.1. The results are plotted in Figl 1.

Note that for the given problem dimensions, the mutual cehee is at begi.07, so that Theorenis 2 andl 3 apply
only whenxg is quite sparse. Nevertheless, for most valuegfboth algorithms continue to perform well under
these settings [6]. This is illustrated in Fld. 1, in whiclethverage MSE of each estimator is plotted. It is also
evident that, in the scenario under consideration, the MISBERDN is considerably lower than that of the Dantzig
selector, even when the results of Secfidn V no longer afjblys, the choice of the regularization paramdiet (20)



for BPDN appears to be a useful rule of thumb, even beyondeb®m of applicability of Corollary11.

In a separate set of simulations, we compared the perforenah8PDN and the Dantzig estimator for several
deterministic dictionaries, including an overcompleteTD[@6] and a two-ortho dictionar{l, H] in which I is the
identity matrix andH is the Hadamard matrix. The results obtained in these cases similar in essence to those
of Fig.[d, so we refrain from describing these experimentdetail.

VIl. CONCLUSION

In this paper, we analyzed the performance of BPDN for ediimgaa deterministic sparse parameter vestgr
under random noise. Specifically, we examined the distanteden the BPDN estimatesp andxg. This distance
was shown to be bounded, with high probability, by the erfathe oracle estimator multiplied b§ log m, where
C'is a small constant, on the order . This analysis improves a previous bound [10] in which it whewn that
C > 128. Our performance guarantee is better than that of the Dpe#&lector, for whichC' > 32. The result also
provides a rule of thumb for selecting the BPDN regular@atparameter, which appears to function well even
when the analytic guarantees no longer hold.

APPENDIX |
PROOF OFLEMMA [1I

By Gershgorin's disc theorem [13], all eigenvaluesAf A, are betweerl — (k — 1)p and 1 + (k — 1)pu.
Combining this with the fact that, for ajt,

Amin(ARADYI3 < 1AAY]Z < Amax (AR ALY 3, (25)
we obtain [(5). Next, to demonstrafd (6), observe that
[VTAR, Anya| < lyil-[AR Aw,| - [y2| (26)

where the absolute value of a matrix or vector is taken eléwise. SinceA} A,, is a submatrix ofA*A which
does not contain any of the diagonal elementsAdfA, it follows that each element iA} A,, is smaller in
absolute value thap. Thus

[VIAL, ALy2| < plyl| 117 [y2| = ullyillilly2]: (27)

where1 indicates a vector of ones. Using the fact thgt|; < V&|y|» for any k-vectory, we obtain

[VIAX ALY2| < pvkikllyill2]lyzll2, (28)
which implies thaty, ., satisfies[(5).

APPENDIX I
PROOF OFTHEOREM[3

The proof is based closely on the work of Tropp [3]. From thanigle inequality,
Ixo — %P2 < [[X0 — Xor|l2 + [|Xor — XBP||2 (29)

wherex,, is the oracle estimator defined in_{10). Our goal is to sepbrditound the two terms on the right-hand
side of [29). Indeed, as we will see, the two constant&§ and 3+ in (19) arise, respectively, from the two terms

in (29).
Beginning with the term|xo — % ||2, let xp o denote the:-vector containing the elements ®f indexed byAy,
and similarly, letx,, » denote the corresponding subvectorxgf. We then have

XA — )A(OLA = XA — A;r\o (AX() + W)
= X0Q,A — ARO (AAOXO’A + W)
= Al w, (30)

where we have used the fact that,, has full column rank, which is a consequence [17] of the ciooli(17).
Thus,xp A — Xor,a IS @ Gaussian random vector with me@mand covariance2AROAR*0 =0?(A}, Ar,) "t



For future use, we note that the cross-correlation betvxmkorw and (I — AAOARO)W is
B{A} ww(I- Ap,A} )"} =o?AL (T- Ay AL )
=0, (31)
where we have used the fact [18, Th. 1.2.1] that for any ma¥fix
M M*M* = (M*M)'M* = M. (32)

Sincew is Gaussian, it follows thaAj\ow and(I—AAOARO)w are statistically independent. Furthermore, because
X0,A — Xor,A Oepends orw only throughARow, we conclude that

X0 — Xop IS Statistically independent dff — AAOARO)W. (33)

We now wish to bound the probability thiko —%..||3 > 3ko?. Letz be a normalized Gaussian random variable,
z ~ N(0,I;). Then

Pr{|x0 — %Xor||3 > 3ko?}

- Pr{HJ(AT\OAAO)_l/Qsz > 3k02}

< Pr{H(AzoAAU)—mHZ Iz)2 > 3k} (34)

where || M|| denotes the maximum singular value of the mafkik Thus, \|(A7\OAAO)—1/2|| = 1/Smin, Where
Smin IS the minimum singular value oA ,,. From the Gershgorin disc theorem [13, p. 320], it followstth

Smin > /1 — (k — 1)u. Using [1T), this can be simplified t@,;, > 1/2/3, and therefore

|(az,Aan) 2 < \/g (35)

Combining with [34) yields
Pr{|xo — %Xo:|3 > 3k} < Pr{|z|3 > 2k} . (36)

Observe that|z|3 is the sum ofk independent normalized Gaussian random variables. Thehand side of{36)
is thereforel — F\z (2k), whereF,:(-) is the cumulative distribution function of the’ distribution withk degrees
of freedom. Using the formula [1$16.3] for F\:(-), we have

Pr{|x0 — %[5 > 3ko®} < Q(3k, k) (37)
whereQ(a, z) is the regularized Gamma function
[ e at

Qa,z) = W. (38)
Q(3k, k) decays exponentially @ — oo, and it can be seen that
Q(k,k) < e ¥ for all k. (39)
We thus conclude that the event
%0 — Xor |3 < 3ko™ (40)

occurs with probability no smaller than— e~*/7. Note that the same technique can be applied to obtain bounds
on the probability that|xg — %.,||3 > ako?, for anya > % The only difference will be the rate of exponential
decay in[(3P). However, the distance betwegrnandx,, is usually small compared with the distance betw&gn
andxgp, So that such an approach does not significantly affect tleeativresult.
The above calculations provided a bound on the first terni @). (Po address the second teffR,, — Xpp||2,
define the random event
G : max |aj(I— AAOARO)b < iy (41)
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wherea; is theith column of A.. It is shown in [3, App. IV-A] that

Pr{G} >1— (m—k)exp (— " > . (42)

802
If G indeed occurs, then the portion of the measurembnighich do not belong to the range spaceAf, are

small, and consequently it has been shown [3, Cor. 9] thathig case, the solutiokgp to () is unique, the
support ofxgp is a subset of\(, and

H)A(BP - }A(orHoo S %7 (43)
Since bothxgp andx,, are nonzero only i\, this implies that
1XBP — Xor|l2 < 37VE. (44)

The event? depends on the random variabieonly through(I — AAOARO)W. Thus, it follows from [(3B) that
G is statistically independent of the evehtl(34). The prolitgithat both events occur simultaneously is therefore
given by the product of their respective probabilities. thes words, with probability exceeding (18), bothl(44)
and [40) hold. Using (29) completes the proof of the theorem.
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