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Covariance estimation in decomposable

Gaussian graphical models
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Abstract

Graphical models are a framework for representing and ékpdoprior conditional independence structures
within distributions using graphs. In the Gaussian casese¢hmodels are directly related to the sparsity of the
inverse covariance (concentration) matrix and allow foprioved covariance estimation with lower computational
complexity. We consider concentration estimation with thean-squared error (MSE) as the objective, in a special
type of model known as decomposable. This model includesxXample, the well known banded structure and other
cases encountered in practice. Our first contribution isddrésation and analysis of the minimum variance unbiased
estimator (MVUE) in decomposable graphical models. We igewa simple closed form solution to the MVUE and
compare it with the classical maximum likelihood estimafiiLE) in terms of performance and complexity. Next,
we extend the celebrated Stein’s unbiased risk estimat®E3tb graphical models. Using SURE, we prove that the
MSE of the MVUE is always smaller or equal to that of the biabticE, and that the MVUE itself is dominated by
other approaches. In addition, we propose the use of SUREasstructive mechanism for deriving new covariance
estimators. Similarly to the classical MLE, all of our preed estimators have simple closed form solutions but result
in a significant reduction in MSE.

I. INTRODUCTION

Covariance estimation in Gaussian distributions is a wabksand fundamental problem in statistical signal
processing. Many applications, varying from array proesto functional genomics, rely on accurately estimated
covariance matrices [1], [2]. Recent interest in infereimchigh dimensional settings using small sample sizes has
caused the topic to rise to prominence once again. A natpmbach in these settings is to incorporate additional
prior knowledge in the form of structure and/or sparsity nder to ensure stable estimation. Gaussian graphical
models provide a method of representing conditional inddpeace structure among the different variables using
graphs. An important property of the Gaussian distribigids that conditional independence among groups of
variables is associated with sparsity in the inverse camag. Due to the sparsity, these models allow for efficient

implementation of statistical inference algorithms, gtlge iterative proportional scaling technique [3], [4].
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Over the last years, statistical graphical models wereesstally applied to speech recognition [5], [6], image
processing [7], [8], sensor networks [9], computer netwoik0] and other fields in signal processing. Efficient
Bayesian inference in Gaussian graphical models is wedlbéished [11], [12], [13]. Estimation of deterministic
parameters received less attention, but have also beendeoes implicitly, e.g., the recent works on inverse
covariance structure in the context of state of the art apragessing [14], [15].

Estimation of deterministic parameters in Gaussian ggbhinodels is basically covariance estimation since
the Gaussian distribution is completely parameterizeddnosd order statistics. The most common approach to
covariance estimation is maximum likelihood. When no pimdormation is available, this method yields the sample
covariance matrix. It is asymptotically unbiased and effitibut does not minimize the mean-squared error (MSE)
in general. Indeed, depending on the performance measetter bstimators can be obtained through regularization,
shrinkage, empirical Bayes and other methods [16], [17],[119], [20], [21], [22].

Covariance estimation in Gaussian graphical models ieglthe estimation of the unknown covariance based
on the observed realizations and prior knowledge of the itional independence structure within the distribution
[4], [3], [23], [24]. The prior information allows for betteperformance with lower computational complexity.
Decomposable graphical models, also known as chordalargulated, satisfy a special structure which leads to a
simple closed form solution to the maximum likelihood estien(MLE) as well as elegant analysis. These models
include many practical signal processing structures sscth@ banded concentration matrix and its variants [14],
[25], [21], [22] as well as multiscale structures [7], [8].

Covariance selection is a related topic which addressepitiieproblem of covariance estimation and graphical
model selection. This setting is suitable to many modertiggipons in which the conditional independence structure
is unknown and must be learned from the observations. Numseselection methods have been recently considered
for both arbitrary graphical models [26], [27], [28], [299é decomposable models[30], [31]. Clearly, these methods
are intertwined with covariance estimation. For examle, latter is the core of the intermediate steps in many of
the advanced greedy stepwise selection methods.

In this paper, we consider inverse covariance estimatiodeitomposable Gaussian graphical models with the
mean-squared error (MSE) as our objective. Except for thar monditional independence structure, we do not
assume any prior knowledge on the covariance and treat inasn&nown deterministic parameter. Our main
contribution is the derivation of the minimum variance wadgd estimator (MVUE) of the inverse covariance.
Similarly to the MLE, the MVUE has a simple closed form sabdatiwhich can be efficiently implemented in a
distributed manner. Moreover, it minimizes the MSE amoriguabiased estimators. We also prove that it has
smaller MSE than the biasd MLE. The proof is based on an eixters the celebrated Stein unbiased risk estimate
(SURE) [16], [32], [33] to Gaussian graphical models. UsBIJRE we prove that the MVUE dominates the MLE
in terms of MSE, i.e., its MSE is always smaller or equal ta tifathe MLE. In addition, we prove that the MVUE
itself is dominated by other biased estimators. Next, wgpse the use of SURE as a method for hyper-parameter
tuning in existing covariance estimation approaches, thg.conjugate prior based methods proposed in [34], [35].

The outline of the paper is as follows. We begin in Section hieve we formally define decomposable graphical
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models, provide a few illustrative applications, and fotaté the estimation problem. In Section Ill, we review
the classical MLE approach and derive the finite sample MVUMEXt, in Section IV we consider SURE and

its applications. While our estimators have lower MSE, theguire more samples in order to ensure positive
semidefiniteness. This issue is addressed in Section V. \Aiade the performance of the different estimators
using numerical simulations in Section VI, and offer cowlhg remarks in Section VII.

The following notation is used. Boldface upper case lettensote matrices, boldface lower case letters denote
column vectors, and standard lower case letters denotarscd@he superscripts)” and(-)~! denote the transpose
and matrix inverse, respectively. For setaindb, the cardinality is denoted bly:| and the set difference operator
is denoted bya \ b. The operator|X|| denotes the Frobenius norm of a matdx namely ||X|? = Tr(X*X),
andX > 0 means thaKX is positive definite. The zero fill-in operat@i0 outputs a conformable matrix where the
argument occupies its appropriate sub-block and the retlteomatrix has zero valued elements (See [3] for the

exact definition of this operator).

II. COVARIANCE ESTIMATION IN GRAPHICAL MODELS

In this section, we provide an introduction to decompos&aessian graphical models based on [3] along with
a few motivating applications for their use in modern statid signal processing. Then, we formulate the inverse

covariance estimation problem addressed in this paper.

A. Decomposable Gaussian graphical models

Graphical models are intuitive characterizations of ctadal independence structures within distributions.
An undirected graptg = (V, E) is a set of noded” = {1,---,|V|} connected by undirected edgés =
{(i1,51) -~ (ije), Jip|) }» Where we use the convention that each node is connectesktf) ite., (i, i) € E for all
i € V. Letx be a zero mean random vector of lengtk= |V| whose elements are indexed by the node¥ ifThe
vectorx satisfies the Markov property with respectdo if for any pair of non-adjacent nodes the corresponding
pair of elements i are conditionally independent of the remaining elemengs, [k|, and [x]j are conditionally
independent ofx|y, ; for any {i, j} ¢ E. For the multivariate Gaussian distribution, conditiomaipendence is

equivalent to conditional uncorrelation:

E{ (), = B {0 Ky, }) (8 = B{, [, })| K, =00 5} ¢ B (1)
Simple algebraic manipulations (see Appendix 1) show thatig equivalent to

K],.=0 for all {i,j} ¢ E. 2

i,j
whereK is the concentration (inverse covariance) matrixxafefined as

K= (E{xx"})"". 3)
To summarize, Gaussian graphical models are directlyegltt sparsity in the concentration matkx Therefore,

throughout this paper we focus dd and parameterize the Gaussian distribution using the cdrat®n matrix

rather than the covariance matrix.
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Decomposable models are a special case of graphical madelhich the conditional independence graphs
satisfy an appealing structure. A graph (or subgraph) ispteta if all of its nodes are connected by an edge. A
subsetc C V separatesa C V andb C V if all paths froma to b intersecte. A triple {a,c,b} of disjoint subsets
of G is a decomposition o if V = a U c U b, c separatess and b, and c is complete. Finally, a grapty is
decomposable if it is complete, or if it can be recursivelgalaposed into two decomposable subgra@hs. and
Geup-

It is convenient to represent a decomposable graph usingesi A clique is a maximal complete subset of
nodes. IfG is decomposable then there exists a sequence of cliques- , Cx which satisfy gperfect elimination

order. This order implies thaf H;_1\S;, S;, R;} is a decomposition of the subgraghy;, where

Hj = CiUCU---UC;, j=1,- K (4)

For later use, we denote the cardinalities of the cliquessapdrators byCy| = ¢, and|Sk| = sk, so that

ch—Zsk:p. (7)

Consequently, if a Gaussian multivariatesatisfies a decomposable graphical model over the géaphen its

concentration matri¥< belongs to the set of decomposable sparse positive seniideafiatrices:
K = {K:K=0, Kl g =0 j=2 K} ®

Decomposable graphical models appear in many signal mioceapplications. We now review a few represen-
tative examples:
« Diagonal or block diagonalA trivial graphical model is the diagonal or block diagonabdel, in which the

cliques are non-overlapping. For example, the followingrm&as two cliques”; = {1,2} andCy = {3,4,5}:

o¥6

0o
ORO=0 K = oo o). ©)
00 0

O od
« Two coupled blocksThe simplest non-trivial decomposable graphical modehéstivo coupled blocks. For

example, the following matrix has two cliqués = {1,2,3} andCy = {3,4,5} coupled throught; = {3}:

@ O O O
| @ OO0 O
@ K=|0O 0O 0O 0O O (10)
O o o
O oo
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Note that the definition of decomposable model is that thay loa recursively subdivided into this main
building block.

« Banding:Another frequently used decomposable graphical modeled.ith order banded structure in which
only the L + 1 principal diagonals oK have non-zero elements. For example, the following magrigeinded

with L = 2:

o 0o 0O

@—@{3}@@ K= O 0O O ; (11)

o 0o 0O
o d

and has for clique€; = {1,2}, C; = {2,3}, C3 = {3,4} andCy = {4,5}. It is appropriate whenever the
indices of the multivariate represent physical quantisiesh as time or space, and the underlying assumption
is that distant variables are conditionally independentlofer variables. A special case of this structure is
the autoregressive (AR) model. The AR model is stationary laads to a banded Toeplitz matrix. The more
general banded graphical model corresponds to a non+siayi@utoregressive process. It was recently shown
that this structure is a good model for state-of-the-araraystems [14] (see also [25]). A natural extension of
the L'th banded model is differential banding in which multiplertd lengths are utilized. It is straightforward
to show that the corresponding graph is still decomposalitle gliques of different cardinalities. This form
was empirically validated to be a reasonable model in calteremanagement in operations research [35].

o Arrow (Star): Another common decomposable graphical models takes thm &fran arrow motif in the
concentration matrix. This structure is appropriate whieeré is a single common global sub-block and
numerous local sub-blocks which are conditionally indefgsm given the global variables. For example, the

following concentration matrix specifies an arrow graphioadel

OWPo ‘oo oo o)
(1] O O
0 0 K=|0O O , (12)
O
O

(]
0

with cliquesCy = {1,2}, C; = {1,3}, C3 = {1,4} andC, = {1,5}. A typical signal processing application
is a wireless network in which the global node is the access pmd the local nodes are the terminals. Other
applications of these models are discussed in [36].

« Multiscale: A common graphical model in image processing is based on thkisgale (multiresolution)
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framework. Here, the decomposable graph is a tree of nodedidoes) [7], [8]:
@ [ O 0o d ]
v
@ o d O O

VAN N O O O O
@@@@ K = 0 O : (13)

B. Problem formulation

We are now ready to state the problem addressed in this dagtet. be a lengthp zero mean Gaussian random
vector, with concentration matriK € K as in (8). Givenn independent realizations of denoted by{x[:]}7_,,
and knowledge of the conditional independence structuregoal is to derive an estimal€ of K with minimum
MSE, where the MSE is defined as

MSE(K) = E{

K—KHQ}. (14)

Here the norm is the matrix Frobenius norm. The MSE in (14) faraction of the unknown parametd€ and
cannot be minimized directly. This dependency is the mdiicdlty in minimum MSE estimation of deterministic
parameters, in contrast to the Bayesian framework in whHiehMSE is a function of the distribution &€ but not
of K itself. More details on this issue can be found in [37].

Due to the difficulty of minimum MSE estimation, it is customao restrict attention to unbiased estimators.

For this purpose, the MSE is decomposed into its squaredaids/ariance components defined as
MSE(K) = BIAS?(K)+ VAR (K) (15)
where

BIAS? (K)

|z {&} x|
E{HK—E{K}HQ} (16)

We call K an unbiased estimator if BIAE) = 0. Although the variance may also dependl&n asymptotically

VAR (K)

in many cases an unbiased estimate exists that minimizels|8te

Our choice of MSE ofK as a performance measure requires further elaboratiome Bre numerous competing
metrics which could have been adopted: MSEf!; weighted norms; Kullbuck-Leibler based distances and
others. Each of these measures will lead to different ettirnaWe focus on the MSE of the inverse covariance
due to the following reasons. Graphical models specify tnectire of the concentration matrix rather than the
structure of the covariance matrix so that the ocnetnratmms to be a more intuitive paramter. Furthermore, the

concentration is the natural parameter of the GaussiarikdiSon as an exponential family [3]. It is parameterized

March 7, 2009 DRAFT



by the free variables associated with the cliques, and hasvadues elsewhere. In contrast, the covariance matrix
is not a natural parameter and has unnecessary and furlstiolependent variables outside the cliques. When
included in the performance measure, these variables nashethavior of the free variables within the cliques.

Some of the results in this paper, such as the SURE identity,atso be applied to other performance measures.

1. M AXIMUM LIKELIHOOD AND MINIMUM VARIANCE UNBIASED ESTIMATIO N

In this section, we review the classical MLE approach to iggecovariance estimation in decomposable Gaussian

graphical models and then derive the MVUE estimator.

A. Maximum likelihood estimation

We begin with a short review of the sufficient statistics andBvapproach. For a more detailed treatment the
reader is referred to [3].
When no prior information is available and the model cossidtone cliqueC; = {1, - - ,p}, the model is said

to be saturated. In this case, a minimal sufficient statfsticestimatingK is the sample covariance matrix

S = Z x[i)x" [i] 17)
i=1
Its distribution is Wishart withn degrees of freedom and natural paraméger
P (§; K) = W, (g;n, K)
_ |§‘% |K|% o~ 3Tr{KS} (18)

2T, (3)
wherel', (-) is the multivariate Gamma function. In graphical models,khown conditional independence structure
specifies some of the entries Kf and the complete sample covariance is no longer necessamnifmal sufficient
statistic is the incomplete matr& defined as
[a i, {Z, .7} €eE

8lis = ? else

i,j

(19)

where? denotes unspecified elements. In particulag is decomposable then only the sub-blocks associated with

cligues and separators

St = [Slg,onr k=1, ,K
S = [S]Sk,Sk ;o k=2, K (20)
are necessary. Their marginal distributions are also Wisha
p <sk; ([K_l}ck,ck)_l> = W, <Sk§n, ([K‘l]ckjck)_l)
p <S[k]? ([Kl]sk,sk)_l> = W, <S[’€]§"7 ([Kl}sk,sk)_l) : (21)
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Their joint distribution, denoted by (S), is derived by marginalization of the distribution $fover the unnecessary

elements, and is known as the hyper Wishart distribution [24

[Lip (Sk; ([Kl]ck,ck)_l)
Iip (Sm% ([K‘l]sk.,sk)l) |

The simple product form of the distribution is a direct cansence of the decomposable structure.

p(S;K) (22)

Gaussian graphical models are regular models in the expiahtamily. By appropriate definitions that transform
the variables from matrices to vectors and take into acctiiensymmetry, both the Wishart and the hyper Wishart
distribution can be written as natural exponential distidns. In Appendix Il, we provide a few known results on
this family that will be used in the sequel.

The MLE of K is defined a5

Kwe = argmaxlogp(S:K), (23)

and has the following closed form solution [3]

K K
. .40 .10
Kwe = > [n8:")" =3 [nsyf] - (24)
k=1 k=2
It exists with probability one if and only if» > maxy ¢, in which case it is positive semidefinite. It is locally

consistent in the sense that the local and global versiotiseo€liques agree with each other:
- 1
{K,\]EE} — 28, k=1, K. (25)

Both of these properties suggest that the MLE in a decompmsabdel performs as if the model was block
diagonal with non-overlapping cliques,.

In general, the MLE is a biased estimator and does not mieirtiiz MSE. One of the main motivations for
the MLE is that asymptotically im it is an MVUE. Therefore, we now address the finite sample MVIUE
decomposable graphical models. Interestingly, we willvshioat the MVUE does not behave as if the model was
block diagonal and improves performance by taking into antdhe coupling between the cliques. We will also

see that it dominates the MLE, namely its MSE is smaller fopaksible values oK.

B. Minimum variance unbiased estimation

For finite sample size, the MVUE is provided in the followirigebrem.

Theorem 1:The estimator
K

K
KMVUE = Z [(n —cp—1) S,:l]o - Z [(n —s—1) S[;ﬂo (26)

k=1 k=2
exists with probability one if» > maxy, ¢, and is the minimum variance unbiased estimator (MVUEKOE C

given the incomplete sample covariance maSix
TAn alternative but equivalent definition Kme = arg maxiex logp (S; K).
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The proof is available in Appendix Il and is based on the galngiVUE for exponential family distributions.
Theorem 1 specifies the MVUE d& in decomposable graphical models. The estimator is similatructure
and complexity to the MLE in (24) and it is easy to see that gaptically in n the two estimators are equivalent.
In the saturated case the MVUE is a scaled version of the MhEmény signal processing applications (e.g.,
principal component analysis) the overall performancendifierent to a change in scaling of the covariance. In
decomposable graphical models, the MVUE is not a simplecatirgy of the MLE and there may be practical

performance gains to its use with almost no additional acostomputational complexity.

Recall that the MLE requires only > maxy ¢, samples in order for it to exist and be positive definiteness.
This is not true for the MVUE which may require more samplegnsure positive semidefiniteness. For example,
consider a simpléd = 2 cliques model. Using the matrix inversion formula for péotied matrices [38, page 572],

it can be verified that

[KQ\I/UE} 2.5 = n%p—l [5]52,52 : (27)
A necessary condition for positive definiteness with pralitgbone of Kwvue is [IA{,\_,,\I,UE]S}S2 = 0 which is
equivalent ton > p+ 1. Thus, althoughm > max, ¢; suffices for existence of an estimator it is meaninglessssnle
n > p+ 1. Identity (27) may suggest that the MVUE is locally congisteut it can be verified that this is not true,
ie.,
[Ke]  #——s, (28)
Cr,Cry " n—p-—1

for k£ = 1, 2. Evidently, in contrast to the MLE, the MVUE does not behagdfahe model were block diagonal
and it accounts for the coupling between the cliques.

The MVUE minimizes the MSE over the class of unbiased estinsafThis is an important property but it does
not ensure optimality over all estimators, biased or urddlatn the next section, we prove that the MVUE actually

dominates the biased MLE in terms of MSE performance.

IV. STEIN'S UNBIASED RISK ESTIMATE(SURE)

Stein’s unbiased risk estimate (SURE) provides an unbiagguoximation of the MSE. The SURE approach
was originally applied to the estimation of a Gaussian meararpeter [16]. It was generalized to the Wishart
distribution in [16], [17], and later extended to the natyrarameters of any exponential family distribution in [32]
[33]. The following theorem extends these results to Gamsgraphical models.

Theorem 2:Let S be an incomplete sample covariance matrix associated wgttaghical model = {V, E'} as

defined in (19), and leH (S) be a continuously differentiable matrix function 8f Then,

E{Tr {H(S)K}} = E{Tf{H(s)KMVUE +2VH (S)}} (29)
whereKyyue is the MVUE of K given S and the differential operator is@ax p matrix with elements
asaij =]
V=9 a8 i#i{ijl€E (30)
0 else
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The proof is available in Appendix Il and is based on the gain8LJRE approach to estimation in exponential
family distributions. The theorem holds for any Gaussiaapical model but is useful only when the MVUE
can be evaluated. In the decomposable case, the MVUE isdaavn (26) and the differential operator has the

appealing form:
K

K
v o= - V) (31)
k=2

k=1
whereV, = [V]Ck o andV, = [V]sk s, are thecy, x ¢, andsy, x sy, differential operators within the saturated

cligues and the saturated separators, respectively.

In the following subsections, we apply SURE to the derivatamd MSE analysis of several estimators.

A. MVUE dominates MLE

Ouir first application of Theorem 2 is to prove that the MLE iadmissible and dominated by the MVUE:
Theorem 3:The MVUE in (26) dominates the MLE in (24) in terms of MSE:

. 2 . 2
E{HKMVUE_KH } SE{HKMLE—KH }, (32)
for all K in the setk defined in (8).
Proof: The difference in MSEs is

N 2 “ 2
o = 2 { e -]} - 2 e - <[}

~ 2 “ 2
(T N

= E{_HHH2 _4Tr{VH}} (33)

where we applied Theorem 2 with

H = Kwue — Kue (34)
K K 0
= _[Z(Ck+1 Zsk+1[ }]
k=1 k=2
Therefore, in order to prove that< 0 it is sufficient to show that
Tr {VH} > 0. (35)
From [17, (5.4)iii]:
1 1
Tr{ViS; '} = —gTe{S.%} - ;T {s, '}
-1 _ 1 - Lo
T‘T{V[k]s[k]} - —§ﬂ{sm} ST {S[k]} (36)
Therefore,
1 K K
Tr{VH} = [Z (e +1) [Tr {872} + T2 {851 }] = 3 (s + 1) e {82} + ™ {sml}”
k=1 k=2
> Lt ZK:Tr{SQ}—Tr{S e (st} - {spl | =0 (37)
=g \%k ~ k (K] (K] =
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where we have used, > s, for k=2,--- , K and

Tr{s,;l}zTr{s[—k]l}, k=2 K, (38)
Tr{s,;Q}zTr{s[—k]?}, k=2 ... K. (39)
The last two inequalites follow from Appendix IIl. [ ]

B. MVUE is inadmissible

We now use SURE to prove that the MVUE is inadmissible sinseMBE can be improved upon by another
biased estimator.
Theorem 4:The estimator

K 0 1
KBE = [(n—ck—l Z{n—sk [k]l] e | (40)

Tr{S}
k=1 k=2
dominates the MVUE in (26) in terms of MSE:

5 {kee - x|} < £

for all K in the setC defined in (8).
Proof: The difference in MSEs is

2 { [Roe [} - £ { [ Runwe -}
- E {—2ﬂii:\;%} + TrQP{S} +2ﬂ{Tris}IK}}

_ E{_2TI“{KMVUE}+ p +2’I‘r{KMVUE}+4Tr{V 1 I}}

Nk

2
KH } (41)

)

Tr {S} Tr? {S} Tr {S} Tr {S}
- o+t
- E{‘ﬂSIES}}SO “
where we applied Theorem 2 wit = ;151 and used the identity
vV } ST T @)
]

Theorem 4 proves the inadmissibility of the MLE and MVUE inyatlecomposable graphical model. This
contribution extends the results in [39], [36], [40]. Theesific form of Kge is not of significant importance and
was chosen for simplicity. It is based on a similar Efron-kkotype estimator derived for saturated models in [18].

Finally, it is worth mentioning that Theorem 4 is an examplahe well known Stein’s phenomenon in which
the simultaneous estimation of multiple unrelated paransatan be more accurate than estimating them separately.

Indeed, the simplest case of decomposable models is therdiagor block diagonal) inverse covariance matrix
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in which Sy, are statistically independent of each other and dependfaratit parameters. Theorem 4 establishes

that joint estimation can be improved by global shrinkage.

C. SURE based parameter tuning

The main application of SURE in signal processing is paramteining [41], [33], [42]. Thus, we now illustrate
how automatic parameter tuning in decomposable graphioaeis can utilize SURE.
Consider a class of estimators parameterized by one or naseangters. For simplicity, we restrict ourselves to

a special class of estimators with one design parameter:
K K

Ri = Ylo-a-1-08" - [0-s-1-as3]]" ()

k=1 k=2
parameterized byl. Given this class of estimators, we would like to find the paaterd which minimizes the

MSE:
~ 2
mde{HKd—KH } (45)
or excluding constant terms
L2 .
minE{HKdH 9Ty {KdK}} (46)
d
Solving (46) is difficult as the expectation and the secomdhti the objective depend oK which is unknown.

Instead, we propose to use the SURE result in Theorem 2 afatecine unknown MSE with its unbiased estimate:
.2 . .
mdin HKdH —2Tr {KdKMVUE + 2VKd} ) (47)
Substitution ofK, from (44) and excluding constant terms yields
min d* |D|*> + 4dTr {VD} (48)
where

D= ij: 81" - kz {S[—kﬂo . (49)

1 =2
Finally, solving ford results in
—2Tr{VD}
D
O (s - i T s+ 2 R {s ) - i o { s 50
= e ,
= 5 - i [

Simulation results presented in Section VI shows promigiegormance gains. While we adopted a particularly

d =

where we have used (36).

simple class of estimators in (44) more advanced estimdémses can likely be treated as well. For example,

state-of-the-art methods for covariance estimation irodgmsable graphical models involve the use of Bayesian
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methods and conjugate priors [34], [35]. These distrimgiadlepend on tuning parameters that must be chosen
beforehand or estimated from the available data. Currethithse parameters are chosen through cross validation,

or empirical Bayes methods. It would be interesting to exemnihe use of SURE as an alternative.

V. POSITIVE PART ESTIMATORS

In the previous sections we proposed estimators which dateithe MLE in terms of MSE. The conditions for
their existence are similar to those of the MLE, however thegy require more samples in order to be positive
semidefinite. For small sample size, we propose to projesdettestimators onto the set of decomposable positive
semi-definite matrice& in (8). We prove that this projection results in legitimatsjive semidefinite estimators
with better or equal MSE performance.

Let K be a given estimator dk. DefineK as the projection oK onto the sei in (8)

— a2
K = arg min HK—K
KeKk

(51)

The optimization (51) can be expressed as a semidefinitagmo(SDP). Therefore, the projected estimdcan
be efficiently computed using standard SDP optimizatiorkages, e.g., [43]. The following theorem states that
the projected estimator reduces the error with probalilitg.

Theorem 5:Let K be a given estimator dK € K and defineK as its projection in (51). Then,

K- <[k x| (52)

with probability one for allK in the setk in (8).
Proof: The proof is based on the convexity of the &&in (8) and the classical theorem of projection onto

convex sets (POCS). POCS states that [44]
T _
Tr{(K—K) (K—K)}go, (53)

for everyK € K. Adding and subtractind in the first parenthesis yields

HK—KHQgT‘r{(K—K)T(K—K)}. (54)
Application of the Cauchy Schwartz inequality results in
K -K|* <||x - K| [« - K]. (55)
and therefore
Ix-K|| < |&-K|. (56)

Since all of the above inequalities apply to any realizatiérthe random matrixK, (52) holds with probability
one. [ |
When solving (51) is too computationally expensive, we aaax the constraint set and consider the projection

onto the semidefinite cone:

min

R 2
K—KH . (57)
K>0
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Similarly to Theorem 5, the semidefinite conﬁK = 0} is a convex set and the solution to (57) domindesn

terms of MSE. Its main advantage is that it satisfies a simlgiged form. Let
K = UDU” (58)

be the eigenvalue decompositionk§fwhereU is a unitary matrix and is a diagonal matrix with the eigenvalues

[D],,;. Then, the projected estimator is equal to
K, =UD,U” (59)

whereD, is a diagonal elements with the elemefis, |,, = max{[D],,,0}. Due to its similarity to the positive-

% )

part shrinkage estimator in James-Stein regression, vee t@f(59) as the positive-part estimator.

VI. NUMERICAL RESULTS

Here we present results of numerical experiments in orddiusirate the performance of the above estimators. A
standard benchmark used for testing (inverse) covariasii@a&ion and covariance selection is the call center data
set [35], [21], [27]. Our goal is to demonstrate the estimafarecision rather than the model selection accuracy.
Therefore, we estimate the true call center covarianceixnasing fixed decomposable models as proposed and
discussed in [35]. Next, we artificially generateindependent and identically distributed realizations ahtly
Gaussian vectors which follow the true covariance strect\ive repeat this procedud®0 times and report the
average performance over these independent trials. Wehestihitee decomposable graphical models analyzed in
[35]:

1) Two coupled cliquesC; = {1,---,70} andCy = {61,---,100}.

2) Banding: an non-stationary autoregressive model with 239 and cliquesCy = {j,---,j + L} for j =

1,---,7 — p with an empirically validated bandwidth df = 20.

3) Differential banding: an empirically validated and refinbanding model in which the firé8 cliques have

a bandwidth ofL = 14 and in the following cliques the bandwidth is equalic= 4.
Throughout the simulations, we compare the performanchrektestimators: the MLE in (24), the MVUE in (26),
and the SURE based estimator in (44) witfgiven by (50). At each realization, we compute the estinsatord
check their semi-definiteness. When an estimator is notip@siemidefinite, we resort to its positive part projection
defined in (57). In Fig. 1-3 we present the normalized MSE eeffims| K — K ||2/||K||2 as a function of the sample
sizen.

It is easy to see the significant MSE performance advantagkeeoMVVUE and the SURE based estimators of
K as compared to the MLE. The gain is most significant when thelraun of samples is small. In this regime, the
MLE performs poorly and is actually worse than the zero estiim i.e., K = 0 which ignores the observations
altogether, whereas the newly proposed estimators progasmnable performance. In small sample sizes the MVUE
and SURE based estimators had to be adjusted using thefivpgsart variants. Simulation results (not reported)

suggest that the improvement in MSE due to the positive gijusément is negligible.
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normal i zed MSE

0 | | | | |
80 100 120 140 160 180 200
nunber of sanples (n)

Fig. 1. Two cligues model: significant MSE improvement widspect to MLE.

VII. CONCLUSION AND FUTURE WORK

In this paper, we suggested several alternatives to the MLEdncentration estimation in decomposable graphical
models. We derived the MVUE and further proposed two biastiinators that have lower MSE than the MLE.
The suggested estimators have simple closed form solutindstheir computational complexity is similar to the
MLE. In addition, we generalized SURE to decomposable gcapimodels.

Throughout this work, we assumed that the graphical modelesomposable and illustrated our results for
practical signal processing examples, e.g., banded amvastructured concentration matrices. Moreover, any
conditional independence graph can be approximated asmasable using available graph theoretical tools. An

important challenge for future work is the extension of cesults to non-decomposable graphs.
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normal i zed MSE

| |
60 65 70 75 80 85 90
nunber of sanples (n)

Fig. 2. Banding model: significant MSE improvement with mespto MLE.

APPENDIX |

SPARSITY IN THE CONCENTRATION MATRIX

In this section, we prove that for the Gaussian distributtonditional independence is equivalent to sparsity

in the inverse covariance. In order to simplify the notatiea definea = [x];, b = [x];, andc = [x],,; ;. The
conditional covariance ai andb givenc is defined as
Patic = E{(a—E{alc}) (b—E{blc})|c}. (60)
For the Gaussian distribution this covariance has a welliMnformula [38, Theorem 10.2]
Pable = E{ab} — E {ac”} [E {cc" }] - E{cb}. (61)
On the other hand, the joint covariancefb, andc is defined as
aa ac’ ab
K'=E ca cc’ cb . (62)

ba bcT  bb

Using the matrix inversion lemma for partitioned matrix [3tage 572], the top right element B is equal to
[K]ab = Qa\cpab\ch\acv (63)
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normal i zed MSE

0 1 1

| | | | |
40 45 50 55 60 65 70 75 80
nunber of sanples (n)

Fig. 3. Differential banding model: significant MSE improvent with respect to MLE.

wherep,;. is the conditional covariance and

Que = [E{aa) - E{ac"} [E{ec’}] " Bet)] (64)
Quoe = |E{0}-E{p[a < |} |E Z [0 o | E{ch}| . (65)

Therefore, if the conditional covariance is equal to zeentthe corresponding element in the concentration matrix
is also equal to zero:

Pablc = 0 <~ [K]ab =0. (66)

APPENDIXII

MVUE AND SUREIN THE NATURAL EXPONENTIAL FAMILY

A natural exponential family is defined as
f(x;0) =k (x) 8 x=v(®), (67)
Its natural parameter i@ andx is a complete sufficient statistic. The MVUE for estimatifdgivenx is [32]
éMVUE = —%bg (k(x)) . (68)
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For any continuously differentiable function &fdenoted byh; (x), the following SURE identity holds [32], [33]

E{hi(x) 0]} =E {hi (x) [— 6102 %i]fx))] - a(;“[i]’f) } . (69)

3 3

Plugging in the MVUE vyields
E{hi(x) (0]} =F {hi (%) [éMVUEL —Tr { 8;;}5])? }} ; (70)

which has an intuitive interpretation: an unbiased esenwith; (x) [0], is obtained by simply replacin®@], with

its MVUE and adding a correction term.

- istribution i - T i (p+1)
The Wishart distribution in (18) belongs to the natural exgatial family with parameteff being a2~ vector

with the elements in the upper triangular partléf and variablex being a@ vector with the elements in

the upper triangular part d with —1 and —2 factors on the diagonal and off-diagonal elements, resmbget

Therefore, the symmetric matrix version of the MVUE in (68) i

Kwue = 2Viog(k(S))

2Vlog |S] e

(n—p—-1)87! (71)

whereV is a symmetric differential operator

) s =
W}ij_{ 9 (72)

s A

This operator compensates for the factor 2 in the off diabeleaments of the derivatives since

0
mlog S| =[s7'],+[87'],,=2[87"], (73)
for symmetric matrixS andi # j.
Similarly, the SURE expression in (70) is given by [16], [4B]7]
E{Tt {HS)K}} =E{Tr{(n—p—-1)H(S)S™' +2VH(S)}}, (74)
and plugging in the MVUE yields
E{Tr{H(S)K}} = E {Tr {H (S) Kmvue + 2VH (S)}} . (75)

Gaussian graphical models also belong to the natural expi@héamily with parametef being a vector with
the non-zero elements in the upper triangular parKgfand variablex being a vector with the corresponding
elements ofS and their correction factors. This holds for any Gaussiaplgical model, but is not useful unless
we can evaluate the functidn(-) in (67) and its derivatives. In the case of decomposable isdde) has a simple

closed form. Indeed, plugging (18) into (22) yields

n—cp—1

K K a1
log (k(S)) = log|Sil~ 2 — > log[Se| * . (76)
k=1 k=1
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Therefore, the MVUE ofK is

Kuwue = 2Vlog(k(S))
K 0 K 0
= Yln-a-18"7" -3 [m-s -] (77)
k=1 k=2

and SURE is obtained by modifying the differential operaof75) to take into account only the non-zero elements

of K as expressed in (30).

APPENDIXIII

TECHNICAL INEQUALITIES
For simplicity, we partition the submatrix of theh clique as

A B
Sk = . ) (78)
B Sy
Proof of (38): Using the partitioned matrix inverse
-1

A B A1 ~AT'BS;
T - —1lpT 1 -1 —1pT 1 —1 (79)
BT Sy —S;BTAT S+ S /BTATIBS,
whereA = A — BS[*k]lBT. Therefore,
Tr{S;'} = Tr{a "} +Tr {8yl } + T {spBTA"Bs | > e {8} } (80)
k (k] (k] [k] | = (k] f >
where the last inequality is due to the positive semidefirits ofS; > 0 and its Schur complemer > 0.
Proof of (39): Using the partitioned matrix inverse onceiagee obtain
-2 — -2 -1 —21pT A —1 )
Tr{s;?} = m{a?}+on{aBsB A 4T sz}
29T A —1 -1 —1RT A -1 -1 2 —2
+2Tr {Sp7BTAT'BS ] } + Tr { (Sp/B"a'BS) } >Te {S7}. (81)
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