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Uncertainty Relations for Shift-Invariant Analog
Signals

Yonina C. Eldar

Abstract— The past several years have witnessed a surge of
research investigating various aspects of sparse represations
and compressed sensing. Most of this work has focused on the
finite-dimensional setting in which the goal is to decompose
a finite-length vector into a given finite dictionary. Underlying
many of these results is the conceptual notion of an uncertaty
principle: a signal cannot be sparsely represented in two
different bases. Here, we extend these ideas and results toet
analog, infinite-dimensional setting by considering signia that
lie in a finitely-generated shift-invariant (SI) space. Thi class
of signals is rich enough to include many interesting specia
cases such as multiband signals and splines. By adapting the
notion of coherence defined for finite dictionaries to infinie
Sl representations, we develop an uncertainty principle snilar
in spirit to its finite counterpart. We demonstrate tightness of
our bound by considering a bandlimited lowpass train that
achieves the uncertainty principle. Building upon these reults
and similar work in the finite setting, we show how to find a
sparse decomposition in an overcomplete dictionary by soirg
a convex optimization problem. The distinguishing featureof
our approach is the fact that even though the problem is
defined over an infinite domain with infinitely many variables
and constraints, under certain conditions on the dictionay
spectrum our algorithm can find the sparsest representation
by solving a finite-dimensional problem.

|I. INTRODUCTION

be used to establish uniqueness of sparse decompositions
in different bases representations. Furthermore, theemis
intimate connection between uncertainty principles arel th
ability to recover sparse expansions using convex program-
ming [6], [7], [11].

The vast interest in representations in redundant dictio-
naries stems from the fact that the flexibility offered by
such systems can lead to decompositions that are extremely
sparse, namely use only a few dictionary elements. However,
finding a sparse expansion in practice is in general a diffi-
cult combinatorial optimization problem. Two fundamental
guestions at the heart of overcomplete representations are
what is the smallest number of dictionary elements needed
to represent a given signal, and how can one find the sparsest
expansion in a computationally efficient manner. In recent
years, several key papers have addressed both of these
guestions in a discrete setting, in which the signals to be
represented are finite-length vectors [6], [7], [11], [12]3],

[14], [10], [8].

The discrete generalized uncertainty principle for pairs
of orthonormal bases states that a vectoRiM cannot be
simultaneously sparse in two orthonormal bases. The number
of non-zero representation coefficients is bounded below by

Uncertainty relations date back to the work of Weyl and the inverse coherence [6], [7]. The coherence is defined as

Heisenberg who showed that a signal cannot be localizedthe largest absolute inner product between vectors in each
simultaneously in both time and frequency. This basic prin- Pasis [15], [6]. This principle has been used to establish
ciple was then extended by Landau, Pollack, Slepian andconditions under which a conves optimization program
later Donoho and Stark to the case in which the signals arecan recover the sparsest possible decomposition in a dictio
not restricted to be concentrated on a single interval pJj, [ hary consisting of both bases [6], [7], [11]. These results
[3], [4]. The uncertainty principle has deep philosophical Where later generalized in [13], [12], [14] to represemtasi
interpretations. For example, in the context of quantum in arbitrary dictionaries and to other efficient reconstiarc
mechanics it implies that a particle’s position and momentu  algorithms [14].
cannot be simultaneously measured. In harmonic analysis it The classical uncertainty principle is concerned with ex-
imposes limits on the time-frequency resolution [5]. panding a continuous-time analog signal in the time and
Recently, there has been a surge of research into disfrequency domains. However, the generalizations outlined
crete uncertainty relations in more general finite-dimenai above are mainly focused on the finite-dimensional setting.
bases [6], [7], [8]. This work has been spurred in part by the In this paper, our goal is to extend these recent ideas and
relationship between sparse representations and the emerg results to the analog domain by first deriving uncertainty
field of compressed sensing [9], [10]. In particular, selera relations for more general classes of analog signals and
works have shown that discrete uncertainty relations canarbitrary analog dictionaries, and then suggesting caacre
algorithms to decompose a continuous-time signal into a
sparse expansion in an infinite-dimensional dictionary.

In our development, we focus our attention on continuous-
time signals that lie in shift-invariant (Sl) subspacesiof
[16], [17], [18]. Such signals can be expressed in terms of
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linear combinations of shifts of a finite set of generators: terms of sparse signal recovery from the given samples. In
N the second stage, we exploit results on infinite measurement
a(t) = Z Z ae[n)ée(t — nT), 1) models (IMV) and multlple measurem_ent vectors_ (MMV)
[24], [22], [25], [26] in order to determine the active gen-
erators, by solving a finite-dimensional convex optimizati
whereg,(t),1 < ¢ < N are the Sl generators, andn] are  roplem. Finally, we use this information to simultanegusl
the expansions coefficients. Clearyy) is characterized by go|ve the resulting infinite set of equations by inverting a
infinitely many coefficients. [n]. Therefore, the finite results  inite matrix [27]. Our method works under certain technical
which provide bounds on the number of non-zero expansiongqngitions, which we elaborate on in the appropriate sactio
coefficients in pairs of bases decompositions are not immedi \ne also indicate how these results can be extended to more
ately relevant here. Instead, we characterize analogigpars general classes of dictionaries.
as the number of active generators that comprise a given" The paper is organized as follows. In Secfidn Il we review
representation, where thigh generator is said to be active he generalized discrete uncertainty principle and intoed
if as[n],n € Z is not identically zero. the class of analog signals we will focus on. The analog
Starting with expansions in two orthonormal bases, We yncertainty principle is formulated and proved in SecEln |
show that the number of active generators in each represeny, gectior{1¥ we consider a detailed example illustrating th
tation obeys an uncertainty principle similar in spirit @t gnaj0g uncertainty relation and its tightness. In particule
of finite decompositions. The key to establishing this fefat  htroduce the analog version of the maximally incoherent
is in defining an analog coherence between the two basesgpike-Fourier pair. Sparse decompositions in two orthonor
Our definition replaces the inner product in the f|n|te_sgtt|n mal analog bases are discussed in Sedfbn V. These results
by the largest spectral value of the sampled cross-coelat 5,6 extended to arbitrary dictionaries in Secfioh VI.
between basis elements, in the analog case. The similarity |, the sequel, we denote signals i, by lower case
between the finite and infinite cases can also be seen byegtters e.g., z(t), and SI subspaces df, by A. Vectors
examining settings in which the uncertainty bound is tight. i, ©N¥ are written as boldface lowercase lettergy., x
the discrete scenario, the lower uncertainty limit is agbie  ang matrices as boldface uppercase letéegs, A. The ith
by decomposing a spike train into the spike and Fourier element of a vectok is denotedz;. The identity matrix of
bases, which are maximally incoherent [4]. To generalize appropriate dimension is written ds For a given matrix
this result to the analog domain we first develop an analogp A7 AH gare its transpose and conjugate transpose
spike-Fourier pair and prove that it is maximally incohéren respectively,A, is its ¢th column, andA’ is the ¢th row.
The analog spike basis is obtained by modulations of theThe standard Euclidean norm is denoted|, = VxHx
basic lowpass filter (LPF), which is maximally spread in |y, — S, || is the £, norm of x, and |x[| is the
frequency. In the time domain, these signals are given by carginality of x namely the number of non-zero elements.
shifts of the sinc function, whose samples generate shiftedtpe complex conjugate of a complex numbeis denoted
spikes. The discrete Fourier basis is replaced by an analog; The Fourier transform of a signalt) in L is defined as
Fourier basis, in which the elements are frequency shiftsX(w) _ foo x(t)e~ 7wt dt. We use the convention that upper
. . . . o
of a narrow LPF in the continuous-time frequency domain. case etters represent Fourier transforms. The disdrete-t

Tightness of the uncertainty relation is demonstrated by goyrier transform (DTFT) of a sequenep] in ¢, is defined
expanding a train of narrow LPFs in both bases. by X(e%) = S z[n]e=3". To emphasize the fact

n=—oo

We next address the problem of sparse decomposition ingnat the DTFT is2r-periodic we use the notatiaf (/)
an overcomplete dictionary, corresponding to using more

than N generators in[{1). In the finite setting, it can be Il. PROBLEM FORMULATION
shown that under certain conditions on the dictionary, a . . o

sparse decomposition can be found using computationaIIyA' Discrete Uncertainty Principles
efficient algorithms such a& optimization [19], [7], [11], The generalized uncertainty principle is concerned with
[9]. However, directly generalizing this result to the angl pairs of representations of a vectore RY in two different
setting is challenging. Although in principle we can define orthonormal bases [6], [7]. Suppose we have two orthonor-
an ¢, optimization program similar in spirit to its finite ~Mal bases foRY: {¢,,1 < ¢< N} and{y,,1<¢< N}.
counterpart, it will involve infinitely many variables and Any vectorx in RY can then be decomposed uniquely in
constraints and therefore it is not clear how to solve it in terms of each one of these vector sets:

practice. Instead, we develop an alternative approach by N N

exploiting recent results on analog compressed sensirjg [20 X = Z arpy = Z berp,. (2)

[21], [22], [23], that leads to a finite-dimensional convex £=1 =1

problem whose solution can be used to find the analog spars&ince the bases are orthonormal, the expansion coefficients
decomposition. Our algorithm is based on a three-stageare given bya, = qbng andb, = z/:ng. Denoting by®, ¥
process: In the first step we sample the analog signal iggorin the matrices with columng,, 1>, respectively,[(2) can be
the sparsity, and formulate the decomposition problem in written asx = ®a = ¥b, with a = ®'x andb = ¥’x.

=1 nezZ
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The uncertainty relation sets limits on the sparsity of the we consider. A popular model in signal and image processing
decomposition for any vector € RY. Specifically, letA = are signals that lie in S| spaces. A finitely generated SlI
lallo and B = ||b||o denote the number of non-zero elements subspace i, is defined as [16], [17], [18]:
in each one of the expansions. The generalized uncertainty

N
pr|nC|p|e [7]’ [6] states that A= {,T(t) _ Z Z ag[n]¢g(t . TLT) . ag[n] c Zg} ) (6)
LA+B) > VAB> —— ©) (=1nez
2 we, ) The functionse,(t) are referred to as the generators.4f
where u(®, ¥) is the coherence between the badesnd Examples of Sl spaces include multiband signals [20], [23]
W and is defined by and spline functions [29], [27]. Expansions of the typE (6)
T are also encountered in communication systems, when the
W, ) = max |62 . () analog signal is produced by pulse amplitude modulation. In

The coherence measures the similarity between basis ele!he Fourier domain, we can represent arfy) € A as

ments. This definition was introduced in [15] to heuristigal N ‘
characterize the performance of matching pursuit, and late X(w) = ZAe(ewT)@z(w), (7)
used in [6], [7], [12], [14] in order to analyze the basis =1
pursuit algorithm. where

It can easily be shown that/vN < u(®,¥) < 1 A7) = 3 aglnjeinT ®)
[6]. The upper bound follows from the Cauchy-Schwarz nez

inequality and the fact that the bases elements have norm _ o
1. The lower bound is the result of the fact that the matrix 'S the DTFT ofa[n] at frequencyT’, and is2r/T" periodic.

M = &7 W is unitary and consequentlyl” M = Iy. This In order to guarantee a unique stable representation of
in turn implies that the sum of the squared elementd/bf 2N Signal inA by a sequence of coefficients[n], the
is equal toNV. Since there ar&/2 variables, the value of the generatorgy, (t) are typically chosen such that the functions

largest cannot be smaller thariv/N. The lower bound of {ée(t —nT),n € Z,1 < ¢ < N} form a Riesz basis for
1/v/N can be achieved, for example, by choosing the two L>. This means that there exist constants- 0 and§ < oo
orthonormal bases as the spike (identity) and Fourier basesuch that
[4]. With this choice, the uncertainty relatio] (3) becomes

A+ B>2VAB >2VN. (5)

Assuming v/N is an integer, the relations in](5) are all
satisfied with equality whex is a spike train with spacing
VN, resulting inv/N non-zero elements. This follows from
the fact that the discrete Fourier transfornxat also a spike
train with the same spacing. Therefoxegan be decomposed
both in time and in frequency int¢/ N basis vectors.

As we discuss in Sectiof]V, the uncertainty relation
provides insight into how sparse a signalcan be rep- al < M¢¢(ej“) < pI, ae.w, (10)
resented in an overcomplete dictionary consisting ®f
and . It also sheds light on the ability to compute such Where
decompositions using computationally efficient algorighm Rprp (€7%) ... Ry oy (€79)
Most of the research to date on sparse expansions has M,y (e7) = . . .
focused on the discrete setting in which the goal is to o o
represent a finite-length vectarin R in terms of a given Rone: (€7) ... Royon(e?) 11)
dictionary using as feyv elements. as poss@le. First gengraland for any two functions(¢), ¢»(t) with Fourier transforms
steps towards extending the notions and ideas underlying

; . D(w), ¥U(w),
sparse representations and compressed sensing to thg analo
domain have been developed in [20], [22], [23], [28]. Here o 1 —(w 27 w 27
we would like to take a further step in this direction by Roy(e’) = T Z@ < k) v <f - Tk) - (12)
extending the discrete uncertainty principle to the analog

2

alal® < < Bllall®, (9

N
Z Z ae[n]ge(t — nT)

=1 nez

where [|a]|2 = Y, > nezlae[n]|?, and the norm in the
middle term is the standarB, norm. Condition[(B) implies
that anyz(t) € A has a unique and stable representation in
terms of the sequences|n]. By taking Fourier transforms
in @) it follows that the shifts of the generatats(t) form

a Riesz basis if and only if [17]

)

T
keZ

setting. Note that R,y (e’*) is the DTFT of the cross correlation
sequencergy[n] = (¢t —nT),(t)), where the inner
B. Shift-Invariant Signal Expansions product onL, is defined as

In order to develop a general framework for analog uncer-
tainty principles we first need to describe the set of signals

(s(t), z(t)) = / T st (13)

— 00



4
In Sectior'V] we consider overcomplete signal expansionsnot immediately clear how to define the notion of analog
in which more thanV generatorg,(t) are used to represent sparsity.
a signalz(t) in A. In this case[(9) can be generalized to allow  In our development, analog sparsity is measured by the
for stable overcomplete decompositions in terms of a framenumber of generators needed to represefi). In other
for A. The functions{v,(t —nT),n € Z,1 < ¢ < M} form words, some of the sequencaesn| in (@) may be identically
a frame for the Sl spacel if there exist constanta > 0 zero, in which case

and 8 < oo such that () = Z Z ao[nléu(t — nT), (19)
[l|=An€EZ

M
lzONF <Y Hwelt —nT),z(t))* < Blla(t)]3

where the notation¢| = A means a sum over at most

et (14) elements. Evidently, in our definition, sparsity is detereu

for all z(t) € A, where||z(t)||3 = (z(t), (t)). by the energy of the entire sequenggn] and not by the
Our main interest is in expansions of a signdt) in a values of the individual elements.
Sl subspaced of L, in terms of orthonormal bases fot. In general, the number of zero sequences depends on the
The generator§¢,(t)} of A form an orthonormal baglsf choice of basis. Suppose we have an alternative representa-
tion
(¢e(t —nT), ¢r(t = mT)) = Snmber, (15) 2(t) = S belnlyu(t — nT), (20)

for all ¢,r,n,m, where 6,, = 1 if n = m [¢|=B n€Z
and 0 otherwise. Since (¢¢(t —nT),¢.(t —mT)) =  where{yy(t)} also generate an orthonormal basis.forAn
(¢e(t — (n —m)T), ¢,(t)), (L3) is equivalent to interesting question is whether there are limitationsicand

(be(t — nT), bo(£)) = S00er- (16) B. In other words, can we have two representations that are

simultaneously sparse so that bothand B are small? This
Taking the Fourier transform of (IL6), the orthonormality question is addressed in the next section and leads to an

condition can be expressed in the Fourier domain as analog uncertainty principle, similar t0](3). In Section] IV
" we prove that the relation we obtain is tight, by construgtin
Ry, (€7%) = ber. (A7) an example in which the lower limits are satisfied.

As in the discrete setting we expect to be able to use fewer
generators in a Sl expansion by allowing for an overcomplete
dictionary. In particular, if we expand(t) using both sets
of orthonormal bases we may be able to reduce the number
of sequences in the decomposition beyond what can be
achieved using each basis separately. The problem is how
to find a sparse representation in the joint dictionary in
practice. Even in the discrete setting this problem is NP-
complete. However, results of [7], [13], [12], [14] show
that under certain conditions a sparse expansion can be
determined by solving a convex optimization problem. Here
we have an additional essential complication due to the fact
that the problem is defined over an infinite domain so that

Given an orthonormal basi§¢,(t — nT)} for A, the
unique representation coefficientg[n] in (G) are given by
ag[n] = {(¢e(t — nT), z(t)). This can be seen by taking the
inner product ofz(t) in (@) with ¢,.(¢ — mT) and using
the orthogonality relation[(15). Evidently, computing the
expansion coefficients in an orthonormal decomposition is
straightforward. There is also a simple relationship betwe
the energy of:(¢) and the energy of the coefficient sequence
in this case, as incorporated in the following proposition:

Proposition 1: Let {¢¢(t),1 < ¢ < N} generate an
orthonormal basis for a Sl subspack and letz(t) =

Zévzl > nez ae[n]de(t —nT'). Then

T 17X . ) it has infinitely many variables and infinitely many con-
|z(®)[|* = 2—/ Z |[Ag ()| dw, (18) straints. In SectiofV we show that despite the combindtoria
T o complexity and infinite dimensions of the problem, under

where||z(t)||2 = (z(t), 2(¢)) and A,(e’*) is the DTFT of certain conditions.(_)n the basgs fun.ct.ions_, we can recover a
ag[n]. sparse decomposition by solving a finite-dimensional cenve

Proof: See AppendiXl|. (] optimization problem.

IIl. UNCERTAINTY RELATIONS IN S| SPACES

C. Analog Problem Formulation _ . .
d We begin by developing an analog of the discrete uncer-

In the finite-dimensional setting, sparsity is defined in tainty principle for signals:(t) in SI subspaces. Specifically,
terms of the number of non-zero expansion coefficients in\ye show that the minimal number of sequences required to
a given basis. In an analog decomposition of the fdrm (1), expressz(t) in terms of any two orthonormal bases has to
there are in general infinitely many coefficients so that it is gatisfy the same inequalitifl(3) as in the discrete settirity, w

an appropriate modification of the coherence measure.
IHere and in the sequel, when we say that a set of signalét)} form pprop

(or generate) a basis, we mean that the basis functionga(e—nT"), n € Theorem 1:Suppose we have a Signﬁ(t) € A where
Z,1 < {< N} A is a Sl subspace of.,. Let {¢,(t),1 < ¢ < N} and
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{Y¢(t),1 < £ < N} denote two orthonormal generators inequality is a result of(23). Applying the Cauchy-Schwarz
of A, so thatz(t) can be expressed in both bases with inequality to the integral in[(25) we have
coefficient sequences [n], by[n]:

2
Z Zae |e(t—nT) Z Zbe e (t—nT). {/ Z | A (e’T) )| Z | B, ( (e’ |d“’]

[l|=A nez |{|=B neZ [el=A r|=5

(22) 2 /B 2
Th , e wT T e'wT )
en 1 1 / (Z | Ag(e? ) /0 <;|Bz( ! )\) (@6)

5(A+B) >VAB > 0 (22) lel=A
H(®, V) Using the same inequality we can upper bound the sum in
where (26):
2
V) = 5SS g 23 , ,
() = myxesssup [y (], (29) (Z \AAeW)\) <A Y A=) @)
le|=A le|=A

and Ry, (e7¢) is defined by[(IR). N _
The coherenceu(®, V) of (23) is a generalization Combining with [26), [(25) and_(24) leads to

of the notion of discrete coherencél (4) defined for 1< pu(®,¥)VAB. (28)

finite-dimensional bases. To see the analogy, note thal

Ryy(e’¥) is the DTFT of the correlation sequence

rep[n] = (@(t —nT),(t)). On the other hand, the finite-

dimensional coherence can be written as®, ¥) =

tUsing the well-known relation between the arithmetic and
geometric means completes the proof. ]
An interesting question is how smal(®, ¥) can be made
“H - . ) ] by appropriately choosing the bases. From Thedrém 1 the
(1/N) maxy, |¢, .|, wherex is the discrete Fourier trans-  smajler4(®, ), the stronger the restriction on the sparsity
form of x and N is the length ofx. in both decompositions. As we will see in Sectioh V, such a
Proof: Without loss of generality, we assume that |imijtation is helpful in recovering the true sparse coefits.
[=(t)l2 = 1. Since {¢¢(t)} and {¢(t)} both generate | the finite setting we have seen that/N < u(®, ¥) < 1

orthonormal bases, we have from Proposifibn 1 that [6]. The next theorem shows that the same bounds hold in
the analog case.
1 = / Z | Ag(e7T) 2 dw Theorem 2:Let {¢,(¢),1 < £ < N} and {¢,(t),1 <
o= ¢ < N} denote two orthonormal generators of a Sl subspace
A C Ly and let u(®, V) = max, esssup |Rg,y, ()],
= / Z | Be(e7“T)|2dw. (24) where Ry, (/) is defined by[(IR2). Then
=E —— < u(®,7) < 1. (29)
Using the norm constraint and expressiigw) once in Proof: We begin by proving the upper bound, which
terms of®,(w) and once in terms o¥,(w): follows immediately from the Cauchy-Schwarz inequality
1 [ and the orthonormality of the bases:
1=— |X (w)[Pdw - : oy 1/2
27 ) oo R, ()] < (Rpy0(€7) Ry, g, (7)) 7 =1, (30)
_ L Z Ay (7T B (7T )Ty (w) W, (w)dw where the last equality is a result of {17). Therefore,
27 J o (®,0) <1
[e|=A M ) = ] o
Ir|=B To prove the lower bound, note that singg(t) is in A
for each/, we can express it as
= / Z A (7T B, (7T )R,y (€7 ) dw
0
e Z > al[n]ee(t — nT) (31)
r=1n€eZ
< / > A& )| |Br(eT)| | Rgp, (77| dw  for some coefficients’[n], or in the Fourier domain,
\l\ A N
. = Z Af(ej“T)\IlT(w). (32)
< ' Ag(e3T B, (77| d(25) r=1
/ |Z|Z—:A| ( | TIX_:B} ( | SinceH@(t)” =1 and {¢,(t)} are orthonormal, we have
from Proposmor[ll that
The third equality follows from rewriting the integral over 5

the entire real line as the sum of integrals over intervals Z/ Z ‘Ae eI ’ do=1, 1<(<N. (33)
of length 27 /T as in [209) in Appendikll, and the second 27 T



6

Now, using [[32) and the orthonormality conditidn {(17) it as illustrated in the right-hand side of the figure. The rést o
follows that the basis elements are obtained by shifts in frequency.
. We now construct two orthonormal bases fdr with

) ‘war(e'w)’ minimal coherence by mimicking these properties in the

continuous-time Fourier domain. Since we are considering

N
—t jw jw jw
ZAS(@] J Ry, (1) = ’Aﬁ(fﬂ )I(34) the class of signals bandlimited toN/T', we only treat

s=1 this frequency range. As we have seen, the basic element
Therefore, of the spike basis occupies the entire frequency spectrum.
or N Therefore, we choose our first analog generatoft) to
R 32 duw — be constant over the frequency rarigerN/T, 7N /T|. The
Z ‘ ¢lw7‘(€ )| w .. . . . .
Pt remaining generators are obtained by shifts in time qf)

or modulations in frequency:

N 2r N
= Al (1) 2w = 2N, (35) i
;/0 ;‘ | Byw) = 4V wETIN we (-aN/T, 7N/ T;
0, otherwise

where the last equality follows fronh (B3) by performing a (38)
change of variables’ = wT' in the integral. Ifu(®, ¥) < corresponding to
1/V/N, then,|Ry, 4. (¢7*)| < 1/v/N a.e. onw and

2r N . (b[(t) = ﬁ SinC((t _ (é _ 1)T/)/T/)7 (39)
/ > |Ropwn (7)) dw < 27N, (36) VT
0

(1 with T = T/N. The normalization constant is chosen to

' ensure that the basis vectors have unit norm. With slight
abuse of terminology, we refer to the deft(¢),1 < ¢ < N}

as the analog spike basis (the basis is actually constructed
by shifts of this set with period’). Note that the samples of
¢e(t) at timesnT”’ create a shifted spike sequence, further

which contradicts[(35).

It is easy to see that the lower bound [in](29) is achieved
if Rg,y. (7)) = 1/V/N for all £,7 andw. In this case the
uncertainty relation[(22) becomes

A+ B> 2VAB > 2VN. (37) justifying the analogy. The Fourier transform of the analog
- h spike basis is illustrated in the left-hand side of . 2.
As discussed in Sectidnl I, in the discrete setting wiffV To construct the second orthonormal basis, we choose

an integer, the inequalities i _(37) are achieved using the (¢) to be sparse in frequency, as in the finite case. The
spike-Fourier basis antl equal to a spike train. In the next remaining generators are obtained by shifts in frequency.
section we show that equality in"(37) can be satisfied in the To ensure that the generators are real we must have that
analog case as well using a pair of bases that is analogous t@,(w) = ¥,(—w). Therefore, we consider only the interval

the spike-Fourier pair, and a bandlimited sign&t) equal [0,7N/T]. Since we haveV real generators, we divide this
to a lowpass train. interval into equal sections of lengttyT", and choose each
V,(w) to be constant over the corresponding interval, as
IV. ACHIEVING THE UNCERTAINTY PRINCIPLE illustrated in Fig[2. More specifically, let
A. Minimal Coherence Iy ={w:|w| € (n(¢ = 1)/T,mt/T]}, (40)

Consider the spaced of real signals bandlimited to pe thesth interval. Then
(—=wN/T,nN/T]. As we show below, any signal id can VT, wel,
be expressed in terms df Sl generators. We would like Vy(w) = { ’ o (42)

. 0, otherwise

to choose two orthonormal bases, analogous to the spike-
Fourier pair in the finite setting, for which the coherence The analog pair of bases generated ¥y (w), ¥y(w),1 <
achieves its lower limit ofl/y/N. To this end, we first ¢ < N} is referred to as the analog spike-Fourier pair. In
highlight the essential properties of the finite spike-Faur order to complete the analogy with the discrete spike-fouri
bases inC", and then choose an analog pair with similar bases we need to show that both analog sets are orthonormal

characteristics. and generatel, and that their coherence is equalitoy/N.
The basic properties of the spike-Fourier pair are illus- The latter follows immediately by noting that

trated in Fig.[1. The first element of the spike basfs, . T _jw@-DT/N T

is equal to a constant in the discrete Fourier domain, as P¢(w)¥,(w) = { d/ﬁ ’ other\:\;ise (42)

illustrated in the left-hand side of Fi§ll 1. The remaining
basis vectors are generated by shifts in time, or modulstion It is easy to see that replicas &f at distancew/T" will not
in frequency, as depicted in the bottom part of the figure. overlap. Furthermore, these replicas tile the entire feegy
In contrast, the first vector of the Fourier basis is sparse inaxis; therefore,|Rs,y, (¢/“)| = 1/vN, and u(®,¥) =
frequency: it is represented by a single frequency componen1/+v/N.
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To show that{vy,(t),1 < ¢ < N} generated, note that  z(¢) bandlimited tor/T" with T’ = T'/N can be written as
any z(t) € A can be expressed in the forfd (6) (&t (7)) by
choosingA4,(e’“") = X (w) for w € Z,. If X(w) is zero 2(t) = > a(nT’)sinc((t — nT")/T"). (43)
on one of the intervalg,, then 4,(e’*) will also be zero, nez
leading to the multiband structure studied in [20], [23h&
the intervals on whichl,(w) are non-zero do not overlap,
the basis is also orthogonal. Finally, orthonormality dels
from our choice of scaling.

Substitutingn = mN + ¢ — 1, we can replace the sum over
n by the double sum oven € Z and1 < ¢ < N, resulting
in

a(t)

N

Z Z ag[m] sinc((t — (¢ — V)T —mT))/T")
=1 meZ

Proving that{¢,(t),1 < ¢ < N} generate an orthonormal Lme

N
basis is a bit more tricky. To see that these functions span = /T Z Z ag[n)¢e(t — nT), (44)
A note that from Shannon’s sampling theorem, any function N~ neZ



with a¢[n] = x((¢ — 1)T" + nT), proving that{¢.(t)}
generated. Orthonormality of the basis follows from

N-1
R¢£¢r (ejw) _ %ejw(é—r)/N Z e—j27rk(€—r)/N = G0,
k=0
(45)
where we used the relation
N-1
e P2TRENIN = NGy (46)
k=0

B. Tightness of the Uncertainty Relation

Given any signak(t) in A, the uncertainty relation for the

m < |V/N/2|. Thus,

jw({—1)/N L\/N/QJ
Ag(e?®) = u o—dw2rm(=1)/VN
N m=|-VN/2+1]
ejw(t—1)/N
= \/T 64_1,T\/Na (49)

wherer is an arbitrary integer. The last equality follows from
(@8) and the fact that the sum is oWV consecutive values.
Sincel < ¢ < N, Ay(e’*) is nonzero fory/N indices?, so
thatz(t) can be expanded in terms ofN generators, (t).

V. RECOVERY OF SPARSEREPRESENTATIONS
A. Discrete Representations
One of the important implications of the discrete un-

analog spike-Fourier pair states that the number of noo-zer certainty principle is its relation to sparse approximasio
sequences in the spike and Fourier bases must sdisfy (37)6], [7], [13], [14]. Given two orthonormal base®, ¥

We now show that whew/N is an integer, these inequalities for RY an interesting question is whether one can reduce
can be achieved with equality with an appropriate choice of the number of non-zero expansion coefficients required to
x(t), so that the uncertainty principle is tight. To determine represent a vectox € RV by decomposing it in terms of

such a signak:(t), we again mimic the construction in the

discrete case.

As we discussed in Sectidnl Il, when using the finite

Fourier-spike pair, we have equalities [n1(37) wheg RY

the concatenated dictionary
D=[® ¥ ]|. (50)

In many cases such a representation can be much sparser

is a spike train withy/N non-zero values, equally spaced, than the decomposition in either of the bases alone. The
as illustrated in the left-hand side of Figl 3. This follows difficulty is in actually finding a sparse expansigan= D~
from the fact that the spike train has the same form in bothin which v has as few non-zero components as possible.

time and frequency. To construct a signaldrsatisfying the

SinceD has more columns than rows, the set of equations

analog uncertainty relation, we replace each Fourier-doma x = D~ is underdetermined and therefose can have

spike in the discrete setting by a shifted LPF of widttyT
in the analog Fourier domain. To ensure that there\4ré
non-zero intervals of lengtdr /T in (—7N/T,7N/T], the
frequency spacing between the LPFs is seta/N /T,

as depicted in the right-hand side of Fid. 3. This signal

can be represented in frequency RYN basis functions
U, (w), with m = 2¢/N¢,1 < ¢ < |/N/2|, andm =
2V/N({ —1) 41,1 < ¢ < [/N/2]. It therefore remains to
be shown that:(¢) can also be expanded in time usigV
signalse,, (t).

Sincex(t) is bandlimited tor N/ T,

2(t) =Y arnlde(t — nT),

=1 n€ezZ

(47)

wherea,[n] = (¢¢(t — nT),z(t)). In the Fourier domain we
have

C gele-/N | W om
Ap(ed¥)y = — e—ijﬂ'k(f—l)/NX (_ _ —k) )
(e) ~T gz T T

(48)
Due to the fact thau,[n] is a real sequenced,(e’*) =
Ay(e7%). Therefore we consider,(e’) on the interval
[0, 7]. For values otv in this interval, X (w/T — 27k/T) is
non-zero only for indiceg¢ = mv/N with | —vV/N/2+1] <

multiple representations. Finding the sparsest choice can
be translated into the combinatorial optimization problem

n})iln I7llo s.t.x=D~. (51)
Problem[(5lL) is NP-complete in general and cannot be solved
efficiently. A surprising result of [6], [7], [11], summagd
below in Propositioi 12, is that if the coherenpé®, ¥)
between the two bases is small enough with respect to the
sparsity of+, then the sparsest possibjes unique and can

be found by the basis pursuit algorithm. This algorithm is
a result of replacing the non-convéx norm by the convex

f1 norm:

(52)

min s.t. x = D~.
u llvl1 Y

Proposition 2: Let D = [® P] be a dictionary consist-
ing of two orthonormal bases with coherenegé®, ¥) =
maxy,, |¢; ,|. If a vectorx has a sparse decomposition
in D such thatx = Dy and ||v|jo < 1/u(®, ®) then this
representation is unique, namely there cannot be angther
with ||¥[lo < 1/1(®, ®) andx = D~’. Furthermore, if

V2-05

lIvllo < ma

then the unique sparse representation can be found by
solving the?; optimization problem[{32).

(53)
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Fig. 3. Discrete and analog signals satisfying the uncextgirinciple with equality. The left-hand side is the dister Fourier transform of the spike train.
The right-hand side represents the analog Fourier tramsédrthe LPF train.

As detailed in [6], [7], the proof of Propositidd 2 follows then be written as
from the generalized discrete uncertainty principle. N

Another useful result on dictionaries with low coherence  in Ivllz0 st x(t) = Z Z’Y@[n]dz(t —nT). (56)
is that every set ok < 2/u(®, ¥)—1 columns are linearly R =1 nez
independent [13, Theorem 6]. This result can be stated in
terms of the Kruskal-rank ab [30], which is the maximal
numberg such that every set af columns ofD is linearly
independent.

Proposition 3:[13, Theorem 6] LeD = [® ¥] be a dic-

Problem [(5b) is the analog version &f [51). However, in
addition to being combinatorial as its finite counterp&@)(
also has infinitely many variables and constraints.

In order to extend the finite-dimensional decomposition

. - . results to the analog domain, there are two main questions
tionary consisting of two orthonormal bases with coherence

1(®,T). Theno(D) > 2/u(®, ) — 1 whereo(D) is the "' e to address: _ _
Kruskal rank ofD. 1) Is there a unique sparse representation for any input

signal in a given dictionary?

2) How can we compute a sparse expansion in practice,

B. Analog Representations namely solve[(56), despite the combinatorial complex-
ity and infinite dimensions?

The first problem is easy to answer. Indeed, the uniqueness
condition of Propositiof ]2 can be readily extended to the
analog case. This is due to the fact that its proof is based on
the uncertainty relatior[ 13) which is identical {0 {22), hwit
'the appropriate modification to the coherence measure.

Proposition 4: Suppose that a signal(t) € A has a
sparse representation in the joint diction&dy (t —nT),n €

7,1 < ¢ < 2N} of (54) which consists of two orthonormal
bases{¢¢(t — nT),v¢(t — nT),n € Z,1 < £ < N}. If
the coefficient sequenceg(n] of (B8) satisfy ||v|20 <
do(t) = { Ge(t), 1<l<N; (54) 1/p(®, ¥) wherep(®, V) is the coherence defined dy (23),

Yo-n(t), N+1<L<2N, then this representation is unique.

The second, more difficult question, is how to find a
nigque sparse representation when it exists. We may attempt
to develop a solution by replacing tlig norm in [56) by an
¢1 norm, as in the finite-dimensional case. This leads to the

We would now like to generalize these recovery results to
the analog setup. However, it is not immediately clear how
to extend the finit¢; basis pursuit algorithm of (52) to the
analog domain.

To set up the analog sparse decomposition problem
suppose we have a signa(t) that lies in a space4, and
let {¢e(t),1 < € < N} {¢u(t),1 < ¢ < N} be two
orthonormal generators od. Our goal is to represent(t)
in terms of the joint dictionary{d,(t — nT),1 < ¢ < 2N}
with

using as few non-zero sequences as possible. Denoting b¥J
~[n] the vector at pointz whose elements arg,[n], our
problem is to choose the vector sequenge] such that

2N convex program
2(t) =YY yelnlde(t —nT), (55) N

=1 nez min [Yll21 st 2(t) =D > yelnlde(t — nT). (57)
and~,[n] is identically zero for the largest possible number {=1nez
of indices¢. However, in practice, it is not clear how to sol¥e](57) since

We can count the number of non-zero sequences by firstit is defined over an infinite set of variableg|n], and has

computing the/s-norm of each sequence. Cleartyn| is infinitely many constraints (for alf).
equal 0 for all » if and only if its £5 norm ||v[n]|l2 = Our approach to treating the analog decomposition prob-

(3=, v2[n]])Y/? is zero. Therefore, the number of non-zero lem is to first sample the signalt) at a high enough rate,

sequencesy[n] is equal to|[c|o wherec, = ||v¢[n]||2. For so thatz(t) can be determined from the given samples. We
ease of notation, we denotey|20 = ||c|lo. and similarly  will then show that the decomposition problem can be recast
[l7ll2,1 = llc||1- Finding the sparsest decompositibnl(55) can in the Fourier domain as that of recovering a set of sparse
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vectors that share a joint sparsity pattern, from the givenwith R, defined by[(IR). Our sparse recovery problénj (56)
sequences of samples. The importance of this reformulationis therefore equivalent to

is that under appropriate conditions, it allows to deteenin
the joint support set (or the active generators) by solving
a finite-dimensional optimization problem. Once the active

[v(e)l2,0

min-~y : ‘ _
c(e?) = [T Myy(e) |v(e).

s. t. (65)

generators are determined, the corresponding coefficient Problem [[6b) resembles the multiple measurement vector

sequences can be readily found.

We begin by noting that sincé¢,(¢)} generate an or-
thonormal basis ford, z(t) is uniquely determined by the
N sequences of samples

ce[n] = (be(t = nT),z(t)) = re(nT),

wherer,(t) is the convolution,(t) = ¢e(—t)*z(¢). Indeed,
orthonormality of{¢,(¢)} immediately implies that

z(t) = Z Z ce[n]e(t — nT).

=1 n€ezZ

(58)

(59)

Therefore, constraining:(¢) is equivalent to imposing re-
strictions on the expansion coefficientgln|. Taking the
inner products on both sides ¢f{55) with respect{gt —
mT) leads to

2N

Z Z Ye[n){br(t —mT),de(t —nT))

{=1nez

>0 velnlarelm — nl,

=1 nez

cr[m]

(60)

wherea,.¢[n] = (¢-(t — nT),d,(t)). In the Fourier domain,
(€0) can be written as

2N
Cr(e/%) =Y Ty(e™)An(e™), 1<r<N. (61)
(=1

Thus, instead of findingy,[n] satisfying the constraints

in (56) we can alternatively seek the smallest number of

functionsT,(e’) that satisfy [(GIL).
To simplify (€1) we use the definitiof (54) @f(¢). Since
(pr(t —nT), de(t)) = 6r00n0 and the Fourier transform of

(dr(t —nT),u(t)) is equal to Ry, (e’*), (€I) can be
written as

2N

Cr(e) =To(e)+ > Tele™)Rorp (™).
{=N+1

(62)

Denoting by c(e/?),~(e’*) the vectors with elements
Ci(e79),Ty(e’*) respectively, we can expres$s162) as

c(e™) = [T Myy(e’) | y(e™),
whereM,,,, (¢7) is the sampled cross correlation matrix
Ry, () Ry, ()
Moy (™) = : : : )
Ry (€7%) Ry ()

(63)

(64)

(MMV) problem, in which the goal is to jointly decompose
m vectorsx;, 1 < i < m in a dictionaryD [25], [26], [24],
[31]. In the next section we review the MMV model and a
recently developed generalization to the case in which it is
desirable to jointly decompose infinitely many vectatsin
terms of a given dictionard. This extension is referred to as
the infinite measurement model (IMV) [21]. In Section V-D
we show how these ideas can be used to sdlve (65).

As we will show, the ability to sparsely decompose a
set of signals in the IMV and MMV settings depends
on the properties of the corresponding dictionary. In our
formulation [65), the dictionary is given by

D(e/) = [ I Myy(el) } . (66)

The next proposition establishes some propertieB Gf*)

that will be used in Sectiop VAD in order to sohe{65).
Proposition 5: Let {¢¢(t — nT),¥e(t — nT),n € Z,1 <

¢ < N} denote two orthonormal bases for a S| spacd et

M, (e?“) denote the cross-correlation matrix defined by

(©4), and letu(®, ¥),u(®, ) be the analog and discrete

coherence measures defined byl (23), (4). Then, for each
1) Mgy (e’*) is a unitary matrix;
2) (I, Mgy (%)) < p(2, 0).

Proof: See Appendix]l.

C. MMV and IMV Models

The basic results of [7], [12], [13] on expansions in
dictionaries consisting of two orthonormal bases can be
generalized to the MMV problem in which we would like to
jointly decomposen vectorsx;,1 < i < m in a dictionary
D. Denoting byX the matrix with columns;, our goal is
to seek a matriX® with columns~, such thatX = DI" and
I" has as few non-zero rows as possible. In this model, not
only is each representation vectgy sparse, but in addition
the vectors share a joint sparsity pattern. The results in
[25], [26], [24] establish that under the same conditions as
Proposition[2, the uniqu& can be found by solving an
extension of the/; program:

Hii‘n [s(T)[|; s.t. X =DT. (67)
Heres(T) is a vector whoséth element is equal t§T”|
whereI* is the (th row of ', and the norm is an arbitrary
vector norm. WherT" is equal to a single vectey, |T¢|| =
|v¢| for any choice of norm and (67) reduces to the standard
¢1 optimization problem[{32).

Proposition 6: Let X be anN x m matrix with columns
x;, 1 < i < m that have a joint sparse representation in the
dictionaryD = [® P] consisting of two orthonormal bases,
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so thatX = DT with ||s(T)|lo = k. If & < 1/p(®,®) In order to determineS by solving a finite-dimensional
where ;(®, ¥) = max . | 1, |, then this representation problem we exploit the fact thapan(x(A)) is finite, since

is unique. Furthermore, if x(A) is of length V. Thereforespan(x(A)) has dimension
V305 at most N. In addition, it is shown in [21] that if there
E< 00—, (68) exists a solution sety(A) with sparsityk, and the matrix
we,¥) D has Kruskal rank- (D) > 2k, then every finite collection
then the unigue sparse representation can be found byof vectors spanning the subspagen(x(A)) contains suffi-
solving [67) with any vector norm. cient information to recovef exactly. Therefore, to find
The MMV model has been recently generalized to the all we need is to construct a matr™ whose range space is
IMV case in which there are infinitely many vectaxsof equal tospan(x(A)). We are then guaranteed that the linear
length NV, and infinitely many coefficient vectorg: system
x(A) = Dv(\), A€ A, (69) V=bU (72)

has a uniqué-sparse solutio®J whose row support is equal
S. This result allows to avoid the infinite structure Bf}(69)
and to concentrate on finding the finite $&by solving the
single MMV system of{(7R). The solution can be determined
using an/; relaxation of the form[(@7) wittV replacingX,

as long as the conditions of Propositidn 6 hold, namely the
coherence is small enough with respect to the sparsity.

In practice, a matrixV with column span equal to
span(x(A)) can be constructed by first forming the matrix
Q = [,ca x(V)x(N)d), assuming that the integral exists.
Every V satisfyingQ = VV# will then have a column
span equal tepan(x(A)) [21]. In particular, the columns
of V can be chosen as the eigenvector&omultiplied by
the square-root of the corresponding eigenvalues.

We summarize the steps enabling a finite-dimensional
olution to the IMV problem in the following theorem.
Theorem 3:Consider the system of equatiofis](69) where
= [® ] is a dictionary consisting of two orthonormal
bases with coherenge(®, ¥) = max,,, |¢} <, |. Suppose
(€9) has ak-sparse solution set(A) with support setS.
If the Kruskal ranko(D) > 2k, then~(A) is unique. In
addition, letV be a matrix whose column-space is equal
to span(x(A)). Then, the linear systerv. = DU has a
unigque k-sparse solutiolJ whose row support is equal to
S. Denoting byDg the columns oD whose indices belong
to S, the non-zero elementg®()\) are given byy®()\) =
Dix()\). Finally, if

where A is some set whose cardinality can be infinite.
In particular, A may be uncountable, such as the set of
frequenciesv € (—m, 7r]. Thek-sparse IMV model assumes
that the vectors{~(A\)}, which we denote for brevity by
~(A), share a joint sparsity pattern, so that the non-zero
elements are all supported on a fixed location set of kize
[21]. This model was first introduced in [20] in the context
of blind sampling of multiband signals, and later analyzed
in more detail in [21].

A major difficulty with the IMV model is that it is not
clear in practice how to determine the entire solution set
~(A) since there are infinitely many equations to solve.
Thus, using ar?; optimization, or a greedy approach, are
not immediately relevant here. In [21] it was shown that
(€9) can be converted to a finite MMV without loosing
any information by a set of operations that are groupedS
under a block refereed to as the continuous-to-finite (CTF)
block. The essential idea is to first recover the support of
~(A), namely the non-zero location set, by solving a finite
MMV. We then reconstructy(A) from the datax(A) and
the knowledge of the support, which we denote$iyThe
reason for this separation is that on€és known, the linear
relation of [69) becomes invertible when the coherence is
low enough.

To see this, leDg denote the matrix containing the subset
of the columns oD whose indices belong t8. The system
of (€9) can then be written as

x(\) = Dgy5()), A€ A, (70) k< V2-0.5 a3)

W@, )’
where the superscripy®()\) is the vector that consists of )
the entries ofy(\) in the locationsS. Since~(A) is k- theno(D) > 2k and the unique spardg can be found by
sparse,S| < k. In addition, from Propositiofll3 it follows ~ SOIVing (E7) with any vector norm.
that if u(®,¥) < 1/k then everyk columns of D are
linearly independent. Therefol®s consists of linearly in- D. Analog Dictionaries

de%enderltlcolgn?ns implying thRX{Ds =1, whergDTS - In Sectior V-B we showed that the analog decomposition
(D{Ds) DY is the Moore-Penrose pseudo-inverse of problem [56) is equivalent t6 (b5). The later is very simitar
Ds. Multiplying (70) by D}, on the left gives the IMV problem [69). Indeed, we seek a continuous set of
~S(A) = Dgx()\), A e A (71) vectorsy with joint spar_sity that_ hz_;\v_e the sma_llest numbe_r of
non-zero rows, and satisfy an infinite set of linear equation
The elements iny(\) not supported onS are all zero. However, in contrast td_(69), the matrix ih {65) depends on
Therefore[(71L) allows for exact recovery ¢fA) once the  w. Therefore, Theorem] 3 cannot be applied since it is not
finite setS is correctly identified. clear what matrix figures in the finite MMV representation.
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Nonetheless, the essential idea of separating the support Under the conditior{{45) we now show that we can convert
recovery from that of the actual values g9fe/*) is still (69) to a finite MMV problem. Indeed, let the firsy
valid. In particular, we can solvé (65) by first determining elements ofy(e’) be denoted by(e’“) and the remaining
the support set ofy(e’“). Once the support is known, we N elements byb(e’“). Then [65) becomes

have that . . .
minaq [a(e?)([2,0 + [[d(e?)([2,0

~5(e7%) = (DH (e7)Dg () 1D (e%)c(e*), (74) st ()= [1 A ] 3((233‘:)) } ’ (78)
whereD(e’*) is defined by[(66). The inverse in{74) exists
if (I, Mgy (e?@)) is smaller thanl /k. From Propositiofil5, ~ whered(e?*) = Z(e?*)b(e’*), and we used the fact that

it is sufficient to require that(®, ) < 1/k. since Z(e/*) is diagonal and invertible||b(e“)|l20 =
To find the support sef we distinguish between two ||d(e?“)||2,0 SO that the two vector sequences have the same
different cases: sparsity. Probleni{78) has the required IMV form. It can be
1) The constant case in whid¥ s, (e/~) of (64) can be solved by first finding the sparsest matiix that satisfies
written as C = [I A]U where the columns o€ form a basis for the
M,y (e7%) = AZ(e7). (75) span of{c(e’?), —m < w < 7}. As we have seen, a basis can
_ ) o _ be determined in frequency by first forming the correlation
HereA is a fixed matrix independent af, andZ(e’*) matrix

Q= i c(e?) e (e7*)dw. (79)

—T

is an invertible diagonal matrix with diagonal elements
Zy(e’*); the columns ofA are normalized such that
esssup | Zy(e’*)| = 1 for all £.

2) The rich case in which the support of every subset of
~(e/*) of a given sizeM, is equal to the suppo , o
of the entire set. Q= Z c[nje”[n]. (80)

The first case involves a condition on the dictionary. The sec . T _
ond allows for arbitrary dictionaries, but imposes a caistr The basis can then be chosen as the eigenvectors correspond-

on the expansion sequences. This restriction is quite mild,iNg to nonzero eigenvalues 6 or Q', which we denote by
and satisfied for a large class of dictionaries and signals. | C- To find U we consider the convex program
bot_h.casgs we ;how tha_t t_he ;upport can be found by solving min |s(U)[; s.t. C = [ I A ] U. (81)
a finite-dimensional optimization problem. &)

Constant caseWe begin by treating the setting in which  Let S denote the rows ifU that are not identically zero

the sampled cross correlation matrix can be written as inand lety°[n] be the corresponding sequence$], / € S.
(79). For example, consider the case in whitlis the space  Then

of real signals bandlimited teN/T, as in SectiofillV. Then

Alternatively, we can find a basis in time by creating

o0

) I .
Hu(t), (1) defined by [(3B), (A1) satishi(¥5) (fav > 0)  7°(e) = [ 7= (e) } (DEDs) "D e(e), (82)
with A = (1/v/N)F, whereF denotes theV x N Fourier S
matrix andZ,(e’*) = exp{jw(¢ —1)/N}. whereD = [I A], andS’ denotes the rows iff betweenV+

The unitarity of M, (e?“), which follows from Propo- 1 and2N. The remaining sequences, ¢ ¢ S are identically
sition [3, implies thatA = My, (e’“)Z~1(e/*) must be  zero. Proposition]6 provides conditions under which (81) wi
unitary as well. Indeed, for all, we have find the sparsest representation in terms of the coherence
w(I, A) (where we rely on the fact thak is unitary). Since

ANA = (Z()ZH (@) (76)  1Z,(¢) = 1, we have thal[AZ(c*)),,| — |A,| and
Therefore, |Z,(e7*)| is independent of w. Since (I, A)=pu(®,¥).
max, | Z,(e?“)| = 1, we conclude thafZ,(e’*)| = 1 We summarize our results on analog sparse decomposi-
for all w so thatZ(e’*)Z (e’*) = I, which together with  tions in the following theorem.
(Z9) proves the unitarity oA. Theorem 4:Let {¢(t),1 < £ < N} and{we(t),1 <L <

To obtain a correlation structure of the forfn)75) we may N} denpte two orthonormal generators of a Sl Subspéce
start with a given orthonormal basfsy,(t —nT)}, and then ~ of Ly with coherenceu(®, ¥). Let x(t) be a signal inA
create another orthonormal basig,(t — nT")} by choosing ~ and suppose there exists sequencgs), b¢[n] such that

N N
¢o(t) =D > alln]y,(t — nT). (77) 2(t) =Y > (aeln]e(t — nT) + be[n]ie(t — nT)) (83)
r=1n€eZ (=1 nez
Here a’[n] is any set of sequences for whickf.(e/«) = with k& = |lajla0 + ||bll2o satisfying & < (V2 —

[A]p-Z-(e7*) with A an arbitrary unitary matrix, and 0.5)/u(®, V). Let My, (/) be the cross-correlation matrix
is an arbitrary diagonal unitary matrix. This is a direct defined by [(64) and suppose that it can be written as
consequence of the proof of Propositldn 5. My (e7¥) = AZ(e?*), whereA is unitary andZ(e’) is a



diagonal unitary matrix. Then, the sequenag| andb,[n]
can be found by solving

minp p, [[8(T1)[l1 + [[s(T2)
5. t. C=[1 A }[ ?;} . (84)
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when the support ofy(e’“¢) is equal to the support of the
entire set of sequenceg(e’*). In practice, we can solve
for an increasing number of frequencies, with the hope of
recovering the entire support in a finite humber of steps.
Although we can always construct a set of signals whose
joint support cannot be detected in a finite number of steps,

Here C is chosen such that its columns form a basis for the this class of signals is small. Therefore, if the sequences a

range of{c(e’*),w € (—m, ]} where the/th component of
c(e’¥) is the Fourier transform at frequenay of cy[n] =
(pe(t — nT),x(t)), ands(T;) is a vector whoséth element

is equal to||T*¢|| where the norm is arbitrary. Le$;, S,
denote the rows of*;, I'> that are not identically equal,
and defineDgs = [Is, Ag,]. Then the non-zero sequences
ag[n], be[n],¢ € S are given in the Fourier domain by

e | D) DL ele)

] B [ Z;;%em o5

generated at random, then with high probability choosing a
finite number of frequencies will be sufficient to recover the
entire support set.

VI. EXTENSION TOARBITRARY DICTIONARIES

Until now we discussed the case of a dictionary comprised
of two orthonormal bases. The theory we developed can
easily be extended to treat the case of an arbitrary diatyona
comprised of sequenceés(t) that form a frame[{14) fo.
These results follow from combining the approach of the

In Theorem[# the sparse decomposition is determinedprevious section with the corresponding statements in the

from the samplesey[n] = (¢o(t — nT),z(t)). However,
the theorem also holds whewy[n]| is replaced by any
sequence of sample&,(t — nT'),x(t)) with he(t) being
an orthonormal basis farl such that botiMVi;,(e?“) and
M}, (e/*) are constant up to a diagonal matrix:

M}wg(eﬂu) = A1Z1(ew), th(eﬂ") = AQZQ(@Jw).
(86)
In this case the matri{l A] in (84) should be replaced by
the matrix [A; As]. Once we find the sparsity sé, the

discrete setting developed in [12], [13], [14].

Specifically, suppose we would like to decompose a vector
x € RY in terms of a dictionaryD with columnsd, using
as few vectors as possible. This corresponds to solving

n})i/n I7llo s-t.x=D~. (89)
Since [89) has combinatorial complexity, we would like
to replace it with a computationally efficient algorithm. If

D has low coherence, where in this case the coherence is

sequences that are not zero can be found dsin (85) with thedefined by

identity in the first matrix replaced by the appropriate rows

of Z7 1 (ei).

|d¢'d, |

w(D) = max ————,
e[| delff|d

(90)

Rich case:We next consider the case of an arbitrary inen we can determine the sparsest solutiday solving the

D(e’*), and impose a condition on the sequengeB:).
Specifically, we assume that there exists a finite nunilder
such that the support set éfy(e/“?), |i| = M} is equalS.
In other words, the joint support of anly vectorsy(e’«i) is

£1 problem

s.t. x = D~. (92)

min
in [y

The coherence of a dictionary measures the similarity be-

equal to the support of the entire set. Under this assumptiontween its elements and is equal Goonly if the dictionary
the support recovery problem reduces to an MMV model and consists of orthonormal vectors. A general lower bound on

can therefore be solved efficiently using MMV techniques.

Specifically, we select a set dff frequenciesv;, and seek
the matrixI" with columns~, that is the solution to

Is(T)[x .
cedwi) = [ I Myy(e?¥) ] v, 1<i< M.
(87)

If we chooses(T") as the/; norm, then[(8I7) is equivalent
to M separate problems, each of the form

s.t.c:[I U]'y,

minl-\
s. t.

min 7 (88)
werec = c(e?“i) and U = My, (/) is a unitary matrix
(see Proposition]5). From Propositigh 2, the correct sparsi
pattern will be recovered if.(I, U) is low enough, which

the coherence of a matri® of size N x m is [14] u(D) >

[(m — N)/(N(m — 1))]*/2. The same results hold true for
the corresponding MMV model, and are incorporated in the
following proposition [13], [12], [14], [25]:

Proposition 7: Let D be an arbitrary dictionary with co-
herenceu(D) given by [90). Then the Kruskal rank satisfies
o(D) > 1/u(D) — 1. Furthermore, if there exists a choice
of coefficientsI" such thatX = DT" and

1 1
r 14+ —
sl < 5 (1+ =57 ).
then the unique sparse representation can be found by

solving [67).
We now apply Propositidnl 7 to the analog design problem.

(92)

due to Propositiofil5 can be guaranteed by upper boundingSuppose we have a signa(t) that lies in a Sl spacel, and

(@, ).
In some cases, even one frequengynay be sufficient in
order to determine the correct sparsity pattern; this happe

let {d¢(t — nT),1 < ¢ < m} denote an arbitrary frame
for A with m > N. As an example, consider the spade
of real signals bandlimited to—=N/T, 7 N/T], which was
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introduced in Sectiofi V. As we have seen, this space cansatisfyingesssup |Z,(e’*)| = 1, andW (e/*) is an arbitrary

be generated by th& functions

be(t) = L sine((t— (¢ —1)T’

vﬁ; )/Tg,

with 77 = T'/N. Suppose now that we define the functions

de(t)

1<¢<N, (93)

_ sinc((t — (¢ — 1)T)/T),

VT

where T =

1 <2< m, (94)

T/m andm > N. Using similar reasoning

as that used to establish the basis properties of the gen-

erators [(3D), it is easy to see théb,(t)} constitute an

invertible matrix. Going back to the bandlimited frarhel(&5)
can be easily seen that with () = ¢,(t), (101) is satisfied.

Indeed,
Hi(w) Dy (w) =
L ejw(t=DT/N o=jw(r=1)T/m ;¢ (=g N/T, 7N/,
{ 0, otherwise ﬂyz)

Therefore,

Ria, (€)= DN emawr=Dim g (0,0), - (103)

orthonormal basis for the space of signals bandlimited toWhere f(¢,7) is a function only of the indice€,r and

(—mm/T,7m/T) which is larger thand. Filtering each one
of the basis signals with a (scaled) LPF with cut-effT”
will result in a redundant set of functions

1
de(t) = —=
E() Vﬁ$
that form a frame ford [32], [33].
Our goal is to represent a signa(t) in A using as few
sequencesd,(t) as possible. More specifically, our problem
is to choose the vector sequengp:| such that

=3 wlnld(t — nT),

¢{=1nezZ

sinc((t — (¢ — 1)T)/T"), 1<{<m, (95)

(96)

and||7y||2,0 is minimized.

To derive an infinite-dimensional alternative {0(91) let
{he(t)} generate a basis ford. Then z(¢) is uniquely
determined by theV sampling sequences

ce[n] = (he(t —nT), x(t)) = re(nT), (97)
wherer,(t) is the convolution,(t) = h(—t) * z(t). There-
fore, (t) satisfies[(96) only if

=3 wlnlardn] (98)

{=1nezZ

Wherearg[n] = (h,(t — nT),de(t)). In the Fourier domain

(@8) becomes
(e79) ng (7)Y A7) = ng(ejw)thd[ (e7).
=
1 (99)

Denoting by c(e/?),~(e’*) the vectors with elements
Ci(e9%),Ty(e’*) respectively we can writé (99) as

o) = Mya(7)y(e).

Therefore, our problem is to find the sparsest sey@f“)
that satisfies[(100).

m

(100)

In order to solve the sparse decomposition problem we

first treat the case in whichh,(¢)} are chosen such that
Mya(e?) = W (e?)AZ (), (101)

where A is a fixed matrix independent of, Z(e“) is an
invertible diagonal matrix with diagonal elementg(e/«)

not the frequencyw. ChoosingZ,(e/*) = e —j(r=1)/m
and W(e?¥) as a diagonal matrix with diagonal elements
Wi (e?*) = e7@(t=D/N |eads to the representatidn (101).

When My,4(e’“) has the form [(101), the system of
equations[(100) becomes

d(e’) = AZ(e7)v(e?¥) = Aa(e™), (104)

where we denotedl(¢’“) = W~1(e?%)c(e?v), a(e?v) =
Z(e7“)y(e?*) and used [(101). Clearly||la(e’)|20 =
[lv(e?“)|]2.0 becauseZ(ev) is invertible and diagonal.
Therefore, the sparse decomposition problem is equivalent
to findinga(e’) satisfying (Z0K) and such thaa(e/*)| 2.0

is minimized.

As in the previous section, the sparsegt’“) can be
determined by first converting (1I04) to a finite MMV prob-
lem, in which we seek the sparsest maftixthat satisfies
C = AU where the columns of form a basis for the span
of {W=1(e¥)c(e’*), —r < w < 7}. The matrixU can be
determined by solving the convex problem

min Is(U)|ly s.t. C= AU. (105)
From Propositio]7 it follows that the unique sparse matrix
U can be recovered as long a$A) satisfies [[92). Once
we determine the non-zero rows in U, we can find the
non-zero sequenceg’ [n] by noting that from Propositidnl 7
the columnsAg of A corresponding toS are linearly
independent. Therefore,

YHe?) = 25 () (AT As) TTATW T (€)e(e!?).

(106)

If (I0T) is not satisfied, but insteagl(¢’~) is rich, so
that the support of everyy/ set of vectors (forM different
frequencies) is equal to the span of the entire set, then we ca
still convert the problem into an MMV. To do this, we choose
M frequency values and seek the set of vectprd < i <

M with the sparsest joint support that satisfy
c(e’") = Mpa(e’ )y,

Once the support is determined, we can find the non-zero
sequences®[n] using [106).

We have outlined a concrete method to find the spars-
est representation of a signalt) in A in terms of an

1<i<M. (107)
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arbitrary dictionary. In our proposed approach, the recon- APPENDIXI

struction is performed with respect to the samplgdsa] = PROOF OFPROPOSITIONT]

(he(t —nT),z(t)). We may alternatively view our algorithm To prove the proposition, note that

as a method to reconstrueft) from these samples assuming o o

the knowledge that(t¢) has a sparse decomposition in the / lz(t)|?dt = i/ |X(w)|2 dw

given dictionary. Thus, our results can also be interpraged —o0 21 ) oo

a reconstruction method from a given set of samples, and in 1 e | ‘ 2

that sense complements the results of [22]. = 5 ZAe(ewT)@e(w) dw, (108)
=0 |p=1

_ VII. ConcLusioN _ where the last equality follows froni](7). To simplify (108)
In this paper, we extended the recent line of work on e rewrite the integral over the entire real line, as the sum

generalized uncertainty principles to the analog doman, b of integrals over intervals of lengthr /7
considering sparse representations in Sl bases. We showed

2m o)
that there is a fundamental limit on the ability to sparsely /OO X (w)dw = /T S X <w B 2_7Tk> dw,  (109)
represent an analog signal in an infinite-dimensional Stepa —o 0 T ’
in two orthonormal bases. The sparsity bound is similar
to that obtained in the finite-dimensional discrete setting
In both cases the joint sparsity is limited by the inverse
coherence of the bases. However, while in the finite setting, /°° o (t)2dt =

k=—0o0

for all X (w). Substituting into[(108) and using the fact that
Ay(e?*T) is 27 /T-periodic, we obtain

the coherence is defined as the maximal absolute inner

product between elements from each basis, in the analog 2

27 00
problem the coherence is the maximal absolute value of the  _ i /T Z XN: Aé(eij)q)g (w _ 2—7Tk) dw
sampled cross-spectrum between the signals. 21 Jo = T
As in the finite domain, we can show that the proposed 2 N N
uncertainty relation is tight by providing a concrete exémp — T / ’ Z ZA_e(ej‘“T)A (€TYRy, s, (€7 )dw
in which it is achieved. Our example mimics the finite 2t oo ' o
setting by considering the class of bandlimited signaldas t T F
signal space. This leads to a Fourier representation that is — _/ Z ‘Ag(GjWT)‘Q dw, (110)
defined over a finite, albeit continuous, interval. Withimsth 21 Jo —1

space we can achieve the uncertainty limit by considering ayhere we used (17).
bandlimited train of LPFs. This choice of signal resembles
the spike train which is known to achieve the uncertainty APPENDIX I

principle in the discrete setting. PROOF OFPROPOSITIOND)
Finally, we treated the problem of sparsely representing an T h i first note that singe?) i
analog signal in an overcomplete dictionary. Building upon . 'O Prove the proposition, we first note tha sing&t) is

the uncertainty principle and recent works in the area of in A for each/, we can express it as

compressed sensing for analog signals, we showed that under N )
certain conditions on the Fourier domain representation of be(t) = Z Z ay[n]Ypr(t — nT) (111)
the dictionary, the sparsest representation can be found by r=1n€Z

solving a finite-dimensional convex optimization problem. for some coefficienta[n] with Fourier transformA’ (/).

The fact that sparse decompositions can be found by solvingwe have shown in the proof of Theoréin 2 that the orthonor-
a convex optimization problem has been established in manymality condition [I7) ofyy(t) implies that

previous works in compressed sensing in the finite setting. 0oy B i
The additional twist here is that even though the problem A (e7) = Ryyy, (7). (112)
has infinite dimensions, it can be solved exactly by a finite-  Now, since{¢,(¢t — nT)} is an orthonormal basis fo,
dimensional program in many interesting cases. Ry,s.(€7%) = 6;.,.. From [I11),

In this paper we have focused on analog signals in Sl

. . . L N N
spaces. A very interesting further line of research is temott joy =l G AT jw
these ideas and notions to a larger class of analog signals, Roup, () = 2—31 71Am(e VA ) Ry
leading to a broader notion of analog sparsity and analog m]; =
compressed sensing. — Z an(ej“)A:n(ej“’)
m=1
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the last equality is a result df(I112). SinBg, 4, (¢7“) = dy,.,
it follows from (II3) that the matrid,, (e’~) is unitary
for all w.

Since Mgy, (e?¥) is  unitary, the coherence
w(I, Myy(e?)) is  well defined. Now for any
unitary U, p(I,U) = max,;|U;|. In addition,
w(®, ) = max; sup, |[Mgy(e?9)]);;], so that

(I, Mgy (€79)) < pu(®, ¥), completing the proof.
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