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Abstract

We first introduce the concept of consistent sampling in infinite dimen-
sional spaces and derive a general mathematical framework. The underly-
ing linear reconstruction scheme coincides with the so-called oblique pro-
jection, which turns into an ordinary orthogonal projection when adapting
the inner product. The inner product of interest is, in general, not unique.
We characterize the inner products and corresponding positive operators
for which the new geometrical interpretation applies. Finally, we study
explicit constructions of such positive operators by means of Riesz bases.

1 Consistent Sampling

Suppose we are given measurements ci of an unknown signal f belonging to
a linear class H endowed with an inner product 〈·, ·〉. The measurements are
assumed to be of the form

ci = 〈f, si〉
for some function f ∈ H and a set of sampling vector {si} that span a subspace
S ⊆ H. We want to reconstruct f from the observations ci using a given set of
reconstruction vectors {wi} that span a subspace W ⊆ H [1, 4].

For designing the reconstruction algorithm we start with the following nat-
ural requirements on the sampling and reconstruction:

1. uniqueness of signal f̂ ∈ W with 〈f̂ , si〉 = ci,

2. consistent sampling (interpolation) [6] in the sense that 〈f̂ , si〉 = 〈f, si〉 .
The first requirement is a requirement on the sampling process. Specifically,

we want the sampling vectors si to be such that if 〈f1, si〉 = 〈f2, si〉 for all i,
where f1, f2 ∈ W, then f1 = f2 or, equivalently,

∀f1, f2 ∈ W, 〈f1 − f2, si〉 = 0 ⇒ f1 = f2. (1)

To satisfy (1), we must have that

W ∩ S⊥ = {0} . (2)
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If the second requirement is also satisfied, so that 〈f̂ , si〉 = 〈f, si〉, then for
any f ∈ W , we must have that f̂ = f . Otherwise we will have two signals f and
f̂ in W, that have the same measurements, which contradicts the uniqueness
requirement.

In our development, we focus our attention on linear reconstruction. In this
case, the reconstruction f̂ is of the form

f̂ =
∑

i

diwi

for some coefficients di that are a linear transformation of the measurements ci.
In other words,

d = Hc

for some linear mapping H or, with S and W denoting the synthesis operators
corresponding to {si} and {wi}, respectively,

f̂ = Wd = WHc = WHS∗f .

For practical purposes, we restrict our attention to the case in which

H = W ⊕S⊥ . (3)

Since the spaces S and W satisfy (2), we can always define H as in (3).
It was shown in [3], that under the assumption (3), a linear reconstruction is

consistent if and only if it has the form f̂ = EWS⊥f , where EWS⊥ is the oblique
projection onto W along S, and is the unique operator satisfying

EWS⊥w = w, (w ∈ W),
EWS⊥v = 0, (v ∈ S⊥).

Specifically, we have the following theorem.

Theorem 1.1. [3] Let {ci = 〈f, si〉} denote measurements of f ∈ H with sam-
pling vectors {si} that span a subspace S ⊆ H, and let the reconstruction vectors
{wi} span a subspace W ⊆ H such that H = W ⊕S⊥. Then, f̂ is a linear con-
sistent reconstruction of f if and only if f̂ = EWS⊥f .

Theorem 1.1 establishes existence of the unique consistent reconstruction.
In practice, we need an explicit method. As shown in [3], if the sets {si} and
{wi} consist of finitely many vectors, then consistent reconstruction is always
possible. In the case in which both sets of vectors are linearly independent,

EWS⊥ = W (S∗W )−1S∗ ,

and the reconstruction is given by

f̂ = W (S∗W )−1c .

If the sets are linearly dependent, i.e., redundant, then the inverse operation is
replaced by the pseudoinverse [3].

In an infinite-dimensional setting, stability of the reconstruction becomes an
issue. In this case, as we now show, Riesz-bases and frames are the right concepts
generalizing linearly independent and redundant systems in order to overcome
instability problems and ensure the existence of a consistent reconstruction. Due
to space limitation, here we focus only on the linearly independent case.

In order to derive a stable reconstruction scheme we need some more as-
sumptions on the basic systems of S and W.

Lemma 1.2. Let S and W be closed subspaces of a Hilbert space H with Riesz
bases {si}i∈I and {wi}i∈I defining the synthesis operators S and W , respectively.
The following statements are equivalent. Then, H = W⊕S⊥ if and only if S∗W
is invertible on l2(K) to l2(J).

With the assumptions of Lemma 1.2 and H = W ⊕ S⊥, it follows from the
inverse mapping theorem [2] that (S∗W )−1 is bounded, and we have that

f̂ = W (S∗W )−1c

is a stable consistent reconstruction of f , as in the finite-dimensional case. Sim-
ilar results hold when replacing Riesz bases by frames.
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2 Geometrical Interpretation

We now develop a geometrical interpretation of the consistent reconstruction.
In the special case in which W = S, f̂ = PWf is equal to the orthogonal

projection of f onto W, or, equivalently, it is the signal in W closest to f . It
is therefore not surprising that if we change the inner product of H such that
the oblique projection turns into an orthogonal projection, then the resulting
reconstruction is again the minimal norm signal in W, for the changed norm.
We therefore seek an inner product which turns W and S⊥ into orthogonal
spaces.

Definition 2.1. Let 〈·, ·〉1 and 〈·, ·〉2 be two inner products for a Hilbert space
H. They are said to be equivalent if there exist 0 < a ≤ b such that

a〈h, h〉1 ≤ 〈h, h〉2 ≤ b〈h, h〉1, (h ∈ H).

In what follows A always denotes a bounded linear positive operator onto
H. Such an operator defines an equivalent inner product on H by

〈h, k〉A = 〈h, Ak〉, (h, k ∈ H).

Conversely, for every equivalent inner product 〈·, ·〉2 there exists a unique oper-
ator A such that

〈h, k〉2 = 〈h, Ak〉, (h, k ∈ H) .

Our problem therefore is to find a continuous positive operator A such that the
resulting inner product turns W and S⊥ into orthogonal spaces. We arrive at
the following result.

Theorem 2.2. Let W and S⊥ denote subspaces of a Hilbert space H such
that H = W ⊕ S⊥, and let A denote an arbitrary positive operator. Then the
orthogonal projection onto W with respect to the inner product 〈·, ·〉A satisfies
PA
W = EWS⊥ if and only if A : W → S, or equivalently, A : S⊥ →W⊥.

Theorem 2.2 characterizes the class of operators that turn W and S⊥ into
orthogonal spaces. As can easily be seen, this class is closed under linear com-
binations with positive coefficients.

3 From Oblique to Orthogonal Projection

If PA
W denotes the orthogonal projection onto W with respect to the inner

product defined by any operator A with A : W → S, then we have

EWS⊥ = PA
W .

What we see is that the oblique projection performs an orthogonal projection
with respect to a whole class of inner products. In other words, the consistent
solution is the minimal norm interpolation of the data ci for the corresponding
sampling vectors si, with respect to any norm defined by such a positive operator
A. The interesting observation is that although we have several different but
equivalent norms, the minimal norm interpolation always remains the same.

Assume that we have a Riesz basis {wi} of W whose synthesis operator will
be denoted by W . Our next goal is to find an inner product on H which turns
{wi} into an orthonormal basis of W, out of the class of all inner products which
make W orthogonal to S⊥. If A defines such an inner product, then we have

EWS⊥ = PA
W = WW ∗A , (4)

where W ∗A is the adjoint with respect to the inner product defined by A, and
is given by W ∗A = W ∗A.

For Riesz bases {si}, {wi}, {s⊥i }, and {w⊥i } for the spaces S, W, S⊥, and
W⊥, respectively, with corresponding synthesis operators S, W , S⊥, and W⊥,
the operator

A = S(W ∗S)−1(S∗W )−1S∗ + W⊥(S⊥∗W⊥)−1(W⊥∗S⊥)−1W⊥∗
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defines an inner product on H for which {wi} turns into an orthonormal basis
and W is orthogonal to S⊥.

There are many other operators A satisfying (4). However, it is interesting
to observe that the action of such operators on W is unique. Indeed, since for
any w ∈ W, w = WW ∗Aw = WW ∗Bw, we have that

Aw = Bw, (w ∈ W).

Thus any operator B satisfying EWS⊥ = WW ∗B must have the form

B = S(W ∗S)−1(S∗W )−1S∗ + C,

where Cw = 0 for any w ∈ W. In addition, to satisfy Theorem 2.2, C must
map S⊥ to W⊥. We therefore have the following theorem.

Theorem 3.1. Let W and S⊥ denote subspaces of a Hilbert space H such that
H = W ⊕S⊥, let {wi} denote a Riesz basis for W corresponding to W , and let
A denote an arbitrary positive operator. Then EWS⊥ = PA

W = WW ∗A if and
only if A = S(W ∗S)−1(S∗W )−1S∗+C where C : W → {0} and C : S⊥ →W⊥.

It is interesting to note that any operator A satisfying the requirements of
Theorem 3.1 has the additional property that W ∗A is the oblique pseudoinverse
on l2 along S⊥ [5].

Let {si} be a Riesz basis for S. If we want to linearly reconstruct a signal
f ∈ H in W from the samples 〈f, si〉 requiring consistency, then we recall that

f̂ = EWS⊥f = W (S∗W )−1(S∗f),

which is equivalent to the orthogonal projection

f̂ = PA
Wf =

∑

i

〈f, Awi〉wi (5)

for an operator A satisfying the properties of Theorem 3.1. Here, we see that
for reconstruction, A needs only to be applied on W, so that for all practical
purposes A is uniquely defined. It follows from (5) that f̂ is a minimal norm
approximation to f with respect to the inner product defined by A. Specifically,
for any w ∈ W, ‖f − w‖A ≥ ‖f − f̂‖A.
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