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ABSTRACT

In this paper, we consider Gabor expansion of signals
that are oversampled in the time-frequency domain by
an integer factor. We demonstrate that using a combi-
nation of non minimum norm dual windows and discrete
Fourier transforms (DFT), we can obtain the Gabor ex-
pansion very efficiently. The conventional method used
to solve this problem is compared with our method and
the advantages of our method are explicitly shown.

1. INTRODUCTION

It is often necessary to represent signals in the combined
time-frequency domain as many applications in the fields of
pattern classification, computer vision, and texture segmen-
tation, among others, require localization of frequencies in
time (or space). Representation in the time-frequency do-
main can be accomplished by many techniques, among which
the Gabor representation is one of the most popular. Impor-
tant advangtages of the Gabor representation include uni-
form resolution and optimal resolution in the time-frequency
domain with the Gaussian window function.

We consider a discrete time, finite energy signal f[k] €
C*, with Gabor coefficients c,, ,, given by:
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where a and b are the shifts along the time and frequency
axes respectively, and g[k] is the window function used. The
signal f[k] is reconstructed from the coefficients c,, ,, by [1]
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where vy, [k] = [k — nale’2™m*/L s a dual Gabor win-
dow,@ = L/a € Nandb = L/b € N are the number of
shifts along the time and frequency axes respectively and N

denotes the set of natural numbers. The task is to efficiently
compute a dual Gabor window ~[k].

In this paper, we consider the case in which the rep-
resentation is overcomplete, so that the vectors g, ,,[k] =
gk —nales?™mPk/L gre linearly dependent. This case corre-
sponds to the condition ab < L [1]. We further assume inte-
ger oversampling, meaning that L is divisible by ab, which
is the choice used most often in practice [3], [2], [4]. In the
case of oversampling, the expansion is not unique so that
there are infinite choices available for the dual Gabor win-
dow ~[k]. The most popular (and traditional) choice is the
minimum norm dual window [3] of the window function
glk] used. In a previous paper [7], we discussed the prob-
lems of computational complexity and instability often seen
in the computation of the minimum norm dual window and
introduced non minimum norm dual windows. In this pa-
per, we propose a fast method to compute the dual window
~[k] based on discrete Fourier transforms (DFTs) and non
minimum norm dual windows for integer oversampling. We
also derive an easily verifiable condition for the existence of
the non minimum norm dual window for integer oversam-
pling. We analyze the complexity of computing both the
minimum norm dual window and the non minimum norm
dual window and and show that our method is much faster.

The paper is organized as follows: in Section 2, we
focus on the formulation of the problem, briefly introduce
the standard method to solve this problem and consider non
minimal duals. In Section 3, we mention some properties of
the non minimal dual of the type introduced in Section 2 and
use them to develop existence conditions for the non mini-
mum dual. In Section 4, we present a DFT based technique
for computing the dual that is faster than the traditional tech-
nigues. Some examples are considered in Section 5.

2. NON MINIMUM NORM DUALS

Consider the expansion of a discrete time, finite energy sig-
nal f[k] of length L. Given a set of Gabor vectors g, »[k] =
glk — nale??™mk/L k= 0,1,..., L — 1 that constitute an
overcomplete basis for C*, our problem is to reconstruct



the signal from the coefficients (1). In matrix form, the co-
efficients can be written as

c=G"f, (3)

where f = f[k] is a vector of length L with elements f[£], c
is a vector of length @b with elements {c,, , }, G is a matrix
of size L x ab, given by
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and (-)* denotes the conjugate transpose of the correspond-
ing matrix. We reconstruct the signal f[k] from the coeffi-
cients c using (2), where the dual Gabor matrix satisfies the
equation

rg=1. (5)

Here T' is the matrix with columns ~,, ,[k] = ~[k —
na)el?™mPk/ L The traditional choice is the minimum norm
dual T" given by

r=a¢""=(Ge)a, (6)

where G*T denotes the minimum norm pseudoinverse of
the matrix G* and T is a matrix with columns 4,,, ,[k] =
Ak — nalel?™mPk/L - Since the vectors g, ,[k] span the
space CT, the matrix GG* is always invertible. The stan-
dard method to compute the minimum norm pseudoinverse
of G* for integer oversampling uses the fact that the matrix
GG* is unitarily diagonalizable by the unitary matrix Fz
[4], which is given by

Fp=F&l, @

Here I, is an identity matrix of size a x a, ® denotes the
Kronecker product, and F' is a Fourier matrix of size a x a,
given by
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Therefore we have that
FpSFp* = R, ©)

where R is a diagonal matrix, S = GG* and Fg is defined
by (7). Using (9), the computation of the inverse of the
matrix S is straightforward; it is given by

S~! = Fg*R7'Fp. (10)

The minimum norm dual window is then computed as [3],
[4]

y = Fg*R™'Fgy, (11)
where 4 = 4[k] and g = g[k],k =0, ..., L — 1 are vectors
of length L. The matrix I is then obtained from the dual
window function #[k] by shifting and modulating 7[%].

The computation of the matrix GG* is often computa-
tionally demanding [7]. Therefore, to obtain a computation-
ally more efficient algorithm, we propose a dual of the form
{dm.n = d[k —na]e?>™™Pk/L} whose vectors span C'* and
are columns of the matrix

D= (HG*)"'H, (12)

where H is a matrix that corresponds to an overcomplete
basis for C'*, with vectors h,, ,[k] = h[k — na]e’?mmbk/L
and has the same dimensions as G. As we show below and
in [7], with a correct choice of H, the problems of com-
putational difficulty and stability can be alleviated. Note
that, the minimum norm dual (GG*)~'G is a special case
of (HG*)~'H, where H = G.

3. EXISTENCE CONDITIONS FOR THE NON
MINIMUM NORM DUAL

In this section, we develop an easily verifiable condition un-
der which a non minimum norm dual of the form (12) exists,
when L is divisible by ab. To this end, we first note that the
matrix P = HG™* has a block circulant structure for any
choice of H [3], [5]. In particular, P = C(Ao,...,Az-1)
where A,,p €0,...,a—1isan a x a matrix, and C stands
for rotation of the blocks A, so that P has the following
structure:

Ag Ay - Ag
Ag1 Ao -+ Az
P = . . . (13)
A, Ay - A

In general (when L is not divisible by ab), the matrices
Ap,p €0,...,a—1 have no particular structure. However,
when L is divisible by ab, the matrices A,,p € 0,...,a—1
are either diagonal matrices or null matrices. More speci-
fially, the matrices A,,p € 0,L/ab,...,(b —1)L/ab are
diagonal matrices and the other matrices are null matrices
[5].

In our previous paper [7], we showed that if P is in-
vertible, then a dual of the form (12) exists. When L
is divisible by ab, we have an easily verifiable condition
for the invertilibity of P as shown below in Theorem 1.
The condition for invetibility of P relies on the definition
of the DFT of a block circulant matrix which is given by



F(P)=C(Ao,..., Az_1) where
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Theorem 1 The matrix P = C(4p, A1,...,Ag-1) IS

inverible if and only if there is no zero along the principal
diagonal and every k-th subdiagonal of the DFT of P, where
k=+a,%2a,...,£(a— 1)a.
Proof: We calculate the DFT of P according to (14). How-
ever, from [5], we know thatonly A,,p € 0, L/ab, ..., (b—
1)L/ab are diagonal matrices and the others are null matri-
ces. Therefore, the calculation of the DFT of P as shown in
(14), reduces to

AS _ A() + e—j27rs/bA£ o+ e—j27r(b—1)s/bAA(b71).
ab ab
(15)
From (15), we see that the Fourier components A,,s &
0,...,a — 1 are also diagonal.

From [6], we know that matrix P is invertible if and
only if all Fourier components A,,s € 0,1,...,a — 1 are
invertible. As the Fourier components A, are diagonal ma-
trices they are invertible if and only if there is no zero along
their diagonal. Since F(P) is also a block circulant matrix
where each block A, is of size a x a, and each matrix A, is
a diagonal matrix, we can see F(P) has its non zero entries
only on the principal diagonal and every k-th subdiagonal
where k = +a,+2a,...,£(a — 1)a. If there is no zero
along the diagonals of A,,s € 0,...,@ — 1, there will be
no zero along the diagonal or k-th subdiagonal either. Thus
the statement is proved. O

The dual window function of d[k], k = 0, ...
calculated by

,L—11is

d= P 'h, (16)

where d = d[k] and h = hl[k],k € 0,...,L — 1 are both
vectors of length L. Therefore, computing the inverse of
P gives us the dual window function. The inverse of P is
givenby P~! = C(By, By, ..., Bz_1) Where
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Here A, are the Fourier components generated as shown in
(15).

4. COMPUTATIONAL ISSUES

In many practical applications, the window function g[k]
is chosen to be a Gaussian function given by g[k] =
e‘k2/012,01 > 0, where oy is the spread of the window
function. We may choose h[k] also to be a Gaussian of the
form hlk] = e*’“g/"g,ag > 0. We select o5 such that the
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Fig. 1. The minimum dual window for lattice constants a =
8,(): 8,0’1 = 09 = 16, and L = 256.
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Fig. 2. The non minimum dual window for lattice constants
a=8, b=8, o1 = 16, 0o = 2, and L = 256.

effective spread of h[k] is a. Outside this effective spread,
the value of the window is negligibly small (less than a thou-
sandth of the value of the window at the peak). The effective
spread of the window h[k] is from —a/2 to a/2. Therefore,
the matrix H is made block diagonal for all practical pur-
poses and looks as shown below.

HO £ I3
g ]—{1 g

H=| . | (18)
e c HE—I

The ¢ is used to denote that the value of the elements in these
blocks is extremely small. Each block H,,,v € 0,...,a—1
and ¢ is of size @ x b.

In the creation of the matrix P it can be
seen that, because we limited the spread of h[k],
the elements of P are generated by Py ovvap

be—(k=na)*/o3 o=(k+qb—na)/o? o c 0 ... b — landk —
na € 0,1,...,aand 0 otherwise.
2 2
Theorem 2: [7] If g[k] = e * /71,0 < 01 < oo and



hlk] = e=¥*/7% 0 < 5 < 0o and L is divisible by ab, then
the matrix P is invertible.O

The theorem allows us to use all Gaussian functions in
our implementations of the algorithm when L is divisible by
ab. The proof of the theorem follows directly from Theorem
1.

4.1. Algorithm:

The algorithm to compute the dual window when L is divis-
ible by ab is summarized as follows:

1. Create the matrix P choosing the window function
h[k] with spread o4 such that the matrix H is of the
form (18).

2. Compute the DFT for each block Ay, k €0,...,a—1
of P using (15).

3. Invert the individual diagonal matrices and recombine
them using (17) to obtain P—1.

4. Multiply P~ with the vector h to obtain the dual
window function d.

It is easy to obtain the matrix D = (HG*)~!H using d[k]
by shifting and modulating the dual window function d[k].

4.2. Computational Complexity

The computational complexity of the traditional algorithm
[3], [4] to compute the minimum norm dual window is given
below. The number of operations necessary to generate the
matrix S is (a + 1)ab multiplications and baa additions
[3]. The computational complexity of unitarily diagonaliz-
ing and inverting S is O(2Llog(@))[4]. Therefore, the over-
all complexity of the algorithm is O(Llog(a@)) + ab(a + 1).

Usually @ is very large compared to a since the shift
needs to be small enough to capture all the details of the
signal accurately. Therefore, anything that removes @ com-
ponent from the multiplications will simplify the procedure.

In our case, the number of operations necessary to gen-
erate the matrix P is 2ab and the number of additions is
0. The computational complexity for computing the Fourier
components and inverting P is given by O(2Llog(b)). The
overall computational complexity of our algorithm is given
by O(2Llog(b)) + 2ab. Since b < @ and 2ab < (@ + 1)ab,
our technique is much faster than the traditional algorithm.

5. EXAMPLES

We now consider examples of two possible dual windows of
a typical Gaussian Window with ¢; = 16. Figure 1 shows
a typical minimum norm dual window with o1 = o5 = 16.
The lattice constants (a, b) were both set to 8 and the length
of the signal was 256. Figure 2 shows the non minimum

dual with oo = 4. Since a is 8 (quadruple the value of o),
the values of h[k] outside twice the spread can be neglected.
As can be seen in Figure 2, even the non minimal dual win-
dow gives a good localization.

The number of operations necessary to compute the
minimum norm dual is roughly 8 times the number of op-
erations required to calculate the non minimum norm dual
shown in Figure 2.

It has been observed that when o is very different from
the shift a, the determinant of the matrix S = GG* is very
close to zero (though it is never equal to zero) [7]. In pattern
recognition applications, frequencly there arise situations
where o7 has to be very different from the shift a. In such a
case inverting S is computationally expensive and requires
very high precision arithmetic. To alleviate this problem, a
proper choice of o, which is different from o is necessary,
and which makes the determinant of P much larger than the
determinant of S. With our method it is possible to find a
function h[k] which can make this problem more tractable.

To conclude, advantages of our method include a faster
computational rate, as was shown above, better flexibility
as shown by freedom to determine the form of A[k] quite in-
dependent of g[k] and freedom to optimize the localization
with respect to the number of operations and stability based
on the end user’s requirement and resources available.
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