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Finite-Memory Denoising in Impulsive Noise
Using Gaussian Mixture Models

Yonina C. Elday Student Member, IEEBNd Arie YeredorMember, IEEE

Abstract—We propose an efficiently structured nonlinear finite- ~ impulsive noise is the Gaussian mixture (GM) model, used, e.g.,
memory filter for denoising (filtering) a Gaussian signal contami- jn [6] and [4].

nated by additive impulsive colored noise. The noise is modeled as a GM modeling is popular in the signal-processing commu-

zero-mean Gaussian mixture (ZMGM) process. We first derive the . . ;. .
optimal estimator for the static case, in which a Gaussian random nity mainly in the context of ;peech recognition. Howevgr, little
variable (RV) is contaminated by an impulsive ZMGM RV. We pro- ~ fesearch effort has been directed at GM modeling of time se-
vide an analytical derivation of the resulting mean-squared error ries. Such modeling warrants the use of standard linear models,
(MSE), and compare the performance to that of the optimal linear  with the traditional Gaussian driving noise substituted by a GM

estimator, identifying cases of significant improvement. Building - ygise e g., to describe impulsively driven autoregressive (AR)
upon these results, we develop a suboptimal finite-memory filter processes [11]

for the dynamic case, which is nearly optimal in the minimum MSE - ) ) .
sense. The resulting filter is a nonlinearly weighted combination of ~ In this paper we propose to model the impulsive, possibly
a fixed number of linear filters, for which a computationally effi-  colored noise as a linearly filtered sequence of independent,
cient architecture is.propgsed. Subs_tantial improvemer)tin perfor- identically distributed (iid) GM random variables (RVS)
?oinffsﬁﬁir the optimal linear filter is demonstrated using simula- consisting of zero-mean components, which we refer to as
' zero-mean GM (ZMGM). Such modeling is appealing in
several respects: ZMGM encompasses the popular zero-mean
Gaussian model as a special case; the sum of ZMGM and/or
COMMON approach to modeling background nois&aussian RVs is also a ZMGM RV; when a ZMGM process
in various applications is to use a Gaussian model fondergoes linear filtering, the output is also a ZMGM process.
the noise distribution. In estimating (filtering, denoising) & addition, a ZMGM model is most appropriate for describing
stochastic process contaminated by additive noise, when botHlier situations, by assuming mixtures of two components,
the signal and noise distributions are modeled as Gaussiaigre the first component occurs with a high probability, and
the optimal filter in the mean-squared error (MSE) sengbe second component has a significantly larger variance and
is a linear filter, e.g., taking the form of Wiener or Kalmarpccurs with a small probability.
filters. However, in many physical environments, the noise Modeling background noise as a GM iid sequence has been
exhibits impulsive characteristics, which cannot be adequatélydied in depth by Sorenson and Alspach [6]. They derived
described by a Gaussian model. the optimal MSE estimator for a Gaussian signal contaminated
Several approaches exist for accommodating impulsive nole GM noise, and pursued a recursive implementation thereof.
in the context of filtering. A rather naive but often efficient apTheir estimator consists of a bank of Kalman filters, whose out-
proach is to use preprocessing hard limiters, thus, practicafiyts are combined with proper weighting. However, a severe
discarding the outliers. However, when either the signal or noideawback of this optimal approach is that, as the number of GM
involved have a substantial correlation length, such a hard-ligemponents involved grows exponentially in time, so does the
iting operation may be far from optimal. number of filters in the bank, rendering the estimator computa-
Other, more elaborate approaches (e.g., [6], [4], [5], and [1jipnally impractical. In [4], Masreliez proposed a suboptimal ap-
use explicit non-Gaussian statistical models to describe the iptoximation to the Sorenson and Alspach recursive filter, which
pulsive behavior of the noise. One such model, which gained ileviates the computational load by deliberately ignoring the
creasing popularity in the past decade, is the alpha-stable mo#ieh-Gaussian characteristic of some intermediate conditional
used, e.g., in [5] and [1]. A drawback of this model is the reladistributions along the way.
tive complexity of both the analytical derivations and filter im- We propose an alternative, nonrecursive approach to the
plementations involved. Another possible model for describiridtering problem, in which the estimation of the desired signal
at each time-instant is based only on a fixed humber of most
recent observations. The use of finite memory inherently limits
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structure, which further reduces the overall computationaherez,,(y) = E[z |y, = m] andg,,(y) = P(i = m|y) is

complexity. the posterior probability of = m giveny, and is equal to
As in [6] and [4], it is assumed throughout that all the statis- oy i = m)P@i = m)
tical model parameters of both the desired signal and the noise am(y) = yli W1t = —
are known. fu(w)
The paper is structured as follows: In Section II, we confine bz exp (_ 2!;2 )
the discussion to the case in which both the signal and noise = = = . 4)
are iid time series, where the optimal filtering is equivalent to Zﬁil ’S’—,’: exp (—%)

optimal memoryless (scalar) RV estimation. We derive the op-

timal MSE estimator and provide (in the Appendix) an analyt- Noting that giveni = m, z andy are jointly Gaussiarg;, ()
ical derivation for evaluating the resulting MSE, which we usé the optimal linear estimator of assuming that = m, or
to identify cases of interest. These results are then extende@§ivalently, that ~ A'(0,07,). Thus,

Section Ill, where we develop the nearly optimal fixed-memory o2 A
filter for estimating a stationary Gaussian signal contaminated T(y) = STwU = hmy (5)

by additive colored ZMGM noise. In Section IV, we provide
some simulations results demonstrating the MSE improvemenvttere h,, = o2/s2,. Substituting (5) and (4) into (3), the
over the optimal linear filter. Concluding remarks are in Se®¢4MSE linear estimator is given by

tion V.

Throughout the paper, ~ NV (1, 02) denotes an RY: taking M M L exp (— ;;2 ) P,
a Gaussian distribution with megrand variance2. We denote (%) = >, @m(1)&m(y) = Y Y-
vectors by boldface lowercase letters, and matrices by boldface m=1 k=1 s, €XP (_E)
uppercase letters. All RVs involved are real valued. (6)

Il. OPTIMAL ESTIMATION OF A GAUSSIAN RANDOM V ARIABLE This estimator can be viewed as a weighted combination of the
IN ZMGM NOISE (conditional) optimal linear estimatofs, Z», . . . £, definedin
(5). However, the weighting coefficients introduce nonlinearity
We first consider the problem in which itis desired to estimaif the measurement To visualize the effect of the nonlinearity

aRVz ~ N(0,07) from the noisy measurement= = + v, e compare the optimal estimator to the optimal linear estimator
wherev is some impulsive noise, statistically independent.of 3, () of  from y = = + v, which is given by

We model the noise as a GM withd/ zero-mean components

(i.e., ZMGM) of variances? < o3 < ... < o2, occurring with Foly) = o2 y )
probabilitiespy, p2, . . . pas, respectively. The noise probability o2 +02

distribution function (pdf) is given by

whereo? = S"M_ p,.02, denotes the variance of the noise

1 & oy, - Fig. 1 demonstrates the behavior of the two estimators super-
folv) = Nor Z P 275 (1) imposed on 500 realizations of true valuesersus measure-
MmO mentsy for the case of/ = 2 with p; = 0.9,01 = 1,ps =

0.1,0, = 10, and a signal-to-noise ratio (SNR)@} /o2 = 0.5.
From the figure, it is seen that the linear estimator attempts
to compensate for occurrences of outliers by using a moderate
Elope, which in turn misaligns with the more probable popu-
lation in the center. The optimal estimator, on the other hand,

where>™Y_ p,, = 1.

The pdf of (1) can be given the following interpretation
Let ¢ denote an auxiliary RV which we call a “componen
indicator,” that takes on values from 1 f, and indicates

the Gaussian component from which is drawn. Then : L : .
' uses a weighted combination of two linear estimatqfsg/) and
Pi = m) = pmandf,(v]i = m)is N(0,02) for oo ood ation oTwo imafar)

1om Z2(%), such that the slope of each is properly aligned with the

m =12..M. Consequently,, (v) can be expressed aspo(pu)lation appearing in its region of domination. For example,
2= fui(v|i = m)P(i = m). the region of domination af(y) is the region of large values
_ Sincex is zero-mean Gaussian, the measurerpeats +v v, whereg(y) ~ 1. The resulting optimal estimator is rem-
is a ZMGM RV, taking variances iniscent of a hard limiter, which is a popular tool for estima-
tion in the presence of impulsive noise. However, while a hard
limiter completely discards suspected outliers, the optimal esti-
mator gradually decreases its sensitivity as the posterior proba-
bility of an outlier increases.

In the Appendix we derive an expression for computing the
MSE attained by the optimal estimaté(y) for the case of
two mixture component§M = 2). We used this expression

2
7

léai—i—aQ m=12,...M

S m?

with probabilitiesp,,,,m = 1,2, ..., M, respectively.

The optimal minimum MSE (MMSE) estimatd«y) of z is
well known to be the conditional expectatiéfy) = E[z | y].
To evaluatet(y), we rewrite this expectation as

Elz|y] = E[E[z |y,i = m]] = Elim(y)] to demonstrate in Fig. 2 the relative improvement in MSE at-
; M . ; tained by the optimal estimator over the optimal linear esti-
_ Z () Em (¥) (3) Mator, whose MSE is given by?02 /(02 + o%). We consider

three values of SNR: low<{3 dB), medium (0 dB), and high

m=1
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measurement y=x+v
Fig. 1. Optimal nonlinear and linear estimatorstofrom y = « + v, superimposed on 500 realizations.

(7 dB). For each SNR, we present six curves correspondingabiGM noise is assumed to be an ord&r moving-average
o301 = 2,5,10, 15,20, and25, showing the relative improve- [MA(K)] process, i.e., it is created by an iid sequencl] of
ment as a function of the outlier probability. It is evidentthat ZMGM RVs passing through a finite-impulse response (FIR)
the improvementincreasesas o1 increases, but attains an opfilter of length K + 1, with coefficientsg[0], g[1], . . . g[K]. For
timum as a function of.. The peaks become sharper and lowesimplicity, we assume thait[n] is ZMGM with M = 2 mixture
as the SNR increases. components of varianceg < o3 appearing with probabilities
It is interesting to note that in the inverse situation, when it j; andp-, respectively; the results extend in a straightforward
desired to estimate the noise component, the optimal estimatay to arbitrary values of/. For notational brevity, we denote
is the complementary estimator, i.6(y) = y — Z(y). This by p the outlier probability, thugy. = p,p1 =1 — p.
holds true since ify = z + v, thenE[v|y] = Ely — x| y] = To derive a computationally appealing estimator, we restrict
y — E[x|y]. Sinced(y) — v = —(Z(y) — =), the resulting the discussion to finite-memory filters of length Thus, it is
MSEs are the same in both cases. This property is also shadedired to filterz[n] from the precedind. observations of[n],
by the optimal linear estimator so that the relative improvemeint., from the vectoy,, = [y[n]y[n — 1]---y[n — L + 1]]*.
remains the same. This observation is useful when analyzing thé&rom Fig. 2, it is evident that in the case of memoryless es-
case of an impulsive (ZMGM) iid time series contaminated biymation whenu[n] is ZMGM with M = 2, the improvement
iid Gaussian noise. attained by using optimal estimation over optimal linear esti-
mation is substantial for small valuesaf\We, therefore, focus
our discussion on such cases in the context of finite-memory fil-
[ll. ESTIMATING GAUSSIAN SIGNALS IN COLORED tering as well.
ZMGM NOISE The derivation of our suboptimal filter is based on the further
assumption, that the probability of multiple occurrences of out-
We now expand the results of the previous section to includlers in w[n] influencingy,, is negligible. Sincey,, containsL
estimation of correlated time series contaminated by impulsigamples, and[»] is filtered by a filter of lengthK + 1, there are
colored noise. K + L samples ofv[n] bearing impact ow,,. The probability of
Let z[n] denote the desired signal, which is stationargo outlier occurrence in thed€ 4+ L samples is given by, =
zero-mean Gaussian with correlation functidd..[l]. It is (1—p)X+L, and the probability of occurrence of a single outlier
desired to filter (estimate}[n] from the noisy measurementsis given byP; = (K 4 L)p(1—p)%+L—1 Therefore, the proba-
y[n] = x[n] +v[n], wherev[n] denotes the noise, modeled as &ility of multiple occurrences of outliers im[n] influencingy,,
correlated ZMGM process, independent:§t]. The correlated is given byl — Py — P;, which when expanded ignoring terms



1072 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: ANALOG AND DIGITAL SIGNAL PROCESSING, VOL. 48, NO. 11, NOVEMBER 2001

SNR=-3dB SNR=0dB SNR=7dB
8 T 8 T 8 T

improvement [dB]

0 0 .
0 0.1 0.2 0 0.1 0.2
P, - outlier probability

Fig. 2. MSE improvement [dB] attained by the nonlinear ZMGM estimator over the optimal linear estimator for three SNRs: low, medium, and high. Curves
in each figure show the improvement as a function of the outlier probabpilityparameterized by, /o = 2,5,10,15, 20, 25 (the curves are monotonically
ordered ino2 /o, with the highest corresponding ta /o, = 25).

smaller tharp? reduces t@?(K + L)(K + L — 1)/2. Our as- where@,[n]=E[z[n] | y,,,i.=i"], andqx(y,,) = P(i, =i" | y,,)
sumption can, therefore, be expressed by the condition denotes the posterior probability #f = i* giveny,,.
To determinet [n] we note that gives,, = i*,z[n] andy,,

[(K + Lp]* < 1. (8) are jointly Gaussian. Thus,
Thus, rather than develop the optimal finite-memory es- #x[n] = E[z[n] |y, _ik] _ (Rk )1 (10)
g - nyn — - Y

timator, we develop a suboptimal finite-memory estimator,
which is approximately optimal under the highly probablq,hereRk = R,, + R¥, andR,, = 7L, = [Ry,[0]Rs.

T

assumption (8) that no more than one outlier occurred in tm ‘R, [ — 1]]. Here,R,,,, is the L x L correlation matrix

recentk’ + L samples ofw[n]. of z[n], 7. is its first column, ancR" is the conditional cor-
To derive our suboptimal estlmatom[fn] we define avector relation matrix ofv[n] giveni,, = i* " which can be derived as
in = [in tn—1 ... in_(x+1—1)]" composed of the individual f|iows:
“component indicators” fow[n], win —1], ... wln —(K+L—  denote by
1)], respectively [as described in Section II in the paragraph fol-
lowing (1))]. gl0] g1] -+ ¢[K] O .- O
In analogy to (3), the optimal MSE estimatdin| of 0 g[o] - g[K] :
z[n] is given by the conditional expectatiali[z[n]|y,] = G=| 7 (11)
E[E[z[n]]¥,,1.]], Wheres,, can take2"+" values. However, : g 0
for our suboptimal estimator we consider only thie+ L + 1 0o - 0 g0 g1] - ¢gK]
anis:}rferﬁgsblnea\r;aeh;gsi? h CQEEiSLDOVCS'e?giBO Onﬁ cir no 0ajztwherthe L x (K + L) Toeplitz matrix composed of the

andi*, & —1.2.... K + L are all-ones vectors with a 2 at the noise-generating FIR filter's impulse response coefficients,

kth entry (the remamlng possibilities will be indexed |mpI|C|tIyg [, 1=0.1,... K. We now have

asi*, k=K +L+1,...2K+ —1), v, = Gu, (12)
Thus, in a way similar to the scalar case (6), our estimator can
be expressed as where v, 2 [o[n]o[n — 1]...v[n — L + 1T and
KtL wy, 2 [wn]wln — 1]. .. w [n—K—L+1]]T. Thus,

t[n] = (Y,) T 9
2[n] kzzjoqk(y )ax[n] ©) [ 3)
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WhereR,’;‘)w is the correlation matrix ofp,, givent,, = %, de-

rived as follows: fork = 0 there are no outliers im,,, and,

therefore, all the components have equal variafc€ork # 0,
there is a single outlier of varianed at thekth entry ofw,,. In
any event, the components#f, are independent. Thus,

Rk — O—]?I7
ww J%I + 626kef,

k=20

k#0 (14)

1073

in the highly probable case where not more than one outlier
occurred inw,,.)
Using (18) and (19), we may rewrite (22) as

1

- Jdet {2rR0}

1 -1 1
wherel denotes the identity matrixy, is the kth column ofZ, X exp <—§y7TL (ng) yn) : !
and§? = o2 — 2. Therefore, \/1 + &2g7 (R),) g
1 &2 -1 2
. lele k=0 X exp < (yT (RO ) q .
RE, =34 7 15 0 \—1 n \Thyy k
vy { o2QG" + 89,9, k#0 (15) 21+ 827 (Ryy) 9k
(23)
whereg,, is thekth column ofG.
Noting that Note that the first two terms are independent afnd are, there-
fore, common to the numerator and denominator in (20), which
R, =R) +8g.4t, k=1,2,...K+L (16) we may consequently rewrite as
M\Yn
where a(Yn) = # (24)
k k\Y
R), = R, +07GG" (17) 0
where
and using the Matrix Inversion Lemma (see, e.g., [2, p. 18]) we
have 1—p E=0
— - 2
P & ) = e (1 (i) ) k0 @9
(Ryy) = (Ryy) - > T (a0 \—1
1+46 9j (Ryy) 9x
1 1 T with
x [(ng) gk} [(ng) gk} (18)
—1
and X hi. = ( R),) g (26a)
ke _ 0 2 T 0\~ -
det { B}, } = det {R}, } (1+ 6% (R),) " g1) . (29) = p/J1t 02T (26b)
Finally, Bk = 627 /2p (26c¢)
Py it i = *VPi, = i) Substitutinggs. (y_n) into (9), we observe _thzﬁt[n] can be in-
a(y,) = SR ] - R " terpreted as a weighted combination of linear estimators. The
k=0 Sy it =) P(E, =47) first linear estimatorgo[n], is the optimal linear estimator of
Fy i@ lin = ) P(i, =i*) x[n] assuming thaw,, ~ A(0, R?,), namely, that no outlier
2 = = (20) occurred imw,,. The otherK + L estimators are each optimal
E fyll(yﬂ |in =) P(in =17) linear estimators assuming that ~ A (u,, R%, ), namely that
a single outlier occurred in the respective Iocatlonul,t;l The
where weights g, (y,,) reflect the posterior probability of the respec-
- tive events presumed by the estimators.
. L (1—p)‘+1, k=0 -T .
PG, =1")= p(1—pYKHL=L =12 K41 The data-dependent terrhgy,, in the estimator are common
’ T 21) to both the linear estimators,[n] and to the termsy.(y,,)
for k = 1,2,...K + L, respectively. This feature can be
and 1 epr0|ted by the implementation depicted in Fig. 3, where
fyl’l:(yn|"’" =3 ) e ho = (RO ) Torp, Wk = 2/31J' hk, and hk,’yk and s
det, {%Rk } are given above in (26). The estimator is calculated using
vy only K + L + 1 FIR filters whose outputs are denoted
1 /6 N7t Zo[n], z1[n], ... zx+1[n], scalar nonlinearities composed of
X exp <_§y" (Ryy> y") ' (22) simple (-)? and exp(-) operations, and one division. This

architecture also allows parallel implementation of the FIR
filters and nonlinear operations (up to the final division).

(The = in (20) should be interpreted in a probabilistic sense: It is important to observe that the filter's memory lendth
the terms discarded in the denominator are negligible orthas to be carefully designed. On one hand, the correlation length
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ng = R, + 0]{GG"]

Fig. 3. Finite memory filter for Gaussian signals in colored ZMGM noise.

of the signals involved may require long memory; on the othan iid ZMGM sequenceu[n] through a five-coefficients FIR
hand, ad. grows, the conditiof{ K + L)p]?> < 1 of (8) may be filter g[i]
breached, implying that more than one outlier is likely to occur
in w,,, thus, devalidating our filter derivation. It has been veri- oll] = {l+ 1L, 0<i<4 (28)
fied by simulation (some of which are presented in the next sec- 0, otherwise
tion), that whenl is chosen properly, substantial improvement
of MSE over the optimal linear estimator can be attained by t &
proposed filter. The improvement increasesaés; increases,
but attains an optimum as a function of SNR and v[n] = wn] + 2wln — 1]+ 3wn — 2]
As we noted in the scalar case, when it is desired to estimate +4wln — 3]+ 5wln — 4].  (29)
the noise component, the optimal estimator is the complemen-
tary estimator, i.e4[n] = y[n] — £[n]. This holds true since if
y[n] = z[n] + v[n], thenElv[n]|y,] = Ely[n] — z[n]]y,] =
y[n] — Elz[n] | y,]. Sinced[n] — v[n] = —(2[n] — z[n]), the
resulting MSEs are the same in both cases. However, since
estimator is only nearly optimal, this property is only approxi
mately exhibited.

nce,

The ZMGM sequenceu|n] consists ofAf = 2 zero-mean
Gaussian components with varianegsando, occurring with
grobabllmesl — p and p, respectively—thusp denotes the
Bltlier probability.” o1 ando, were set such that[n] would
have unit variance, and their ratie;/o; equals its desired
values (see the following).
The measured signal ign] = z[n] + v[n], hence, the input
SNR to all filters tested is 0 dB. To estimatf:] from y[n], we
We present some simulation results demonstrating the iappliedy[n] to three filters: the optimal linear causal (“infinite
provement attained by the proposed filter (denoted hereaftemasmory”) Kalman filter, the optimal linear FIR filter of length
the “ZMGM filter”) over the optimal linear filter. The under- L, and the proposed ZMGM nonlinear filter of memory length
lying signal was generated as an AR process of order 2, with Results are displayed in terms of the SNR at the filters’ out-
poles atz = 0.95 andz = 0.9, i.e., it satisfies the difference puts, which is actually also the MSE in estimatin@|, since
equation z[n] has unit variance.
In Fig. 4 we demonstrate the dependence of performance
z[n] = 1.85z[n — 1] — 0.855z[n — 2] 4+ u[n] (27) on the ratioos /o7, with the outlier probability fixed ap =
0.02. For the finite-memory filters (FIR and ZMGM), we used a
where u[n] is a zero-mean white Gaussian noise sequeneaemory length oL = 6. The solid lines represent the theoret-
whose variance was set such thit] would have unit variance. ical output SNRs for the Kalman and FIR filters, as indicated.
The additive colored ZMGM noise was generated by passifipese values are, of course, independent of the variances ratio.

IV. SIMULATIONS RESULTS
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Fig. 4. SNR at the output of the optimal linear filters and proposed ZMGM filter versiis . Solid lines denote the theoretical values for the optimal linear
Kalman (infinite memory) filter and an FIR filter of length = 6. Simulations results are indicated by dots, each representing a single trial over a signal of length
250 000 (four trials per test point). All filters used the same data.

Superimposed on these lines are dots representing simulatiorbehavior is more pronounced for the higher outlier probability
sults [four trials (dots) per test point]. Similar dots are also prdp = 0.05). In addition, since the ZMGM performance has an
vided for the ZMGM filter as indicated, where their empiricabptimum as a function of (see, e.g., Fig. 1), performance for
means are connected by a dashed line (we do not have a tractgble 0.05 is generally worse than fgr = 0.02. Naturally, the
analytic expression for the ZMGM filter's performance—thg@erformance of the linear filters is insensitiveyto

derivation in the Appendix is only valid for the static case). Itis

clearly seen that the ZMGM filter offers substantial improve-

ment over the optimal linear FIR filter of the same memory V. CONCLUSION
length, as well as over the infinite-memory Kalman filter, as the
variance ratioss /o increases. As expected, fop/o; = 1 We presented the optimal (nonlinear) estimator and asso-

(practically no outlier situation), the ZMGM filter's perfor- ciated error analysis for estimating a Gaussian RV from its
mance coincides with that of the FIR filter, but it quickly departshieasurement contaminated by impulsive noise modeled as a
as the outliers situation becomes more imminent. ZMGM RV. The estimator can be interpreted as a nonlinear
In Fig. 5, we demonstrate the interesting dependence on teighting of optimal linear estimators, each suited to a cor-
memory lengthL. In this case, the variances ratio is fixed atesponding mixture component. The weighting reflects the
o2 /o1 = 25, and we present results for two outlier probabilitiegposterior probability of occurrence of the respective com-
p = 0.02 andp = 0.05. Again, solid lines represent the theoretponents. In extreme outlier situations the optimal estimator
ical values, and simulation results appear as dots, with four tris&sembles a hard limiter; however, its advantage is in its ability
(dots) per test point. Only the linear FIR and the ZMGM filter¢o deal properly with moderate outlier situations without
depend onL; the Kalman filter’s results are simply repeatedliscarding data on one hand, and without compromising
for eachL for ease of comparison. As expected, the linear FIperformance in “benign” (no outliers) situations (as does the
filter's SNR approaches the Kalman filter's SNR from belovoptimal linear estimator) on the other hand.
as L increases. However, both fall well below the SNR of the We demonstrated via error analysis for the case of two mix-
ZMGM filter. It is reassuring to note, however, that while theure components, that as may be expected, the attainable im-
FIR filter's performance monotonically improves &sis in- provement in performance over the optimal linear estimator be-
creased, the ZMGM filter’'s performance has an optimum ascames more significant as the variance ratio of the two compo-
function of L, since further increase d@f gradually breeches the nents increases. However, an optimum is attained as a function
condition in (8), and thus, slowly degrades performance. Thi§ the outlier probability and SNR.
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Fig. 5. SNR at the output of the optimal linear filters and proposed ZMGM filter versus the memory Ienfigthtwo outlier probabilitieg. Solid lines denote
the theoretical values for the optimal linear Kalman and FIR filters. Simulations results are indicated by dots, each representing a singéedigaiadv# length
250 000 (four trials per test point). The same data was used by all filters fbrallThe Kalman filter results are repeated at eadhr comparison only, sincé
is irrelevant to the Kalman filter.

We then extended the results to the case of filtering correlated APPENDIX
time series. We presented a suboptimal finite-memory filter for ESTIMATION ERRORANALYSIS
estimating a stationary Gaussian signal from measurements cor

; : ~In this Appendix, we derive expressions for computing the
rupted by colored ZMGM noise. Under the assumption that INISE attained by the optimal estimatofy) = E[« | 4] in the iid
dependent occurrences of outliers are usually sufficiently f;

8hse, for noise consisting of two mixture componéns= 2).

apart, the filter is nearly optimal. Using simulation results, it‘?hroughout we shall use the notations defined in Section Il for
superiority with respect to the optimal linear filter, as well as i :

e e distributions’ parameters and related constants.
sensitivity to the memory length, were demonstrated.

. . . . The implicit expression for the MSE is given b
In general, Gaussian mixture models can be used in appli- P P g y

cations other than signal denoising, involving estimation with
impulsive signals, such as channel estimation and equalization, El(2(y) — 2)*] = BIE[(2(y) — 2)*| ]]

source separation, bearing estimation, time-delay estimation, o2 — E[2%(y)]. (30)
etc. Often in such applications, the ZMGM modeling tool can be
used either to properly combat the undesired effects of impul-
sive noise, or to exploit useful impulsive properties of the targ%t

Thus, evaluating the MSE involves the evaluation of
[#2(3)], which in the casé/ = 2 reduces to

signal.
The nonlinear functions employed by using the ZMGM
model are reminiscent of those generated by other nonlinear PL oy (_i) hy + 2 (_i) R 2
] H H : H - H : ©0 s p 252 1 s exp 252 2
filtering methods, such as piecewise linear filters [8], piecewisg[;:%(y)] = / ! 1 ? 2
polynomials [9], and threshold decomposition [10]. However, —oo L exp (_ﬁ) + 2 exp (_2345_22)
1 2

in contrast to these other methods, the proposed ZMGM filter
is (nearly) optimal when the statistical model is indeed ZMGM.
The other nonlinear methods are not specifically related to
(nor are claimed optimal in) the context of a specific statisticdb simplify the exposition, let us define the constants
model. Thus, these methods would be more robust with respect= p;/s;(i = 1,2) and(1/s?) = (1/s?) — (1/s3). Noting
to the model assumption, but may be far from optimal when thieat the denominator in parenthesis in (31) equéﬁfy(y)
true model is indeed a Gaussian mixture. and definingg;(v) = yihiexp(—(y?/2s3)) (i = 1,2),

xy” fy(y) dy.  (31)
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we may break (31) down into three terms denoted Thus, the MSE ofz(y) can be calculated analytically to
(1/v/27)(T11 + 2112 + Ts2), where within arbitrary precision by taking sufficiently many terms in
(35).

o>
B 99y o, o, Qi
Ii; = 7@]‘ (y)y dy = ti;T;, t,j=1,2. (32) REFERENCES
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