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ABSTRACT

A new biasedlinear estimator, referred to as the covariance
shapingleast-squares(CSLS)estimator, is proposedfor estimating
a setof unknowndeterministicparameters in a linear model.The
CSLSestimatoris directedat improving the performanceof the
least-squares(LS)estimatorby choosingtheestimateto minimize
theerror variancein theobservationssubjectto a constraint onits
covariance. TheCSLSestimatoris shownto achievetheCramer-
Rao boundfor biasedestimators. Furthermore, the covariance
of theestimatecan bechosensuch that there is a thresholdSNR,
belowwhich theCSLSestimatoryieldsa lower MSEthan theLS
estimator, for all valuesof theparameters.

1. INTRODUCTION

A genericestimationproblemthat hasbeenstudiedextensively
in the literature is that of estimatingthe unknown deterministic
parameters� in thelinearmodel���������
	�� (1)

where � is a known 
���� matrix, and 	 is a zero-meanran-
dom vectorwith positive definitecovariance ��� . For simplicity
of expositionwe assumethatrank� ����� � .

A commonapproachto estimating� is to find thelinearesti-
mateof � thatresultsin anestimateddatavector �� thatis asclose
aspossibleto thegivendatavector � in a (weighted)least-squares
(LS) sense.Thus the LS estimateof � , denoted ������ , is chosen
suchthat ������ �� ��� ���� !� minimizesthetotal squarederror" ���#� � ��$%�� !�&�('*) � ��$��� !�&�+� (2)

where ) is anarbitrarypositive definiteweightingmatrix. If we
choose),� ��-/.� , thentheLS estimateis givenby

�� ��� � � � ' � -/.� ��� -0. � ' � -0.� �21 (3)

The Gauss-Markov theorem[1] statesthat with )3� � -0.� ,
theLS estimatorminimizesthetotal variancedefinedby 45�6��7�8�9 �:�6��;$ 9 �6��7�:� ' �*��;$ 9 �6��/�:�:� from all linearunbiasedestimators.
Furthermore,if 	 is a zero-meanGaussianrandomvector, then
the LS estimator(with optimal weighting)acheives the Cramer-
Raolower bound(CRLB) for unbiasedestimators[1, 2], sothatit
minimizesthetotalvariancefrom all linearandnonlinearunbiased
estimators.

TheLS estimatorhasa varietyof optimality propertiesin the
classof unbiasedestimators.However, anunbiasedestimatordoes

notnecessarilyleadtominimummean-squarederror(MSE),where
theMSE of anestimate�� of � is definedby<�=?> �*��/��� 9 �(@?���$A� @CB ��� 45�6��/�/� @CD��6��0� @*B 1 (4)

Here D�� ��7��� 9 � ��/�&$A� denotesthebiasof theestimator �� .
TheLS methodis widely employed in diversefields,both as

anestimationcriterionandasa methodfor parametricmodelling
of data(seee.g., [1, 3]). Variousmodificationsof theLS estimator
for the casein which the model (1) is assumedto hold perfectly
have beenproposed[4]. Among themoreprominentalternatives
aretheridgeestimator[5] (alsoknown asTikhonov regularization
[6]) andtheshrunkenestimator[7].

In our methodwe assumethat thedatamodelholdsi.e., �E����F�;	 with � and � known exactly, andourobjective is to min-
imizetheerrorbetween� andtheestimateof � . In many casesthe
datavector � is not very sensitive to changesin � , sothata large
errorin estimating� maytranslateinto a smallerrorin estimating� , in which casetheLS estimatemayresultin a poorestimateof� . This effect is especiallypredominantat low to moderateSNR,
wherethedatavector � is typically affectedmoreby thenoisethan
by changesin � ; theexactSNRrangewill dependon theproper-
tiesof themodelmatrix � . A difficulty oftenencounteredin this
estimationproblemis that the error in the estimationcanhave a
covariancestructurewith a very highdynamicrange.

To improve the performanceover the LS estimatorat low to
moderateSNR we choosethe estimatorof � to minimize the to-
tal errorvariancein theobservations � , subjectto a constrainton
thecovarianceof theerror in theestimateof � , sothatwe control
thedynamicrangeandspectralshapeof thecovarianceof thees-
timation error. The resultingestimatorof � is referredto as the
covarianceshapingLS (CSLS)estimator, andis developedin Sec-
tion 2. In Section3 we show thatboththeridgeestimatorandthe
shrunkenestimatorcanbeformulatedasCSLSestimators.

In Section4 we show that theCSLSestimatorhasa property
analogousto theLS estimator. Specifically, it is shown to achieve
theCRLB for biasedestimators[1, 2, 8] whenthenoiseis Gaus-
sian. This implies that for Gaussiannoise,thereis no linear or
nonlinearestimatorwith asmallervariance,or MSE,andthesame
biasastheCSLSestimator. In Section5 we analyzetheMSE in
estimating� of boththeCSLSestimatorandtheLS estimator, and
show that in many casesthe CSLSestimatorcanresult in lower
MSE thantheLS estimatorby allowing for a bias.

Basedontheconceptof CSLSestimation,in Section6 wepro-
poseanew linearreceiver for synchronousCDMA systemswhich
we refer to asthecovaraicneshapingmultiuser(CSMU)recvier.
The CSMU receiver dependsonly on the users’ signaturesand
doesnot requireknowledgeof thechannelparameters.Nonethe-
less,aswedemonstrate,overa widerangeof theseparametersthe



performanceof theCSMUreceivercanapproachtheperformance
of the linear minimum mean-squarederror (MMSE) receiver [9]
which is theoptimallinearreceiver thatassumesknowledgeof the
channelparameters.

2. THE COVARIANCE SHAPING LS ESTIMATOR

Sincethe biasof an estimate �� of � , andconsequentlythe MSE
of (4), dependexplicitly on theunknown parameters� , �� cannot
bechosento directly minimize theMSE. A commonapproachis
to restrict �� to be linear andunbiased,andthenseekthe estima-
tor of this form that minimizesthe varianceor the MSE, which
leadsto theLS estimator. In our development,theestimatoris not
constrainedto beunbiased.

The CSLSestimateof � , denoted ��0G �H��� , is chosento mini-
mizethetotalvarianceof theweightederrorbetween������ �� G �H���#��� �� and � , subjectto theconstraintthatthecovarianceof theer-
ror in ��0G �:�6� is proportionalto agivencovariancematrix I . From
(1) it follows that thecovarianceof � is equalto � � , so that the
covarianceof �� G �H��� , which is equalto thecovarianceof theerror
in ��0G �:�6� , is  ���  ' . Thus, ��0G �H��� �J �� is chosento minimize" G �H��� � 9LK � �0M?$%�� ��0MN�(' � -0.� � �0M?$%�� ��0MN�HO (5)

where� M ����$ 9 � �&� , subjectto � �  �'P��Q B*I 1 (6)

Here QSR�T is a constantthat is eitherspecified,or chosento min-
imize " G �H��� of (5).

This minimizationproblemis a specialcaseof the weighted
minimummean-squarederror (WMMSE)shapingproblemconsid-
eredin [10]. Specifically, theproblemof (5) and(6)canberestated
astheproblemof finding thetransformationU to minimize9JK �WV $AX��(' � -/.Y �WV $�X&�HO2� (7)

whereXA� UZV , subjectto�\[ � U]� Y U ' �^Q B�_ 1 (8)

Thesolutionto theWMMSE shapingproblemhasbeenobtained
in [10], andis incorporatedin thefollowing theorem:

Theorem 1 (WMMSE covariance shaping) Let Va`cb�d be a
randomvectorwith positivedefinitecovariancematrix � Y . LeteU be the optimal covarianceshapingtransformationthat mini-
mizesthe weightedMSEdefinedby (7), betweenthe input V and
the output Xf� UZV with covariance ��[ �gQ B _ where _ is a
givencovariancematrix and QhRiT . TheneU �^j � _ � -0.Y � .lk B ��j _ �l� -/.Y _ � .lk B�� -/.Y �
where

1. if Q is specifiedthen j��^Q ;
2. if Q is chosento minimizethe weightedMSEthen jf� �Q

where �QP� Tr �:�l� -0.Y _ � .lk B �:m Tr �l� -0.Y _ � .
In the problemof (5), V �a� M , � Y � � � , U �,�� , and_ �L� I � ' . Denoting n c� �Ho m�Q6�( it follows from Theorem1

thattheoptimalvalueof n , denotedpn , satisfies� pn c� � � I ��' � -/.� � .lk B 1 (9)

Usingstraightforwardmatrix manipulationsit canbeshown that

pn ,� �qI � ' � -/.� ��� -/.lk B I � ' � -/.� 1 (10)

If thescaling Q in (6) is specified,thentheCSLSestimatoris

given by ��0G �H��� �rQ pn ;� . If Q is chosento minimize " G �:�6� , then��0G �:�6� � �Q pn �� , wherefrom Theorem1,

�Qs� Tr �:�qI � ' � -0.� ��� .lk B �
Tr �qI � ' � -0.� ��� 1 (11)

Notethat �� G �H��� is abiasedestimatorof � , sothatwhen t BsuT , ��7G �H��� doesnotconvergeto � . Theadvantageof theCSLSesti-
matoris at low to moderateSNR,wherewereducetheMSEof the
estimatorby allowing for a bias.Indeed,aswe show in Section5,
for many choicesof I , regardlessof thevalueof � thereis always
a thresholdSNR,so that for SNRvaluesbelow this thresholdthe
CSLSestimatoryieldsa lowerMSEthantheLS estimator. Exam-
plesconsideredin [10] indicatethatin avarietyof applicationsthe
thresholdvaluesare pretty large. Furthermore,simulationspre-
sentedin [10] and in Sections5 and6 stronglysuggestthat the
CSLSestimatorcansignificantlydecreasetheMSEof theestima-
tion errorover theLS estimatorfor a wide rangeof SNRvalues.

The CSLS estimatorwith optimal scaling is invariant to an
overall gain in � � . Thus if � � � t B � for somecovariance
matrix � , thentheCSLSestimatorwith optimalscalingdoesnot
dependon t . This propertydoesnot hold in thecasein which Q
is chosenasa constant,independentof t . In this casetheCSLS
estimatordependsexplicitly on t which thereforemustbeknown.
Alternatively, if we let Qv� t , thentheCSLSestimatorwill again
not dependon t .

TheCSLSestimatoris summarizedin thefollowing theorem:

Theorem 2 (CSLS estimator) Let � denotethedeterministicun-
knownparameters in themodel�������8�w	 , where � is a known
%��� matrix with rank � , and 	 is a zero-meanrandomvector
with positivedefinitecovariance � � . Let �� G �H��� denotethe co-
varianceshapingleast-squaresestimatorof � that minimizesthe
error (5) subjectto (6), for someQhRiT . Then�� G �H���#��j �qI ��' � -/.� ��� -0.lk BCI ��' � -0.� �x�
where

1. if Q is specifiedthen j��^Q ;
2. if Q is chosento minimize(5) then j�� �Q givenby (11).

In [10] it is shown thattheCSLSestimatorcanbeexpressedas
an LS estimatorfollowed by a WMMSE shapingtransformation,
thatoptimally shapesthecovarianceof theLS estimateof � .

3. CONNECTION WITH OTHER LS MODIFICATIONS

Wenow comparetheCSLSestimatorwith theridgeestimatorpro-
posedby Hoerl andKennard[5], andTikhonov [6], andwith the
shrunkenestimatorproposedby MayerandWillk e [7].

Theridgeestimator, denotedby ���y , is definedby�� y � � ��' � -0.� �z�
{}|�� -0. ��' � -0.� �2� (12)

where | is a positive definitematrix and { is a regularizationpa-
rameter. The ridge estimatoris equalto a CSLSestimatorwith
covarianceI y , whereI y is thecovarianceof �� y andis givenbyI y�� �q~ �
{ � ��' � -0.� ��� -/. |w� -/. � ��' � -/.� �a�%{�|w� -/. 1 (13)



Indeed,by directsubstitutionof (13) into theexpressionfor ��0G �:�6�
from Theorem2, �� G �:�6�\� �� y . Basedon thisconnectionbetween�� y and �� G �H��� wemayinterpret �� y astheestimatorthatminimizes
theerror " G �H��� of (5) from all estimatorswith covarianceI y .

Theshrunkenestimator, denotedby ��7� , is a scaledversionof
theLS estimatorandis definedby��0�#��� ��/�6�\��� � ��' � -0.� ��� -/. ��' � -0.� �2� (14)

where� is aregularizationparameter. A stochastically(nonlinear)
shrunkenestimatoris ashrunkenestimatorin which � is afunction
of thedata� , anexampleof which is thewell known James-Stein
estimator[11]. The shrunken estimator ��0� canbe formulatedas
a CSLSestimatorwherethecovarianceof ��0G �H��� is chosento be
equalto thecovarianceof ��7� givenbyI �\��� B}� ��' � � ��� -0. 1 (15)

Substituting(15) into the expressionfor �� G �H��� from Theorem2,
we have indeedthat �� G �H���;� ��0� . Thus,we may interpret ��7� as
the estimatorthat minimizesthe error " G �H��� of (5) from all esti-
matorswith covarianceI � .

In summary, someof thepopularalternativesto theLS estima-
tor underthemodel(1) arein factCSLSestimators.Thisprovides
additionalinsightandfurtheroptimalitypropertiesof theseestima-
tors. However, the CSLSestimatoris moregeneralsincewe are
notconstrainedto a specificchoiceof covarianceI . By choosingI to “best” shapetheestimatorcovariancein somesensewe can
improve theperformanceover theseLS alternatives.

As a final note,supposewe aregivenanarbitrarylinearesti-
mate �� of � with covariance�\� . ThenwecancomputetheCSLS
estimate��7G �H��� with I � ��� . If ��7G �H��� � �� , thentheestimate��
hastheadditionalpropertythatfrom all estimatorswith covariance��� it minimizesthe (weighted)total error variancein the obser-
vations. If, on the otherhand, �� G �H������ �� , thenwe canalways
improve thetotalerrorvarianceof theestimatewithoutalteringits
covarianceby using ��7G �H��� .

4. CRAMER-RAO LOWER BOUND

Thevarianceof anunbiasedestimator �� of � canbeboundedby
the Cramer-Raolower bound(CRLB) [1, 2]. A similar boundis
alsogiven for thevarianceof a biasedestimator, which is known
asthebiasedCRLB [8]. Specifically, supposewewantto estimate
a setof unknown deterministicparameters� from givenobserva-
tions � . Let �7� �x���7� denotetheprobability densityfunctionof �
characterizedby � . It is assumedthat �7� �2�:�7� satisfiestheregular-
ity condition

9 �W���7� �2���0�:m � �0�F��T . Thenfor any estimator �� of� with bias D�� �7� , thecovarianceof theestimatormustsatisfy9 �:�6��!$ 9 �6��0�:� �6��;$ 9 �*��/�:�('6�8�� ~ d � ��D!� �0�� ����� -/. � �7� � ~ d � ��D�� �0�� ��� ' � (16)

where � � �0� is theFisherinformationmatrix definedby

� � �0��� 9 � � B����}� �0� �x�H�0�� � B � 1 (17)

For theCSLSestimator, thebiasis givenby

D��6��7G �H��� ��� � j �qI ��' � -/.� ��� .lk B $ ~ d ���2� (18)

and ��D�� ��0G �:�6� �� � �^j �qI ��' � -0.� ��� .lk B $ ~ d 1 (19)

Wenow show thatif thenoise	 in (1) is Gaussianwith zero-mean
andcovariance� � , thentheCSLSestimatorachievestheCRLB
for biasedestimators�� with bias D��6��/� givenby (18).

For the linear model (1) with Gaussiannoisethe Fisher in-
formation matrix is [1] � � �0�;��� ' � -0.� � . The CRLB on the
varianceof any estimatorwith bias D��6��7G �H��� � is therefore9 �:�6��!$ 9 �6��/�:� �6���$ 9 �*��/�:�('6�� j B}�qI ��' � -0.� ��� .lk B}� ��' � -/.� ��� -/. � ��' � -0.� � I � .lk B� j B*I 1 (20)

Now, for the CSLSestimator,
9 �6�� G �H���w$ 9 �*�� G �H�����:� �6�� G �:�6��$9 �6��7G �H��� �:� ' ���Jj B I , so that theCRLB is achieved. Thus,from

all linearandnonlinearestimatorswith biasgivenby (18)for somej and I , theCSLSestimatorminimizesthevariance.

5. MEAN-SQUARED ERROR PERFORMANCE

In theprevioussectionwe showed that theCSLSestimatormini-
mizestheMSEamongall estimatorswith a particularbias.While
it would be desirableto analyzethe MSE of the CSLSestimator
for more generalforms of bias, we cannotdirectly evaluatethe
MSE of the CSLSestimatorsincethebias,andconsequentlythe
MSE, dependexplicitly on the unknown parameters� . To gain
someadditionalinsight into theperformanceof theCSLSestima-
tor, in this sectionwe insteadcompareits MSE with theMSE of
theLS estimator. Our analysisindicatesthattherearemany cases
in whichtheCSLSestimatorperformsbetterthantheLS estimator
in a MSEsense,for all valuesof theunknown parameters� .

In our analysiswe assumethat � � � t B � , wherethediag-
onalelementsof � areall equalto o , sothatthevarianceof each
of thenoisecomponentsof � � is t B . To ensurethattheestimator
doesnotdependon t , whichmaynotbeknown, welet thescaling
of theCSLSestimatorbe j�� t or j�� �Q givenby (11).

5.1. Fixed Scaling

We first considerthecasein which j�� t . TheMSE of theCSLS
estimatoris thengivenby<�=?> � ��0G �:�6� �2� @��:�qI!� � .lk B $ ~ d ��� @ B � t B Tr �qI �+� (21)

where � �f� ' ��-/. � . Thefirst termis thesquarednormof the
biasof ��0G �:�6� , andthesecondtermis thetotal varianceof ��0G �H��� .

For largevaluesof t B in comparisonwith @ � @ B , thefirst term
in (21) is negligible and

<�=?> �*�� G �H�����s� t B Tr �qI � . Thus,at suf-
ficiently low SNR, wherethe SNR is definedas @+�&@ B m t B , both<�=?> �6��/�6��� and

<�=?> �6�� G �H����� are proportionalto t B wherewe
canalwayschooseI so that the proportionalityconstantTr �qI �
of theCSLSestimatoris smallerthantheproportionalityconstant
Tr �q��-0. � of theLS estimator. At sufficiently high SNR, the sec-
ond term in (21) can be considerednegligible and as t u T ,<�=?> �6��7G �H��� � convergesto the constant @��:�qI�� � .lk B $ ~ d ��� @ B .
From this qualitative analysisit is clear that thereis a threshold
SNRthatwill dependin generalon � below which,for appropriate
choicesof I , theCSLSestimatoroutperformstheLS estimator.

It canbeshown that
<�=�> �6�� G �H�����8� <�=?> �*�������� if� � Tr �q� -0. �&$ Tr �qI �t��  ��¡�C¢ G � (22)



where
� � @ � @ B m �Wt B � � denotesthe SNR per component,£ �¤�¥ �8¦ ¤�§ t©¨ , and t©¨ are the eigenvaluesof _ � �:�qI�� � .lk B $~ d � ' �:�qI!� � .lk B $ ~ d � . Thebound ¡�+¢ G givenby (22) is a worst

casebound,sinceit correspondsto the worst possiblechoiceof
parameters,namelywhentheunknown vector � is in thedirection
of the eigenvector of _ correspondingto the eigenvalue t�� . In
practicetheCSLSestimatorwill outperformtheLS estimatorfor
highervaluesof SNRthan ¡�C¢ G .

Sincewehavefreedomin designingI , wemayalwayschooseI so that ¡� ¢ G�RzT . In this casewe areguaranteedthat thereis
a rangeof SNR valuesfor which the CSLSestimatorleadsto a
lower MSEthantheLS estimatorfor all choicesof � .

For example,supposewewish to designanestimatorwith co-
varianceproportionalto somecovariancematrix ª , so that I �« ª for some «JRgT . If we choose«J¬ Tr �q� -/. �:m Tr �lª � , then
thereis an SNR rangefor which the CSLSestimatorwill have a
lower MSE thanthe LS estimatorfor all valuesof � . In specific
applicationsit maynotbeobvioushow to chooseaparticularpro-
portionalityfactor « . In suchcases,wemaypreferusingtheCSLS
estimatorwith optimalscaling,which wenow discuss.

5.2. Optimal Scaling

In casesin which thereis no naturalscaling,it maybepreferable
to usetheCSLSestimatorwith optimal scaling. In this case,the
scalingis a functionof I andthereforecannotbechosenarbitrar-
ily, so that in generalwe canno longerguaranteethat thereis al-
waysanSNRrangeoverwhich theCSLSperformsbetterthanthe
LS estimator. However, aswe show, in thespecialcasein whichI � ~ d , thereis alwayssuchanSNRrange.

If j�� �Q and I � ~ d , then<�=�> �6�� G �H������� @��W­&� .lk B $ ~ d ��� @*B � �;­�B+t0B � (23)

where ­ � �Qt � Tr �q��.lk B �
Tr �q� � �¯® d¨N° .�± .lk B¨® d¨N° . ± ¨ � (24)

and ± ¨ � o ��²s� � denotetheeigenvaluesof � �³� ' �5-0. � . It
thenfollows that

<�=�> �*�� G �H�����8� <�=?> �6��/����� if� � �Ho m � � ® d¨N° .�± -0.¨ $ ­ B´ ­ ± .lk B� $ o ´ B  � �C¢ G � (25)

where £ � ¤�¥ �2¦ ¤�§ ´ ­ ± .lk B¨ $ o ´ B . Furthermore,when ��0G �H��� �������� , it canbeshown that
�C¢ G R�T sothatthereis alwaysa range

of SNRvaluesfor which
<�=�> �6�� G �H�����µ� <�=�> �*�������� .

The bound
� ¢ G given by (25) is againa worst casebound,

sinceit correspondsto the worst possiblechoiceof parameters.
In practicethe CSLSestimatorwill outperformthe LS estimator
for higher valuesof SNR than

� ¢ G . In [10] we considersome
examplesillustratingthethresholdvaluesfor differentmatrices� .
Theseexamplesindicatethatin avarietyof applicationsthethresh-
old valuesareprettylarge,ascanalsobeseenfrom Figs.1–3.

Simulationspresentedin [10] stronglysuggestthat theCSLS
estimatorcansignificantlydecreasetheMSE of theestimationer-
ror over theLS estimatorfor awiderangeof SNRvalues.In Fig. 1
we illustratetheperformanceadvantagewith onesimulationfrom
[10]. In this figurewe plot theMSE in estimatinga setof AR pa-
rametersin anARMA modelcontaminatedby white noise,using
theCSLSestimatorwith I � ~ d andoptimalscalingandtheLS
estimator, from ¶ T noisyobservationsof thechannelaveragedover

¶ T�T}T noiserealizations,asa function of $ o T ���}� t B where t B is
thenoisevariance.As canbeseenfrom thefigure,in thisexample
theCSLSestimatorsignificantlyoutperformstheLS estimator.

−5 0 5 10 15 20 25 30 35
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

SNR [dB]

M
S

E

CSLS
LS  

Fig. 1. Mean-squared error in estimating a set of AR pa-
rameters using the LS estimator and the CSLS estima-
tor.

6. APPLICATION TO MULTIUSER DETECTION

Basedon theconceptof CSLSestimation,we now proposea new
linearreceiverfor CDMA systems,whichwerefertoasthecovari-
anceshapingmultiuser(CSMU)receiver. TheCSMUreceivercan
beviewedasadecorrelatorreceiver [12] followedby anWMMSE
covarianceshapingtransformation,that optimally shapesthe co-
varianceof thedecorrelatoroutputprior to detection.TheCSMU
receiver dependsonly on the users’signaturesand doesnot re-
quire knowledgeof the channelparameters.Nonetheless,over a
wide rangeof theseparametersits performancecanapproachthe
performanceof the linear MMSE receiver, that assumesknowl-
edgeof theseparameters.SimulationssuggestthattheCSMU re-
ceiver often leadsto improved performanceover thedecorrelator
andmatchedfilter (MF) receivers. This receiver generalizesthe
recentlyproposedorthogonalmultiuserreceiver [13, 14].

Thediscrete-timemodelfor thereceivedsignal � in a CDMA
systemis �L�g·/)�XA�^	 , where · is the matrix of columns ¸6¨
with ¸6¨ beingthesignaturevectorof the ² th user, ) is thediago-
nal matrix with diagonalelements¹ ¨ RzT with ¹ ¨ beingthe re-
ceivedamplitudeof the ² th user’s signal, X is thedatavectorwith
componentsº ¨ `�»�o �6$ o�¼ with º ¨ beingthe ² th user’s transmitted
symbol,and 	 is a noisevectorwhoseelementsareindependent½�¾ � T¿� t B � . We assumefor simplicity that thevectors ¸6¨ arelin-
early independent.Basedon the observed signal � , we designa
receiver to detecttheinformationtransmittedby eachuser. Were-
strictourattentionto linearreceiversthatdonotrequireknowledge
of thereceivedamplitudes¹ ¨ or thenoiselevel t B . Thereceiver
estimatesthe vector ���])!X as ���� _ ' � for somematrix _ .
The ² th user’s symbol is then detectedas �º*¨ � sgn � ��©¨ � where�� ¨ ��À '¨ � is the ² th componentof �� , and À ¨ arethecolumnsof _ .

If we estimate� usingtheLS estimator, thentheresultingre-
ceiver is equalto thewell known decorrelatorreceiver, introduced
by LupasandVerdu[12]. The decorrelatoroptimally rejectsthe
multiple-accessinterference(MAI) but doesnot compensatefor



the white noise. Alternatively, we may estimate� usingthe MF
estimator, ��/Á7Â��J· ' � . Theresultingreceiver is equivalentto the
single-userMF receiver. TheMF receiver optimally compensates
for thewhitenoiseonthechannel,but it doesnot takethestructure
of theMAI into account.

TheCSMU receiver consistsof a CSLSestimatorof )!X fol-
lowed by detection. Thus the CSMU receiver cross-correlates
the received vector � with each of the columns À ¨ of _ �· I�� · ' · I � -/.lk B . The ² th users’ bit is then detectedas �º*¨ �
sgn � À '¨ �7� . The choiceof shapingI canbe tailoredto the spe-
cific set of signatures. Alternatively, we may view the CSMU
receiver asa decorrelatorreceiver followed by an WMMSE co-
varianceshapingtransformationthatoptimally shapesthecovari-
anceof theoutputsof thedecorrelatorprior to detection,sothatit
compensatesfor thenoiseenhancementof thedecorrelator. There-
fore,in contrastto theMF andthedecorrelator, theCSMUreceiver
takesboththebackgroundnoiseandtheMAI into account.

To demonstratethe performanceadvantage in using the
CSMU receiver, we considerthecasein which thesignaturevec-
torsarechosenasPNsequenceswith norm o andequalinnerprod-
ucts $ o m+Ã , andtheshapingI is chosenasacirculantmatrixwithÄ I�Å ¨Æ¨ � o and

Ä I�Å ¨ Ç ��È for ²���EÉ .
In Fig. 2 we plot thetheoreticalprobabilityof bit errorof the

CSMUreceiver in thecaseof Ê userswith Èw��T�1 ¶ , wherethefirst
user, thedesireduser, has4 interfererssuchthat ¹v¨ m ¹ . ��T�1 Ê for²8� ¶ �ÌË��HÍ?� Ê . Thecorrespondingcurvesfor thedecorrelator, MF
and linear MMSE receivers areplotted for comparison.We see
that theCSMU receiver performsbetterthanthedecorrelatorand
theMF andperformssimilarly to thelinearMMSE receiver, even
thoughit doesnot rely on knowledgeof thechannelparameters.
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Fig. 2. Probability of bit error with Ê users and ÈA�]T¿1 ¶ ,
as a function of SNR. The amplitude ¹ . of the desired
user is ¶ times greater than the amplitude ¹v¨ of any of
the other interferers.

In Fig. 3 we evaluatetheprobabilityof bit errorof theCSMU
receiver in thecaseof o T userswith È��fT�1 Ë Ê , andwith accurate
power control so that ¹ ¨ � o for all ² . Hereagain,the CSMU
receiver performsbetterthanthedecorrelatorandtheMF andper-
formssimilarly to thelinearMMSE receiver.
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Fig. 3. Probability of bit error with o T users, Èw��T¿1 Ë Ê , and
accurate power control, as a function of SNR.
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