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Mean-Squared Error Sampling and Reconstruction
in the Presence of Noise
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Abstract—One of the main goals of sampling theory is to repre-
sent a continuous-time function by a discrete set of samples. Here,
we treat the class of sampling problems in which the underlying
function can be specified by a finite set of samples. Our problem
is to reconstruct the signal from nonideal, noisy samples, which
are modeled as the inner products of the signal with a set of sam-
pling vectors, contaminated by noise. To mitigate the effect of the
noise and the mismatch between the sampling and reconstruction
vectors, the samples are linearly processed prior to reconstruc-
tion. Considering a statistical reconstruction framework, we char-
acterize the strategies that are mean-squared error (MSE) admis-
sible, meaning that they are not dominated in terms of MSE by
any other linear reconstruction. We also present explicit designs
of admissible reconstructions that dominate a given inadmissible
method. Adapting several classical estimation approaches to our
particular sampling problem, we suggest concrete admissible re-
construction methods and compare their performance. The results
are then specialized to the case in which the samples are processed
by a digital correction filter.

Index Terms—Generalized sampling, interpolation, minimax re-
construction, sampling.

1. INTRODUCTION

IGNAL expansions, in which a signal is represented by a
Sset of coefficients, find many applications in signal pro-
cessing and communications. The expansion coefficients can be
regarded as generalized samples of the underlying signal, so that
the signal expansion problem can be formulated within a sam-
pling and reconstruction framework.

In this paper, we focus on signal expansions with a finite
number of coefficients. A natural setting in which expansions of
this type arise is in the context of sampling a continuous-time
signal that lies in a finite-dimensional space. For example, it
is well known that a bandlimited periodic signal can be recon-
structed from an arbitrary finite set of its samples, as long as the
number of samples exceeds the corresponding Nyquist rate [1],
[2]. In practice, however, the signal samples are often contam-
inated by noise. The problem then is to “best” approximate the
continuous-time signal from the given noisy samples in some
sense.
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Here we treat a more general formulation of this problem
which allows for nonideal samples that can be described as inner
products of the signal with a set of sampling vectors {s;,1 <
i < m}. Furthermore, our development is carried out in an
arbitrary Hilbert space H, which includes the continuous-time
model as a special case. The underlying signal x is constrained
to a finite-dimensional subspace ¥V of H. In our framework,
the reconstructed signal Z is obtained by linearly combining a
set of reconstruction vectors that span the signal space V. The
combination coefficients are the result of processing the noisy
samples with a linear transformation designed to mitigate the
effect of the noise and to compensate for the possible mismatch
between the sampling and reconstruction vectors.

The sampling setting we consider here, in which we allow
for arbitrary sampling and reconstruction vectors, is an exten-
sion of the noise-free framework developed previously in the
literature [3]-[8], with the restriction that the underlying signal
x lies in the reconstruction space V. In this case, it was shown
in [4]-[6] that perfect reconstruction from noise-free samples is
possible, regardless of the sampling method, as long as the sam-
pling space and the reconstruction space satisfy a direct-sum
condition. Clearly, in the noisy setting, perfect reconstruction
is no longer attainable. Our goal then is to linearly process the
noisy samples prior to reconstruction such that the reconstructed
signal z is close to the original signal x, in some statistical sense.

Previous treatment of reconstruction in the presence of noise
includes analysis of the noise effects in existing reconstruction
systems [9]-[12], and concrete reconstruction methods from
noisy samples [13]-[16]. However, the suggested algorithms
tend to focus on the bandlimited setting and are typically not
specified to be optimal from the point of view of statistical
estimation theory. An exception is a recent work [17] that
suggests several concrete reconstruction strategies from noisy
filtered samples in shift-invariant spaces. Here, we study the
reconstruction problem in a general Hilbert-space setting
within a statistical framework, and use statistical-based criteria
to provide a complete characterization of all possible linear
algorithms.

A popular measure of reconstruction performance is the
mean-squared error (MSE), which is the average squared-norm
of the estimation error £ — x. In our setting, the original signal
x is assumed to be fixed; therefore, the averaging is only over
the noise vector, resulting typically in a signal-dependent MSE,
which cannot be minimized directly. The MSE performance of
different reconstruction methods will also generally depend on
x, rendering comparison between different methods a difficult,
and often impossible task. A similar issue arises in the context
of general estimation theory, when studying the performance
of linear estimators in a linear model [18]-[20]. Therefore,
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in order to develop a statistical framework for sampling and
reconstruction, we suggest formulating our problem in an
estimation setup and then adapting recent concepts and results
developed in that context to our particular sampling setting.

Two key ideas that are of paramount importance when com-
paring the performance of different estimation strategies are
those of domination and admissibility [19], [20]. A reconstruc-
tion & dominates some other approach z in terms of MSE if its
MSE is never larger than that of Z( for all values of =, and is
strictly smaller for some z; an admissible reconstruction is one
that is never dominated by another approach. Thus, although we
cannot directly evaluate the MSE performance of different re-
construction strategies, we can characterize those methods that
are admissible. Surprisingly, some of the previously proposed
approaches are inadmissible, implying that they can be uni-
formly improved upon in terms of MSE. We therefore suggest
concrete designs of admissible reconstructions that dominate a
given inadmissible method.

To develop our theory, we adapt recent results on admissible
MSE linear estimation to our sampling context [20]. Using
these ideas, we derive easily verifiable necessary and sufficient
conditions on a reconstruction to be admissible. Our treatment
considers admissibility on the entire reconstruction space W,
as well as on the set of norm-bounded signals in WW. Although
our results are rooted in [20], they are not a direct extension
since in our setting the reconstruction is restricted to a subspace
W and the sampling process projects the signal onto the sam-
pling space. By explicitly taking the structure of our problem
into account, we present several examples of admissible and
dominating reconstructions. In particular, we show that the
consistent approach, previously proposed for the noise-free
sampling problem [3]-[6], is admissible on the entire space, but
not on a spherical constraint set. For norm-bounded signals, we
propose a minimax MSE approach that results in an admissible
reconstruction that strictly dominates the consistent method.
This strategy is based on some of our prior work on minimax
estimation for solving robust estimation problems [21], [22],
adapted to our specific setting. We also suggest a regularized
least-squares, or Tikhonov [23], approach, which is admissible
as long as the regularization parameter is chosen appropriately.
However, as we demonstrate through an example, the Tikhonov
reconstruction is not guaranteed to dominate the consistent
method.

A class of reconstruction methods that was proposed in [14],
[16] in the context of bandlimited sampling is based on con-
volving the noisy samples with a finite-impulse-response (FIR)
filter prior to reconstruction. Under certain conditions on the
sampling and reconstruction spaces, we show that FIR recon-
struction is admissible if and only if the filter impulse response
is symmetric, and its Fourier transform satisfies 0 < G(w) < 1.
Using these results, we show that one of the methods proposed
in [14] is inadmissible. We then construct an alternative admis-
sible reconstruction that strictly dominates it for all z € W.

Before proceeding to the detailed development, we stress that
although the ideas presented in this paper are based on [20],
there are several important differences. One of the main contri-
butions of the current work is in setting up the reconstruction
problem in an estimation context and systematically classifying
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reconstruction strategies, which has not been the conventional
approach in the sampling literature. In fact, by following this
route, we prove that some of the standard strategies to recon-
struction from noisy samples are in fact inadmissible and can
be uniformly improved upon using our methods. From a math-
ematical perspective, the sampling framework is different than
the standard linear estimation setting since the sampling setup
restricts the problem to two subspaces: the sampling space and
the reconstruction space. This added twist renders the mathe-
matics associated with both problems somewhat different, as be-
comes evident from the mathematical derivations in this paper.
Finally, there are aspects of the problem that have not been in-
vestigated in [20] but are interesting in the context of sampling,
such as FIR filtering. Here again we demonstrate that standard
approaches may be inadmissible and can therefore be improved
using our framework.

The paper is organized as follows. In Section II, we intro-
duce our general sampling framework, and show that both prob-
lems of admissibility and constructing dominating methods can
be treated by solving a certain convex optimization problem.
Dominating reconstructions and necessary and sufficient admis-
sibility conditions on a bounded norm constraint set and the
entire space are developed in Sections III and V, respectively.
In Section IV, we present several reconstruction methods on a
bounded norm set by adapting known solutions to our particular
sampling context: least-squares, Tikhonov, and minimax MSE
reconstruction. Finally, in Section VI, we study FIR reconstruc-
tion and compare our results with the method of [14].

II. SAMPLING FRAMEWORK

We denote vectors in an arbitrary Hilbert space H by lower-
case letters, and vectors in C™ by boldface lowercase letters.
The 7th element of a vector a is written as a;. Matrices are rep-
resented by uppercase boldface letters and arbitrary linear trans-
formations on ‘H by uppercase letters. The orthogonal projection
operator onto a space S is denoted by Ps, and diag(61, ..., 6m)
represents an m X m diagonal matrix with diagonal elements
d;. Given a transformation 7', N'(T), R(T) are its null space
and range space, respectively, and 7'f, T are the Moore—Pen-
rose pseudoinverse [24] and the adjoint, respectively. The inner
product between vectors z, y € H is denoted by (z,y), and is
linear in the second argument, and ||| is the norm of z. For an
operator A, A > 0 (A > 0) means that A is Hermitian and pos-
itive (nonnegative) definite, and A > B means that A — B > 0.

The set transformation S: C™ — 'H corresponding to a set
of vectors {s;,1 < ¢ < m} is defined by Sa = >\ | a;s; for
any a € C™. From the definition of the adjoint S*: H — C™
it follows that if a = S*z, then a; = (s;, ).

A. Noise-Free Nonideal Sampling

We treat the problem of recovering a signal « from a finite-set
of its noisy samples. The signal is assumed to lie in an m-di-
mensional subspace WV of a Hilbert space H: examples include
finite-length discrete-time signals z[i], 0 < i < m, or contin-
uous-time bandlimited periodic signals z(t). To fix ideas, we
first treat the reconstruction problem in the noise-free setting.
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Given a basis {w;, 1 < i < m} for W, any signal z € W can
be written uniquely as a linear combination of these vectors:

T = Zaiwi = Wa, (@€))
i=1

where W is the set transformation corresponding to the vectors
w;, and

a=(W*W) ‘W=z, )

Denoting by {h;,1 < i < m} the vectors corresponding to
H = W(W*W)~!, each coefficient a; can be written as the
inner product a; = (h;, z). The expansion (1) can then be inter-
preted within the sampling framework as perfect reconstruction
of any signal =z € W from its generalized samples a; using the
reconstruction vectors w;.

The samples (2) are perfectly matched to the reconstruc-
tion vectors w;. More generally, we can consider samples
¢i = (si,x) that are given as the inner products of x with
an arbitrary set of linearly-independent sampling vectors
{si,1 < i < m} which span a subspace S C H. Although the
samples are no longer matched to the reconstruction vectors,
it was shown in [4] and [5] that perfect reconstruction of any
x € W from these samples is still possible as long as

wnst = {0}, ©)

where S+ is the orthogonal complement of S in H. Since W
and S have the same finite dimension, (3) is equivalent to the
direct-sum condition H = W @ S*t. If (3) is satisfied, then
perfect reconstruction can be obtained by first processing the
samples c; with the linear transformation

Gcon = (S*W)71 4)
The corresponding reconstruction
icon = WGeone = W(S*W)~L1S8*x, 3)

is referred to as a consistent reconstruction [3], since it has the
property that it yields the same samples as « for any! x € H.
The existence of the inverse in (4) follows from the following
proposition.

Proposition 1: Let {w;,1 < i < m} be abasis for a space W
with set transformation W and let {s;,1 < 7 < m} be a basis
for a space S satisfying WWN S+ = {0} with set transformation
S. Then, we have the following:

1) W*S is invertible;

2) W(S*W)~t = PyS(S*PyS)~ L
Proof: The first part of the proposition is proved in [4]. To
prove the second part, we first show that

R(PywS) = W. (6)

This follows from the fact that R(PyS) = N1 (S*Pyy) (be-
cause for any bounded transformation, R(A) = N-(A4*)) and
N(S*Py) = W=, Indeed, since Pyyx € W for any z, and

I Alternative methods have been proposed that may yield a better reconstruc-
tion when © € H [7]. Here, however, we restrict our attention to € V.
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Fig. 1. General sampling and reconstruction scheme.

N(S*) = S, under (3) we have that S*Pyyx = 0 only if
Pywx = 0. Using (6), Py, S can be expressed as PyS = WX
for some invertible matrix X. Thus,

PwS(S*PyS)™t = WX(S*WX)~ L = W(S*W)™L, (7)

completing the proof. ]
We assume throughout the paper that (3) holds.

B. Noisy Sampling

Extending the discussion to the noisy setting, we now treat
the case in which the nonideal samples ¢ = S*z are corrupted
by a zero-mean noise vector n with positive-definite covariance
matrix C. The noisy samples are then given by

y=S*z+n. )

As in the noise-free setting, we consider reconstructions of the
form

&= dw; =Wd = WGy, ©)
i=1

where d = Gy is a linear transformation of the noisy sam-
ples y. The sampling and reconstruction scheme is illustrated in
Fig. 1. A special case occurs when G represents an FIR filter,
so that reconstruction is obtained by convolving the samples y;
with a properly chosen impulse response.

When the samples are corrupted by noise, the choice G =
Gcon no longer guarantees perfect reconstruction of xz € W.
Our problem then is to choose G such that Z is close to « in some
sense, for any z € Y. Formulating the problem in a statistical
framework, we seek the transformation G that minimizes the
MSE E {||# — z||*} between z and &. However, computing the
MSE shows that

E{|lz - z|*} = |1 - WGS*)z||* + Te(W*WGCG"),
(10)
which depends in general on = and therefore cannot be mini-
mized. To eliminate the signal dependency of the MSE we need
to choose G such that WGS*z = z for all z € W. Equiva-
lently, G must satisfy
WGS* Py = Pyy. (11)
Multiplying (11) on the left by S* and on the right by
W (S*W)~L, the unique solution to (11) is G = (S*W)~1 =
Gcon. Thus, the only unbiased strategy is the consistent re-
construction; however, this method does not necessarily result
in a small MSE.
Unless we use the consistent approach, the MSE performance
of z in Fig. 1 will depend on the unknown z, and therefore
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cannot be evaluated. Nonetheless, some reconstructions may be
better than others in an MSE sense. For example, we will see
in Section IV-C that if ||z|| < L for some L < oo, then based
on a minimax MSE approach we can choose G such that the
resulting MSE is smaller than the MSE of Gcon forallz € W,
||z|| < Lj; thus, the minimax MSE reconstruction dominates
the consistent method for norm bounded signals. In general, a
reconstruction z; dominates a reconstruction o on a set U of
w it

E{||#1 —z|*} <E{||22 —=|*}, forallz e U;

E{||#1 —z||*} <E{||#2 — z||*}, forsomez eU. (12)
Furthermore, 1 strictly dominates o on U if

E{||i1 —z|*} < E{||#2 — z||*}, forallz €. (13)

A reconstruction z; that dominates Z is clearly preferable in
terms of MSE. However, the fact that Z; dominates Z» does not
preclude the possibility that another linear strategy exists that
dominates 1, and is therefore preferable, from an MSE per-
spective, over both &1 and Z2. An admissible reconstruction has
the property that it is not dominated by any other linear method.
If a reconstruction is inadmissible, then there exists another ap-
proach that leads to better MSE performance on /. This discus-
sion raises two interesting questions.

1) Given a correction matrix Gg, can we verify whether it
leads to an admissible reconstruction on a set I/ of W?

2) If Gg results in an inadmissible reconstruction, then can
we develop a systematic approach for constructing an ad-
missible method G that dominates G on I/?

Based on the results of [20], a general answer to both of these
problems is given in the following theorem.

Theorem 1: Lety = S*z + n denote noisy samples of a
signal « in an rn-dimensional subspace YW C ‘H, where S is a
given set transformation and n is a zero-mean random vector
with covariance C > 0. Suppose that 2o = W Gyy is a linear
reconstruction of z in W, where W is a given set transforma-
tion corresponding to a basis for W. Denote the MSE of zo by
€(Go,z) = E{||[WGoy — z||?}, and let Y C W. Then, we
have the following: N

1) Z¢ is admissible on ¢/ if and only if G = Gy, or equiva-
lently, if and only if 7 (Gy) = 0, where G is the unique
solution to

min sup {e(G,z) — €(Go, )}, (14)
G zeu
and
T(Go) = minsup {e(G.0) — (Go,x)}: (19

zeU

2) if T(Go) < OthenZ = Way strictly dominates £, onf;
3) = W(A}y is admissible on .
Note that the minimum in (14) and (15) is well defined since the
objective is continuous and coercive [25].
Proof: The proof follows immediately from the proof of
[20, Theorem 1] by noting that €(G, x) is continuous, coercive,
and strictly convex in G. [ |
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Theorem 1 provides a general recipe for determining admissi-
bility of a linear reconstruction and for constructing admissible
and strictly dominating methods, by solving a convex optimiza-
tion problem (the problem (14) is convex for arbitrary constraint
sets U since the supremum of a convex function over any set I/
is convex). As noted in [20], an interesting consequence of the
theorem is that if a reconstruction Z is inadmissible, then there
exists a method that strictly dominates it.

C. Relation With Linear Estimation in Linear Models

The sampling problem of Fig. 1 is very similar to the standard
linear regression model, in which the goal is to estimate a pa-
rameter vector X from observations y which are related through
the linear equation

y = Hx +n. (16)
Here H is a given model matrix, which is often assumed to
have full column rank, and n is a noise vector. Replacing H
in (16) with S* Py, results in the sampling model (8) (since we
explicitly assume in our development that z € W).

In this paper, we exploit the relationship between the two
models to apply ideas and concepts developed in [20] in the con-
text of linear regression to our sampling problem. In applying
these results, there are two main differences which need to be
accounted for. The first is that the admissibility and domination
conditions of [20] only treat the case in which H has full column
rank. However, when W is a true subset of H, the null space of
S* Pyy is nonzero which is equivalent to a rank-deficient H. An-
other important discrepancy between the two problems is that
linear estimators designed to estimate x in the regression model
are typically not restricted. In contrast, our reconstruction Z is
forced to lie in a given subspace W.

A naive approach to developing admissible reconstruction
strategies is to use any admissible estimation method for (16)
with H replaced by S* Pyy, and then orthogonally project the
estimate onto VV. Unfortunately, the characterization of all ad-
missible methods in [20] only treats the case in which H has
full column rank, which is not relevant to our sampling problem.
Nonetheless, in many special cases, starting from an admissible
linear estimator for (16) when H is full rank, substituting S* P)y
for H and orthogonally projecting the solution results in an ad-
missible reconstruction strategy. As an example, assuming that
C =1, the least-squares estimator

x1s = (H'H) 'H'y (17)
is admissible for the model (16) when x is unrestricted [20]. In
order to apply Xrs to (8) we first note that it can be alternatively
expressed as

x1s = H*(HH*)'y. (18)
Replacing H by S* Py in (18) and orthogonally projecting the
estimator onto W leads to the reconstruction

i = PyS(S*PyS) ly. (19)



ELDAR: MEAN-SQUARED ERROR SAMPLING AND RECONSTRUCTION IN THE PRESENCE OF NOISE

From the admissibility conditions we develop in Section V-B
(see Theorem 7), it follows that Z of (19) is indeed an admissible
reconstruction strategy.

In the rest of the paper, we use Theorem 1 to systematically
develop necessary and sufficient conditions for a reconstruction
to be admissible which are easy to verify, as well as an explicit
procedure for constructing a reconstruction dominating an inad-
missible method. We also propose several admissible strategies
by adapting known estimation methods to our particular sam-
pling framework. Motivated by the fact that in many practical
scenarios the norm of the signal is bounded, in Sections III and
IV we consider the case in which U/ consists of vectors z € W
satisfying ||z|| < L. Admissibility over the entire space W is
treated in Section V.

III. MSE PERFORMANCE FOR NORM-BOUNDED SIGNALS

Suppose we are given a reconstruction ¢ that is inadmissible
on the set U of norm-bounded signals defined by

U={xeWllz| <L}. (20)

We would like to construct an admissible reconstruction Z that
strictly dominates . We defer the discussion on conditions
under which ¢ is inadmissible to Section III-C; for now, we
focus on the design problem. Applying Theorem 1, & can be
constructed as & = W Gy, where

G = arg ngn max {e(G,z) — e(Go,x)}. 21
Here €(Go,z) = E{||WGoy — z||*} is the MSE of Z5.

In Section III-A, we derive optimality conditions on G
and develop closed form solutions for some special cases. A
semidefinite programming (SDP) formulation is presented in
Section III-B. Using these results, in Section III-C, we provide
necessary and sufficient conditions on a reconstruction & to be
admissible on U/, which are easy to verify. Specific examples
of reconstruction strategies are presented in Section I'V.

A. Necessary and Sufficient Conditions for Optimality
Substituting (10) into (21), G can be determined as

€

G = arg min {Tr(W*WGCG*) + max (z, Zx)} . (22)

where we defined

Z=(1-WGS*)*(I - WGS¥)

—(I =WGeS™)* (I —WGpS™). (23)
Our approach to solving (22) is to apply a change of variables
that reduces the problem to a form similar to that considered
in [20] in the context of estimation in linear models. Adapting
these results to our setting leads to the optimality conditions
given in Theorem 2 below. The detailed proof of the theorem
is presented in Appendix A.

Theorem 2: Lety = S*x + n denote noisy samples of a
signal  in an m-dimensional subspace W C H, where S is
the set transformation corresponding to the sampling vectors
{si,1 < ¢ < m} which form a basis for an m-dimensional
subspace S C ‘H such that WNS+ = {0}, and n is a zero-mean
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random vector with covariance C > 0. Let {w;,1 < i < m}
denote reconstruction vectors with set transformation W that
form a basis for W, letif = {z € W]|||z|| < L}, and let 2y =
W Goy be a given reconstruction of z with MSE ¢(Gyg,z) =
E{||WGoy — z||*}. Then,

G = arg min I;leal/){({E(G,.T) — ¢(Go, )}

if and only if G - satisfies the following conditions for some A >
0 with R = WGS* Py and Rg = WGoS* Pyy:

1) CIS*WG zg*W*SC_l;

2) 0 X CIS*WG < C Y

3) (Pw—R)*(Pw —R) 2 APy + (Pw — Ro)*(Pyw — Ro);

4) (By—R)*(Pw—R)R = AR+ (Pyy—Ro)"(By—Ro)R:

5) Tr(W*WGA(C*1 — CflS*Wijl(W*S)*l) < L%

6) NIt(W*WG(C~! —C1S*WG) L(W*S)~1) = AL

Although the conditions of Theorem 2 are difficult to solve
in general, they can be used to verify a solution. For example,
we can check when G = Gy, which leads to necessary
and sufficient conditions for admissibility, as we discuss in
Section III-C. Furthermore, in some special cases the condi-
tions can be solved explicitly. We now consider one such class
of examples, in which Py, SC~15* Py, and W G(S* Py have
the same eigenvectors.

1) Special Case: Let Py, SC~15* P, have an eigendecom-
position

PySC~18*Py, = USU*, (24)

where U: C™ — 'H is an orthonormal set transformation satis-
fying U*U = I and ¥ = diag(oy,...,0,,) with?2 o; > 0, and
suppose that

WGoS*Py = UAU*, (25)

where A = diag(61,...,6,,) for some é;.

A general case in which (25) is satisfied is when C = 021
for some 02 > 0, PyyS = W, and W*W = [ so that {w;}
form an orthonormal basis for W. Indeed, P,y SC~1S* Py, =
(1/0?) Py, which commutes with W GS* Py, and therefore
in this setting the two matrices have the same eigenvectors.

Theorem 3 below provides a closed form expression for the
optimal matrix G under these conditions.

Theorem 3: Consider the problem of Theorem 2. Let
PywSC~1S8*Py, = UXU* where ¥ = diag(oy,-..,0m)
with o; > 0, and suppose that WG¢S* Py, = UAU* where
A = diag(b1,...,6m). Then

G = (W*'W)"'W*UDU*W(S*W)™"

where D = diag(dy, ..., d,) with

di = {07 > L, (26)
and
mi=A+|1—6 27)

2Note, that since S+ N W = {0}, S* Py, S is invertible, and the rank of
Py, SC~15* Py, is equal to m.
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The parameter \ is selected according to the following proce-
dure: if 7(0) < 0, where

T(\) = Z %(\/177__1) - I?

;<1

(28)

then A = 0. Otherwise, A is the unique value for which 7 (\) =
0 in the range (0, ) with @ = 1 — min; |1 — &;|%.
Proof: See Appendix B. ]
We conclude that if we are given an inadmissable G satis-
fying (25), then Theorem 3 can be used to construct an admis-
sible reconstruction strictly dominating Gy on /. An example
of an application of this theorem is presented in Section I'V-C.

B. Semidefinite Programming Formulation

Theorem 2 can be used to derive explicit solutions to (22)
in some special cases. Following [20], we now show that in the
general case, the optimal G can be found numerically by solving
an SDP [26], [27], which is the problem of minimizing a linear
objective subject to linear matrix inequality constraints. These
are matrix constraints of the form Z(x) > 0, where the matrix
Z depends linearly on the vector x. The advantage of this for-
mulation is that it readily lends itself to efficient computational
methods that are guaranteed to converge to the global optimum
within any desired accuracy [26]—[28]. In practice, the solution
can be obtained using one of the many available SDP software
packages.

To develop the SDP formulation we define the matrices Ml =
U*WG,H = S*U and

A=U"1-WGoS*)"(I - WGyS")U, (29)
where U: C™ — 'H is the orthonormal set transformation
in the SVD of W (see (78) in Appendix A). As detailed in
Appendix A, the problem (22) can be formulated in terms of
these matrices as

min{Tr(MCM*)—i— max d* (I-MH)*(I-MH)-A)d;.
M d|I<L
(30)
Now, for any matrix Z, we have that
max d*Zd = L? max (Apnax(Z),0), 31)

llall<L

where Apax(Z) is the largest eigenvalue of Z. Expressing
max (Amax(Z),0) as the solution to

§1Zi101{)\ /AN I (32)
equation (30) becomes
l\glkigo {Tr(MCM"*) + L*\} (33)
subject to
(I-MH)*(I-MH) — A <\l (34)
or, equivalently,
min T 35)

7,M.A>0
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subject to

m*m+ L2\ <71

(I-MH)*I - MH) — A <AL (36)

Here m = vec(C'/?M) is the vector obtained by stacking the
columns of C/2M. Using Schur’s complement [29, p. 472], the
constraints (36) can be written as the linear matrix inequalities

T— L2\ m*
i

A +A (I-MH)*

[I_MH I }50. 37)

We conclude that the problem (30) is equivalent to the SDP
of minimizing 7 subject to (37). The solutlon G to (22) can be
obtained from the SDP solution M as G = (U*W)~ IM.

C. Admissible Reconstructions

We now use Theorem 2 to develop necessary and sufficient
conditions on Z to be admissible, or equivalently, such that G
is the solution to (21).

Theorem 4: Consider the problem of Theorem 2. Then =
WGy is an admissible reconstruction of = on ¢ if and only 1f

1) C™ LS*WG = G*W*SC~1;

2)05015:\*WG-<CI, R

3) Tt(W*WG(C™t - CLS*WG)~Y{(W=S)~1) < L2 R

Proof: To prove the theorem it is sufficient to show that G
satisfies the conditions of Theorem 2 with G = G for some
A > 0 if and only if it satisfies conditions 1-3.

Since conditions 1-3 are a subset of those of Theorem 2, any
G satisfying Theorem 2 also satisfies these conditions. On the
other hand, if G satisfies conditions 1-3, then it satisfies the
conditions of Theorem 2 with A = 0. ]

An immediate consequence of Theorem 4 is that the con-
sistent reconstruction Zcon = WGcony with Geon given
by (4) is inadmissible on the bounded-norm set I/. Indeed,
S*WGcon = I, and the second constraint of the theorem is
violated. Since Zcon is inadmissible, an interesting problem
is to construct an alternative reconstruction Z that is admis-
sible and strictly dominates Zcon. In Section IV-C, we show
that a reconstruction with this property is the minimax MSE
approach, which minimizes the worst-case MSE on U/.

A general class of admissible reconstructions is given in the
following proposition.

Proposition 2: Consider the problem of Theorem 2. Let
PySC~18*P,, = UXU* where ¥ = diag(o1,...,0m,) with
0; > 0.Thenz = WGy is admissible for any G of the form

G = (W*'W)"'W*UDU*W(S*W)™, (38)

where D = diag(dy, ..., d,,) and the values d; satisfy

NE
=
!
&
)
!
=~
(V)

=1

Proof: In the proof of Theorem 3 we showed that G of
the form (38) satisfies conditions 1 and 2 of Theorem 3 if 0 <
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d; < 1. We also showed that the trace in condition 3 is equal to
1 1di/((1 = d;)o;)], from which the proposition follows. m

IV. RECONSTRUCTION METHODS ON A SPHERE

Theorem 4 implies that there are many possible admissible
reconstructions on U{. Therefore, there is a need for a criterion
to choose between them. In this section, we consider several
strategies and develop the corresponding solutions. The design
methods are based on standard estimation approaches for the
linear regression model (16), adapted to our particular sampling
problem.

A. Least-Squares

The most straightforward approach to designing G is to
consider a least-squares criterion, in which we minimize the
(weighted) data error

s = (S* —y) " C™H(S*% —y)
= (SWGy-y)"C 1 (S*WGy -y). (39
Clearly, er,g is minimized with G = G¢on of (4), and is there-
fore inadmissible on a sphere.
It is interesting to note that from Proposition 1, the least-
squares reconstruction & = W Gcony is equal to the recon-
struction (19) which is obtained by a projection onto W of the

least-squares estimator for the model (16), with H replaced by
S*Pyy.

B. Tikhonov Regularization

The least-squares strategy does not take advantage of the prior
information that = has bounded norm. To take this into account,
we may seek the reconstructed signal £ = W Gy that minimizes
the least-squares error (39) subject to the constraint ||2]| < L.
The solution & can be determined by minimizing the Lagrangian

(S* WGy —y) " CHS* WGy —y) + \y'G*W*WGy,
(40)
where from the Karush—-Kuhn-Tucker conditions [25] A > 0
and at the optimal solution
My*G*W*WGy — L?) = 0; (41)
thus, either ||Z]] = L or A = 0.
Differentiating (40) with respect to G and equating to 0,

W* (SC1S* + A\I) WGyy* = W*SC lyy*, (42)
which is satisfied for all y if
G = (W* (SCT's* + ) W)~ wrsc™l.  43)
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Using some algebraic manipulations, G of (43) can be shown
to be equivalent to

G = (W*W) 'W*S(5*PyS+AC)™", (44
where A must satisfy (41). Denoting by G(\) the matrix G of
(44) for fixed A, this implies the following procedure for se-
lecting \: if y*G(0)W*WG(0)y < L?, then A = 0, and using
Proposition 1, G = (S*W)~! = Gcon. Otherwise, A > 0
is a parameter that depends on the noisy observations y and is
chosen such that

Y GWW*WG(\)y = L. (45)
To show that such a A always exists, let
G\ =y* GW*WG(\)y — L?, (46)

so that A is a positive root of G()). Clearly, G(\) is monotoni-
cally decreasing in A. In addition, G(0) > 0, and G(\) — —L?
as A — 0o, so that G(\) has exactly one positive root.

We conclude that the Tikhonov matrix Gk is given by (47)
at the bottom of the page, where A > 0 is chosen such that
VGrixkW*WGTiky = L2

Evidently, Tikhonov reconstruction is in general nonlinear,
and does not have an explicit solution; the parameter A does not
have a closed form, but is rather determined as the solution of the
data-dependent (45). However, instead of choosing A according
to (45) we may select A as a constant such that the resulting
reconstruction is admissible. The possible values of ) satisfying
this condition are given in the following proposition.

Proposition 3: The Tikhonov reconstruction Zrig =
WGy with Grig = (W*W)"1W*S (S*PyS + )\C)_1
is admissible on & = {z € W|||z|| < L} if and only if
A > m/L2.

Proof: We prove the proposition by showing that the con-
ditions of Theorem 4 are satisfied if and only if A > m/L?.
First, we note that

C I8 WGk = C 1S*PyS (S*PyS + AC)

-1
=C - ((%) S*Pyw S + C) . (48)

where we used the matrix inversion lemma [29]. It therefore
follows that C~1S*W Gk is Hermitian, so that the first
condition holds. Since (1/A)S*PyS + C = C > 0, the
second condition is also satisfied. To verify the last con-
dition, we note that by direct substitution of G = Gk
we have Tr (W*WG(C‘l—C_lS*WG)_l(W*S)_l) =
(1/X\)Tr(I). Therefore, the last condition is satisfied if and only
if m/\ < L?, completing the proof. [ ]

(S W)=,

Grix = -
TIK {(W*W)1W*S(S*PWS+)\C) ! otherwise

* —1 .
W (s W)=yl < 1 w“
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Similarly to the least-squares design method, the Tikhonov
reconstruction can be shown to be equivalent to the orthog-
onal projection onto W of the standard Tikhonov estimator for
the linear regression model (16). To see this, recall that the
Tikhonov estimator [23], [30] for (16) is given by the value of
% that minimizes the regularized squared error

(Hx —y)*C™'(Hx — y) + Ax[]%, (49)

and is equal to

x=(H'C'H+ \XI)"'H*C™ 'y = H*(HH" + \C)'y.
(50)
Replacing H with S* Py, (50) becomes

&= PwS(S*PwS +AC)" 'y = WGriky.  (51)

C. Minimax MSE Reconstruction

From Proposition 3, it follows that we can choose the regular-
ization parameter in the Tikhonov reconstruction such that 1k
is admissible on U/. However, in general £k does not domi-
nate the consistent reconstruction Zcoy, as we demonstrate in
the context of a concrete example in Section IV-D. Since Zcon
is inadmissible on U/, a strictly dominating method exists. We
now consider a minimax MSE approach and show that the re-
sulting reconstruction dominates Zcon on .

Instead of minimizing a regularized data function, we may
seek the reconstruction zyx = W Gyxy that minimizes the
worst-case MSE over all bounded-norm signals, so that Gyx is
the solution to
G, ). (52)

Gux = argmin = max €
G zew|z|I<L
Clearly, if the reconstruction is unique, then it is admissible
since it minimizes the MSE at the worst case and therefore
cannot be dominated by any other method.
To develop the minimax MSE estimator we note that it can
be alternatively expressed as
{€(G7 LE) - E((;'CON)} ’ (53)

G =,
where o = W Gcony is the consistent reconstruction with
Gcox = (S*W)~L. This follows from the fact that, as we
have seen in Section II, e(Gcon) is independent of z. From
Theorem 1, we have immediately that Z\;x is admissible, and
strictly dominates Zcon on U. Theorem 3 can now be used to
derive an explicit solution to (53), resulting in the following
proposition.

Proposition 4: Consider the problem of Theorem 2. Let
Ivx = WGuxy be the minimax MSE estimator with
Gux = argming max,epy,||z||<z €(G, z). Then,

L2

* -1
T (PysC15 B > W)

Gux =

In addition, Z)rx strictly dominates the consistent reconstruc-
tion Zcon = W(S*W)~ly onU.

Proof: With Gg = Gcon, We have that Ry =
WGoS*Py = Py, where we used the fact that Py =
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W(W*W)~ W*. Therefore, Ry and P,,SC~15*Py, are
jointly diagonalizable, so that we can use Theorem 3 to find
the minimax MSE reconstruction explicitly. Since the nonzero
eigenvalues of Ry = Py are allequal 1, 6; = 1 and n; = A.
Denoting 7o = .1, 1/0; it follows that VA = vo/(L? + 7o)
and

12
Al P 1<i<m, (54
where 7o = Tr (P SC~1S*Py)T). Thus,
Gux = L(S*W)‘l, (55)
L? + 0
completing the proof. ]

Note that when L — oo, we have Gyix — Gcon. There-
fore, when € V is not norm bounded, the minimax MSE and
consistent reconstructions coincide.

D. Example

We now provide an example illustrating the performance of
the consistent (least-squares), Tikhonov, and minimax MSE re-
constructions.

Suppose we are given noisy local averages of a signal x € W,
where W is the space of even signals of length 5, spanned by
the columns of

(56)

I
cor~ oo
oo RO
===

The samples (local averages) are obtained by taking the inner
products with the columns of

100
100
S=10 1 0 (57)
01 0
00 1

and are corrupted by zero-mean, independent Gaussian noise
with variance o2. To reconstruct the signal from the samples,
we consider three choices of G: G¢con of (4), Gk of (47)
with A = (5/]|x||)? and Gyrx of (55) with L = ||x]|.

In Figs. 2 and 3 we plot the MSE as a function of the SNR
defined by —101log o2, using each of the methods above, for
two different choicesof x: x =[1 1 1 1 1]*andx =
[-1.7 06 —2 0.6 —1.7]*. As can be seen from the fig-
ures, the performance of X1k and X);x depends on the partic-
ular choice of x: for some values of x, X);x performs better than
X711k While for other choices the reverse is true. However, it is
evident from Fig. 2 that X1k does not dominate Xcon. On the
other hand, in both figures X);x dominates Xcon for all SNR,
as we expect from the theoretical results of Proposition 4. Note
that the performance of Xcon does not depend on x.

V. MSE PERFORMANCE ON THE ENTIRE SPACE

We now treat the case in which z is an arbitrary vector in WW.
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Fig. 2. MSE in reconstructing x as a function of the SNR for x =
[-1.7 06 -2 0.6 -—-1.7]".
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Fig. 3. MSE in reconstructing x as a function of the SNR for x =
111 1 1]

A. Dominating Reconstructions on the Entire Space

From Theorem 1, it follows that an admissible reconstruction
Z strictly dominating an inadmissible method Z on WV can be
constructed as the solution to the problem

minmax {e(G,z) — (G, z)} .

G zew (58)

Necessary and sufficient optimality conditions on the solution
to (58) are given in the following theorem.

Theorem 5: Consider the problem of Theorem 2. With R =
WGS* Py, Ry = WGyS* Py, denote the orthogonal projec-
tion onto N'(Pyy — Rg)* by Pr and define

X = (PywSC™'S*(Py — R))!
—PrW(W*SC1s*W) 'w*Pg.
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Then,

G = mi G,z) - ¢(G
ngn;ré%{e( yx) — €(Go, )}

if and only if G satisfies the following conditions:
) CT1S*WG = G*W*SC™!;
2) 0 X ClS*WG < CL;
3) (Pw — R)Pr = (Pw — R);
4) (Pw — R)*(Pw — R) X (Pw — Ro)*(Pw — Ro);
5 (Pw — R)*(Pw — R)X = (Pw — Ro)"(Pyw — Ro)X.
Proof: See Appendix C. ]

As we now show, the conditions of Theorem 5 can be used
to derive explicit closed form solutions in the case in which
Py SC~15* Py, and W G(S* Py have the same eigenvectors.
For arbitrary choices of S, W, C~! and G the optimal solu-
tion can be obtained using an SDP formulation similar to that
presented in Section III-B.

Theorem 6: Consider the problem of Theorem 5. Let
PywSC~1S8*Py, = UXU* where ¥ = diag(oy,...,0m)
with o; > 0, and suppose that W Gy S* Py, = UAU*, where
A = diag(b1,...,6m). Then

G = (W*W)"'W*UDU*W (5*W)~* (59)
where D = diag(dy, ..., d,) with
o 1—|1—6,’|, |1_6i|<1;
d’_{o, 18] > 1. (60)
Proof: See Appendix D. ]

B. Admissible Reconstructions on the Entire Space

Using Theorem 5 leads to the following necessary and suffi-
cient conditions on & to be admissible for all z € W.
Theorem 7: Consider the problem of Theorem 5. The recon-
struction & = V[i@y is admissible on W if and only if
1) C1S*WG :AG*W*SC*;
2) 0 < Cls*wWG < C L R
Proof: The theorem follows immediately by noting that G
satisfies the conditions of Theorem 5 with Go = G if and only
if it satisfies conditions 1 and 2. [ |
Note from Theorems 4 and 7 that any reconstruction which is
admissible on z € W, ||z|| < L is also admissible on W.
A general class of admissible reconstructions is given in the
following proposition.
Proposition 5: Consider the problem of Theorem 7. Let

Py SC~'S* Py = USU* where ¥ = diag(oy, . .., 0,,) with
o; > 0. Then z = WGy with
G = (W*W)"'W*UDU*W (S*W) ™" (61)

is admissible on YW where D = diag(ds,...,d,,) with 0 <
d; < 1.

An immediate consequence of the proposition is that the con-
sistgnt reconstruction is admissible on W, since it corresponds
to G of (61) with D = 1.

VI. FIR RECONSTRUCTION

An interesting class of reconstruction methods is based on
processing the samples by a digital correction filter. In this case
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the noisy samples are convolved with an FIR filter of length
2M + 1 with coefficients {g;, —M < i < M} producing the
cleaned samples d; = y; * g;. The corresponding matrix G in
Fig. 1 is a band Toeplitz convolution matrix with sth diagonal
equal to g;. For example, if m = 5 and M = 1, then

g9 9 0 0 0

g-1 Go g1 0 0
G=]0 g1 g0 g O (62)

0 0 g1 9 o0

0 0 0 g1 9

Reconstruction is then obtained as & (t) = Zf\;f ~ diw;(t) with
m = 2N + 1. For simplicity, throughout this section we assume
that S*W = I and the noise is white so that C = &I for
some o2 > 0. Under this model, our goal is to characterize all
admissible FIR filters on W.

From Theorem 7, the filter g; is admissible if and only if the
corresponding matrix G satisfies

G=G";
0<G=<1IL

(63)
(64)

Condition (63) implies that the filter must be symmetric, i.e.,
gi; = g—;, rendering G to be a symmetric band Toeplitz matrix.
Note that such a matrix is completely determined by its first
row. To address the condition (64) we rely on the following
proposition.

Lemma 1 [31]: Let A be an m xm symmetric Toeplitz matrix
with first row equal to {@;,0 < ¢ < m —1}. Then A > 0if and
only if A(w) > 0 forall w € [0, 27], where

m—1

>

n=—(m-—1)

Alw) = —gwn (65)

Gne

is the discrete-time Fourier transform (DTFT) of the sequence3

@ = g,
i = ~
a_q,

From Lemma 1 it follows that G > 0 if and only if G(w) > 0
where G(w) is the DTFT of {g;, — M < i < M}. Next we note
that I is a symmetric band Toeplitz matrix corresponding to the
impulse response h; = ;. Therefore, G < 1, or equivalently,
I - G » 0 if and only if the DTFT B(w) of the sequence
b; = h; — g; is nonnegative. Since B(w) = 1 — G(w), we
conclude that (64) is equivalent to

0<z1<m-—1;
—(m—-1)<i< -1

0<G(w) <1, VYwelo,2n]. (66)

A sufficient condition for G(w) < 1 is Z?ifM lg:] < 1. This
follows from the fact that

M
> gne "

n=—M

M

< D7 lgal-

n=—M

Gw) < |G(w)| = (67)

The admissibility conditions on FIR reconstruction are sum-
marized in the following theorem.

3Note that since a; is symmetric, A(w) is real.
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Theorem 8: Consider the problem of Theorem 5. Let &y =
Wd be a linear reconstruction of =, where d; = g¢; * ;, and
suppose that S*W = I and C = oI for some o2 > 0. Then i
is admissible if and only if g; is symmetric, and 0 < G(w) < 1
where G(w) is the DTFT of g;.

A. Moving Average Reconstruction

In [14] the authors consider the problem of reconstructing a
bandlimited signal from a finite set m = 2N + 1 of noisy mea-
surements (see also [16] and reference therein). Their problem
can be cast in our general framework by choosing

$;i(t) = w;(t) = sinc <M> , =N <i<N. (68)
To reconstruct the signal from the samples they proposed fil-
tering the samples with a symmetric FIR filter with impulse re-
sponse g; satisfying Zf\i_ ar 19i] < 1. In particular, they con-
sidered in detail the case in which g; = 1/(2M + 1).

Using Theorem 8 we now show that their reconstruction
method is inadmissible. We then propose an alternative recon-
struction that strictly dominates their approach.

The choice of sampling and reconstruction vectors (68) re-
sults in S*W = W*W = I. It then follows from Theorem 8
that the reconstruction is admissible if and only if the DTFT of
the filter, G(w), satisfies G(w) > 0. Clearly this does not hold
forg;, = 1/(2M + 1).

Since this filter is inadmissible, there exists a transformation
G that strictly dominates it for all z € W. To find a strictly
dominating G we now use Theorem 6 where Gy is the ma-
trix representing convolution with the filter g; = 1/(2M + 1),
—M < i< M. With w;(t) and s;(t) given by (68),

1 1
PySC'S*Py = 5 WW* = — Py, (69)
ag a

and

Ry = WG(S*Pyy = WGW*, (70)
which clearly commutes with (1/2)Pyy. Now, let G have an
eigendecomposition Gg = VAV™ where V is a unitary ma-
trix and A = diag(é1,...,6m), and define U = WV. Then

U*U = I and R(U) = W. Therefore,
PySC~158*Py, = %UU* =UXU*, (71)
with ¥ = (1/0?)I, and
Ry =UAU™. (72)

From Theorem 6, it then follows that a matrix strictly domi-
nating G is given by

G =VDV”®, (73)
where D = diag(dy, ..., d,,) with
o 1—|1_6i|, |1_6i|<1;
i = {07 18] > 1. 7
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Fig. 4. MSE in estimating z(¢) as a function of Z using the moving average
method and the estimator of (73) for () given by (76).

Since §; < 1,

bi, 0<6;, <1,
d; = { 5. < (75)

0, 0.

Thus, the matrix G is constructed from the matrix G¢ by re-
placing each negative eigenvalue by 0.

To illustrate the performance advantage of Gy, suppose that
we are given m = 2N + 1 noisy samples of the bandlimited
signal

cos? (4
z(t) = 4721 ﬂ—_(fz) (76)
at times t = ¢TI, —N < ¢ < N, where T is the sampling
period. The noise is independent and uniform on [—Z/2, Z/2].
The sampling and reconstruction functions are given by (68).

In Fig. 4, we plot the MSE as a function of Z with m = 75,
M = 5,and T = 1.5 using the moving average estimator of
[14] and the estimator of (73). As can be seen from the figure,
the estimator of (73) dominates the moving average estimator
for all values of Z. In Fig. 5, we repeat the simulations for a
random, bandlimited input signal.

Although the reconstruction (73) dominates the moving av-
erage estimator, it no longer corresponds to digital filtering. An
important problem therefore that we are currently investigating
is to design an FIR filter that leads to a reconstruction strictly
dominating a given inadmissible FIR-based method.

VII. CONCLUSION

In this paper, we treated the problem of reconstructing a
signal z in a finite-dimensional subspace V of an arbitrary
Hilbert space H from its nonideal, noisy samples. The samples
are modeled as the inner products of = with a set of reconstruc-
tion vectors, which span a sampling space S, and recovery is
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Fig. 5. MSE in estimating 2(t) as a function of Z using the moving average
method and the estimator of (73) for a random choice of x(¢).

performed in the reconstruction space ¥V, where in general W
and S can be different but satisfy the condition (3).

To reconstruct the signal from the samples, we suggested for-
mulating the reconstruction problem within a statistical frame-
work and characterizing all reconstructions that are MSE ad-
missible. We also developed explicit methods for dominating an
inadmissable reconstruction and proposed several specific ad-
missible strategies, by adapting known estimation approaches
to our context. In particular, we considered solutions based on
digital filtering and showed that admissibility can be determined
by examining the frequency response of the filter.

One of the main contributions of this paper is introducing a
framework for systematic design of reconstruction strategies.
There are still various aspects that need to be further studied.
However, it is our hope that this viewpoint of the reconstruction
problem will serve as a catalyst to further investigations of re-
construction from noisy samples.

APPENDIX A
PROOF OF THEOREM 2

To prove the theorem, we begin by considering the maximiza-
tion problem in (22):

max  (z, Zx). (77)
lz|<L,xeWw
Let W have a singular value decomposition (SVD)
W =UXV*, (78)

where U: C™ — H is an orthonormal set transformation satis-
fying U*U = I, ¥ = diag(o1,...,0m) with o; > 0, and V is
an m X m unitary matrix. Since x € W, it follows that z = Ud
for some vector d € C™. Furthermore, ||z|| = ||d|| because
U*U = I. Therefore,

max

,Zx)= d*((I- MH)*(I-MH) —A)d,
o T, (s Zw) = max d7(( ) ( )—A)d,

ldI<L
(79)
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where we defined M = U*WG, H = S*U, and

A=U*(I-WGeS)"(I - WGoS*)U.  (80)

Note that since R(U) = W if follows from Proposition 1 that
H is invertible. Next, using the fact that

Py =UU", (81)
we have
Tr(W*WGCG™) =Tr(U"WGCG*W*U)
=Tr(MCM?™). (82)

Therefore, (22) is equivalent to

nﬁ/i{n{Tr(MCM*)—l— max d* (I-MH)*(I-MH)—-A)d}.

ldl<L
(83)
The problem (83) was considered in [20] in which it was
shown that M is optimal if and only if M = BQ 'H*C!
where Q = H*C~'H and B satisfies the conditions below for
some A > 0:

1) QB = B*"Q;

2)0=2QB <Q;

3) (I— B)*(I— B) < AL+ A;

4) (I-B)*(1-B)B = (Al+A)B;
5) Tr (B (I—B)_IQ*) < 12

6) A (Tr (B (1-B)! Q—l) - LQ) = 0.
In our case, H is invertible, so that Q" 'H*C~! = H~!.
Therefore, the optimal M has the form M = BH_l, where

B=MH=U"WGS*U. (84)
Using (84) and
Q=U*SC~'s*U, (85)
the first condition becomes
QB =U*SXS*U = U*SX*S*U, (86)

where X = C~1S*W G. Since S*U is invertible, (86) is equiv-
alent to X = X*, which proves the first condition.
We now consider the second condition, which using (86) can
be written as
0<U*SXS*U < U*SC~'s*U. (87)
Multiplying on the right by (S*U)~! and on the left by
(U*S)~1, (87) is equivalent to 0 < X < C~1!, proving the
second condition.
To establish the third condition, we note that from (84),
I-B=U"(I-WGS")U =U*(Pw — R)U,

?

(88)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 54, NO. 12, DECEMBER 2006

and
I-B)*(I-B)=U"(Pw— R)*(Pw— R)U. (89)
Therefore, the third condition becomes
U*(I - R)*(I - R)U 2 \I+ A. (90)

Noting that for any two matrices T and Y we have that T <Y
if and only if UTU* < UYU™, (90) becomes

(P — R)*(Py — R) 2 APy + UAU™. 91)
The third condition then follows from the fact that
UAU* = (Pyw — Ro)*(Pw — Ro). (92)

The fourth condition is proven in a similar way.
To prove the fifth and sixth conditions, we need to find an
expression for B(I — B)~1Q~!. Using (88) and (86),

B(I-B) 'Q '=B(Q-QB)!
=U*WG(C™' - C'$*WG) L (U*S),
(93)

where we used the fact that from condition 2, C~1 —
C18*WG is invertible. Therefore,

Tr (B(I-B)"'Q™') =

=Tr (WG(C™' = CT'S*WG)"HU*S)~'U*). (94)
Noting that
(U*S)~tu* =(VXU*S)"tvyUu*
=(W*s) twr, (95)
equation (94) becomes
Tt (BI-B)'Q 1) =
=Tr (W*WG(C - CS*WG) {(W*S)" 1), (96)

which completes the proof.

APPENDIX B
PROOF OF THEOREM 3

To prove Theorem 3, we need to show that G with d; given
by (26) satisfies the optimality conditions of Theorem 2.

We first note that R(PyySC~1S*Pyy) = R(PpSC™1) =
R(Pyy). Therefore,

Py =UU". 7

Using (97) together with the fact that W* = W* P, we have
that

CT'S*WG = (W*S)"'W*Py,SC™' S*WG
=(W*S) 'W*USDU*W (S*W) L. (98)
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From (98) the first condition is equivalent to d; = d}. Since
n; > 0, d; is real and the first condition is satisfied.
Since W*U is invertible, the second condition becomes

0=<YXD < (W*U)"'"W*SC™'S*W(U*W)™,  (99)

or,

0<YD < Y. (100)

Using the fact that X > 0, (100) reduces to 0 < d; < 1. By
definition of d;, we have that d; > 0. To show that d; < 1 we
need to show that 7; > 0. Since A > 0, n; > 0. Furthermore,
n; = 0if and only if §; = 0 and A = 0. But, if ; = 0, then
7(0) — oo so that A cannot be equal to 0. Therefore, 7; > 0
and d; < 1.

__ We now consider the third condition. With our definition of
G,

WGS* = PWUDU*W(S*W)*lS* =UDU*E\yst.
(101)
Since Eyys1 Py = Py,

(I - WGS*)Py, = U(I — D)U*, (102)

and

(I —WGoS*)Py = U(I — A)U*. (103)

Therefore, conditions 3 and 4 become (1 —d;)? < A+ |1 — 6;|?
and d;(1 — d;)* = d; (A + |1 — §;]?), which can be written as

(I—d)> =X+ 1 =& i:di#0, (104)

and

L<A+ =8 i:di=0. (105)

Since 7; = A + |1 — &;|, both conditions are satisfied.

To address conditions 5 and 6 we now find an expression for
Tr(W*WG(C~-C71S*WG)~1(W*S)~1). To this end we
note that

(C' = C I WG) {(Ww*s)™!
= (W*SC™' —= W*UEDU*W (S*W)~ ")~
= (W UST - D)yUw(s*w) 1)~
=S*WU*W) Y1-D) s t(wru) L

1

(106)
Thus,

Tr(WWG(C! - CLs*WG) {(W*s) 1) — L2
=Tr (I-D)~'s7") - L?

_ S d; 2
_Z(l—di)Uz’ - L
107)
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Finally, the last two conditions are satisfied by our definition
of 7 (). It remains to show that if 7(0) > 0, then there is a
unique value of 0 < A < « such that 7 () = 0.

Since 7); is monotonically increasing in A > 0, and each term
in the sum in the definition of 7 (\) is positive, 7 (\) is mono-
tonically decreasing in A as long as there exists at least on ¢ for
which 7; < 1, or equivalently, as long as A < «. In addition,
7 (M) is continuous. Now, we are assuming that 7 (0) > 0. Fur-
thermore, 7 (A) = —L? for A > «. Therefore, there is a unique
0 < A < assuch that 7(X\) = 0.

APPENDIX C
PROOF OF THEOREM 5

We consider the problem

min {TI(W*WGCG*) + sup (z, Zm)}
G zEW

(108)

where Z is defined in (23). Using the SVD (78) of W,

sup (z, Zz) =supd* (I - MH)*(I - MH) — A)d,

reW d
(109)
where M = U*WG,H = S*U, and A is defined in (80). Now,
for any matrix Z,

Slip (x,Zx) = {20 ?thir(\?v;ise. (110)
Therefore, (108) is equivalent to
ngn Tr(M*CM) (111)
subject to
(I-MH)*(I-MH) < A. (112)

The problem of minimizing (111) subject to (112) was con-
sidered in [20], in which it was shown that M is optimal if and
only if M = BQ 'H*C ! where Q = H*C 'H and B sat-
isfies the following conditions:

) QB = B*Q;

2)0=2QB =xQ;

3) I-B)Pra)=1-B;
) (I-B)*(I-B) < A;
5 I-B)*(I-B)X = AX.
Here, X = (Q(I - B))Jr - PR(A)Q_lpR(A) and PR(A) de-
notes the orthogonal projection onto R(A). As we now show,
adapting these conditions to our problem results in the condi-
tions of Theorem 5.

The proof of the first two conditions follows as in the proof
of Theorem 2. Condition 4 follows in a similar way as condition
3 in Theorem 2 with A = 0.

To prove the third condition, we note that from (84),

I-B=U"I-WGS")U =U"(Pyw - R)U. (113)
In addition, since A = U*(Pyy — Ro)*(Pw — Ro)U,
Pr(a) = U*PRU. (114)
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Therefore, the third condition becomes

U*(Py — R)PrU = U*(Pyy — R)U. (115)

Since N'(U) = {0}, N(U*) = W+ and R(Pyy — R) C W,
(115) is equivalent to (Pyy — R)Pr = Py — R, proving the
third condition.

We now prove the 5th condition. To this end we note that

X = (U*SC'S*(Py — R)U)T
~U*PrU(U*SC™L8*U)"'U*PRrU. (116)

Using the fact that U*S = U* Py, S,

(U*SC™'S*(Py — R)U)T
= (U*PySC~'S8*(Py — R)U)!
= U*(PySC~1S*(Py — R))'U. (117)
The last equality follows from the fact that (U*AU)T =
U*ATU for any A with R(A) € W and N(4) O Wi,
Combining (116), (117) and U(U*SC~1S*U)~'U*
W(W*SC~15*W)~1W*, we have that X = U*XU. Thus,

I-B)*@A-B)X=U*(Pw — R)*(Pw— R)XU, (113)
and

) (119)

AX = U*(Py — Ro)*(Pyw — Ro)XU.

which proves the fifth condition.

APPENDIX D
PROOF OF THEOREM 6

To prove Theorem 6, we need to show that G of (59) with d;
given by (60) satisfies the optimality conditions of Theorem 5.
Following similar steps as in the proof of Theorem 3, the first
two conditions become d; = d; and 0 < d; < 1 and the fourth
condition becomes (1 —d;)? < |1 — &;|, which are all satisfied.

We now consider the third condition. Since

Py — Ry = U(I— A)U*, (120)

we have that Pg = ULU*, where I = diag(ey,...,em) and

e; = {0, 5= 1. (121)
Noting that R = UDU™, the third condition becomes
U(I-D)IU* = U(I— D)U*. (122)

Since from our definition of d;, d; = 1 for all 7 such that §; = 1,
(122) is satisfied.

To prove that the fifth condition is also satisfied, we note that
under the assumptions of the theorem,

X =U(S(I-D)U* — vl 'TU*
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—Uy! ((I—D)T —T) U, (123)

With X given by (123), the fifith condition becomes

U(I-D)*(I- D)} ((I ~ D)t —T) U* =
—UI-AI-A)xt ((I _ Dyt —T) U, (124)

which is equivalent to

1—di>=11-&% Vi:(1—d)"—e; #0. (125

Now, from our definition of d; we have that |1 — d;| # |1 — ;]
onlyif §; < 0.Inthiscased; = 0and e¢; = 1,sothat (1—d;)" =
e;. Therefore, (125) is also satisfied, completing the proof.
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