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ABSTRACT.  Let Ty, denote translation by k € 74, Given countable collections of functions
{#jjes {Pj}jes C L2(R?) and assuming that {Tio; }je],keZd and {T.¢; }jej,keZd are Bessel
sequences, we are interested in expansions

F=2 2 (A Tdj)Tidj. ¥f € span (Tkdjliezd jey -
jel kezd

Our main result gives an equivalent condition for this to hold in a more general setting than
described here, where translation by k € 74 is replaced by translation via the action of a matrix.
As special cases of our result we find conditions for shift-invariant systems, Gabor systems, and
wavelet systems to generate a subspace frame with a corresponding dual having the same structure.

1. Introduction

Given a real and invertible d x d matrix C, we define for k € Z9 a generalized translation
operator Tcy acting on f € L?(RY) by

(Tek f)(x) = f(x — Ck), x eR?.

A generalized shift-invariant system is a system of the type {Tc;k¢;}jc;xeze, Where
{C|}jey is a countable collection of real invertible d x d matrices, and {¢;} jcy C L*(RY).
Generalized shift-invariant systems contain the classical wavelet systems and Gabor sys-
telns as special cases. Given the matrices {C;}jecs, we are~interested in functions {¢;} e/,
{pj}jes C L2(R?) for which {chk(pj}je‘]’kezd and {chkgbj}jejﬁkezd are Bessel sequences
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and the expansions

F=Y" (£ Teud))Teud). Vf € 5pan (Teudiherd jes (1.1)

Jj€J kezd

hold. Our main result, developed in Section 4, provides necessary and sufficient conditions
such that the expansion (1.1) holds; they are based on an analysis of the case of a single
generator, which is considered in Section 3.

Our conditions for (1.1) to hold are formulated in terms of the Fourier transform of
the generators ¢; and é ;. For instance, letting C? denote the inverse of the transpose of
C;, we prove that (1.1) holds, if and only if for all £ € J, m € 7Z the equations

o 1 T —27iCym-Cn ¢ VRN
Gy =Y =) | Y e Gy + Cin)oi(y + Cin) | (12)

det C;
jel | Jl neZd

hold for a.e. y. The parameters ¢, m only appear in the study of frames for subspaces:
In fact, assuming that {Tc ¢} jed kezd is complete in L?(R?) (and a weak technical con-
dition) Hernandez, Labate, and Weiss [11] have characterized (1.1), and the £, m do not
show up in this context. We discuss this issue after Corollary 1. We will also show that the
condition (1.2) simplifies for some of the important systems considered in signal processing.

In Section 5 we consider the case of shift-invariant systems on L?(R), in which
case the matrices C; correspond to multiplication with a constant a: In this case, it is
clear from (1.2) that the parameter m can be eliminated from the general characterization.
Section 6 specializes the results to the case of Gabor expansions; here, we can also eliminate
the parameter £. Finally, in Section 7 we consider the case of a wavelet expansion. It turns
out that our general result in Section 4 also simplifies in this case, but in a different way
than in the shift-invariant case: The dependence on the parameter £ can be eliminated, but
m remains.

In the rest of this section we motivate our results by a short review of the present stage
of frame theory.

A classical argument for frames is that they lead to expansions of the elements in the
underlying Hilbert space in terms of the frame elements. To be more specific, if H is a
separable Hilbert space and { fi};2, is a frame for H with frame operator S, then

F=Y (LS ilfe VPN, (13)

k=1

The family {S~! frlge, is called the canonical dual frame of {fi}72 ;. In order to use the
representation (1.3) in practice, we need to be able to calculate the coefficients ( f, S~! fi).
In general, this is highly nontrivial: While the existence of S~! is guaranteed by the frame
condition, it is usually tedious to find this operator explicitly. The next best— approximation
of S~!, oratleast (f, ™! fx) — is also complicated. Another issue is that the frame { filee,
might have a certain structure which is not shared by {S~! f; }ro. - From a signal processing
perspective, the missing structure of {S~! f; Yo, will make it complicated to deal with (1.3).
This complication appears, e.g., if { fr};—, is a wavelet frame: In general, the canonical
dual of a wavelet frame does not have the wavelet structure, cf. [5].

Finally, it might be difficult to control the properties of {S~! filge s that is, if we
want {S~! fr}z, to have certain properties, we do in general not have a procedure which
can tell us how to chose { f}2 | such that this is achieved.
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One way to circumvent these types of problems is to search for a pair of dual frames
rather than just one frame: That is, we search for two frames { fi}72 |, {gk}z=, such that

o
f=) (fafe Ve, (14)
k=1
This approach opens for the possibility to specify in advance which properties, or structure
we want for { fk},fi | as well as {gk},fil. For example, we can ask for both of them having
wavelet structure. This is not merely theoretically possible: In fact, Bownik and Weber
gave in [1] an example of a wavelet frame for which

(i) the canonical dual does not have wavelet structure;
(ii) infinitely many other duals with wavelet structure exist.

Our approach is in fact more general than described here: We also consider the case
where (1.4) only holds on a subspace, the f; belong to that subspace, and without the
assumption of {g;}7° | being a frame.

Despite the fact that the canonical dual of a Gabor frame (or frame of translates)
always has the same structure, the theory developed here is important for these cases as
well. For example, for a frame of translates, we proved in [3] that among the “classical
duals” (i.e., the duals belonging to the space spanned by the frame), the canonical dual is
the only one which has the translation structure. On the other hand, in the same article, we
demonstrate that the general approach presented here leads to several other duals having
the translation structure. This flexibility is attained because we do not require the dual to
belong to the same space. Similar cases exist for the Gabor case. For example, Gabardo
and Han [9] have considered the Gabor system {e>7"* X[0,a[ (X — 1) }m.nez: Fora €]0, 1[,
it is an overcomplete frame for a closed subspace of LZ(R). Thus, it has many duals, but
Gabardo and Han prove that only the canonical dual has the Gabor structure.

The first step towards a general theory for dual frame pairs was given by Wexler and
Raz [18]: Given a Gabor frame for ¢2(Z), their work characterized all duals having the
Gabor structure. For shift-invariant systems {g;, (- — na)}mn nez in L2(R), the analogue
problem was solved by Janssen [13] and, independently, Ron and Shen [15]. For wavelet
systems, the answer appeared in [8] by Frazier et al.

More recently, several authors have considered generalized shift-invariant systems,
which contain Gabor systems, general shift-invariant systems, and wavelet systems as spe-
cial cases. Characterizations of dual frame pairs in this setting have been obtained by
Hernandez, Labate, and Weiss [11] as well as by Ron and Shen [16].

All the results discussed so far concern the case where we are interested in a frame
decomposition which is valid for all elements in the underlying Hilbert space. The results
in this article are more general: In fact, our results concern representations of the type (1.4)
for all f belonging to a closed subspace X of L*(R), with the additional assumption that
{ fr} belongs to X.

We note that Li and Ogawa [14] have introduced pseudoframe decompositions for
closed subspaces X of general Hilbert spaces: Here, (1.4) is required to hold only for
f € X, but without assuming that {f;}22 | and {gx};2, are frames for X. In fact, they are
allowed not to belong to X. Thus, pseudoframes are more general than our approach; it is
an interesting open problem how one can extend our results to the setting of pseudo-frames.

We also note that in [6, 7, 17, 3], the authors consider oblique frame decompositions
in which, as for pseudoframes, (1.4) is required to hold only for f € X. In these articles
{fi}72 | forms a frame, and the vectors {gx} = also form a frame but for a different subspace
Ysuchthat H=X @Y+,
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We present our results in the same generality as the above mentioned results by
Hernandez et al. and Ron and Shen. Under a technical condition, a corollary of our main
result recovers the main statement about generalized shift invariant systems in [11] as a
special case.

2. Notation and Preliminary Results

As stated already in the introduction we consider generalized shift-invariant systems of the
type {Tc;k9j}jcs kezd, Where {Cj}jes is a countable collection of real invertible d x d

matrices, and {¢;}jes C L*(RY). Letting CT denote the transpose of an invertible matrix
C, we use the notation

ct=(ch)™".
For f € L'(R?) we denote the Fourier transform by

Ffiy)=fy) = / fx)e Y dx
Rd

where x - y denotes the inner product between x and y. As usual, the Fourier transform is
extended to a unitary operator on L2(R?). Furthermore,

Flerf(y) =N f(y).
With Ep,(x) := 27>* b, x € R?, this yields the commutator relation
FTcx = E_ck F .

While we present the general theory for the d-dimensional case, our discussion of
shift-invariant systems, Gabor systems, and wavelets will take place in LZ(R). Generalized
shift-invariant systems in L>(R) will be denoted by

{Tajk¢j}j€l’kez, where a; >0, ¢; € L*(R) . 2.1

Most of our calculations rely on Fourier transformation techniques rather than general
Hilbert space results. However, we need a lemma which is most conveniently formulated
for general Hilbert spaces:

Lemmal. Let{f;}72 and{gi};2 be Bessel sequencesin a Hilbert space H, and assume
that

o0

fi= Z(fj»é%)fk, VjieN.

k=1

Then { fi.}72 , is a frame for span { fx};2,, and

=) {f &) fe. Vf espan {fil2, - 22)

k=1
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Proof.  The assumptions immediately imply that (2.2) holds for f € span{fi};2,. By
the Bessel assumption, the operator f +— > p- | ( f, gk) fi is continuous, and therefore (2.2)
actually holds for all f e span { f;};2,. Finally, Cauchy-Schwarz’ inequality applied to

o0
AP =Y (f e fieo £ f € 5pan (£l .
k=1
yields the announced frame property. L]

Remark. The assumption about {g;}7 , being a Bessel sequence can not be removed
from Lemma 1. See Example 5.4.6 in [2].

A sequence {fi}p2, in H which is a frame for span{f}2, is called a frame se-
quence. Given a frame sequence { f}72 |, any Bessel sequence {g};~, in H for which

f=) {f &) fe. YV espan (£l

k=

will be called a generalized dual of { fi}}2 ;.

3. The Case of One Generator

In this section we consider translates (in the general sense stated in Section 1) of a single
function. The results obtained here will serve as starting point for the case of multiple
generators.

Lemma 2. Let ¢, qg IS Lf (Rd), let C be a real and invertible d x d matrix, and assume
that {Tck$Yyege and {TckPlcya are Bessel sequences. Then for all f € L2(RY),

~ 1 - A VRN
F| X Tad|Tad | = rqra@®) X2 fr+Cin)é(y +Cn) .
kezd nezd

Proof. First, observe that

(f. Tcg) = /R | FundueX ik ay

/Rd Fund(ueX ik gy

1 R - |
|det €T Jga F(CP )b (CEp) 2™ k1 dyy
1 A _
= |(1TC|/’£[‘:1 Z f(Cj(M+n))¢(ct(u+n))62mk.u du .
neZd

Here we used the notation T = [0, 1]. It follows that
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F Y (f Ted)Tendp ()

keZd
= Z (fv TCké)]‘-TCk(t)(y)
kezd
Idet Cl A / Z F(C*(i+n) )gz(cﬁ(u_‘_n))ezmk.ﬂdu

X ¢(y)e—27flk~c Y

———d) 3 F(CHCTy +n))d(CHCTy +n))

|dtC| e
—— 6 Y Fy +Cin)g(y + Ctn) .
|dtC|
neZd D

Lemma 2 immediately leads to a characterization of the desired type for systems
generated by a single function. It extends a result from [3] to the multivariable setting, with
the general matrix translation considered here:

Proposition 1. Let C be a real and invertible d x d matrix and ¢, $ € L2(RY). Assume
that {TckPYrega and {TckPlicza are Bessel sequences. Then the following are equivalent:

() f = Y pepalf Toxd) Texg, Yf € span (Tcdler-
(i) Onf{y : ¥ ,cz¢ 16y + C*n)|? # 0}, we have

Z o (v +Cjn)¢:>()/ + Cfn) = |det C|, a.e

nezd

If the conditions are satisfied, then {Tck}icza is a frame for span {Tck@lyeza; fur-
thermore, the orthogonal projection of {Tck@}yczd onto span {TcrP}cza is a frame for
span (TciPlpeza-

Proof. Assume that (i) holds. Via Lemma 2 with f = ¢,

b0 = C|¢<y> Z $(y + C'n)b(y + Con) .

Replacing y with y 4+ C*k shows that for all k € Z¢,

Sy + ) Y by + Cn)d(y + Cin) |

neZzd

by +C%h) = |det C|

This proves (ii). On the other hand, if (ii) holds then Lemma 2 shows that for any k' € z4,
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F Z (Tcw o, Texd)Texd (v)

keZd

60 Y Flewa(y + Cin)g(y + Ctn)

neZd

1 N o . U E—
- | det C|¢(V) Z e mick *(y+Cnn)¢(y + Cnn)¢>(y + Cﬁn)
neZd

3" By + Cin)d(y + Cin)e K i)
nezd

~ ldet C|

1
" |det C|

=FTcvd(y) -
Thus,
Tevd = Z (Tcwd, Texd)Texd -
keZd

Now (i) follows via Lemma 1. The rest is standard. []

4. Multiple Generators

We now turn to the setting of multiple generators. Given a sequence of functions {¢;} ey
in L2(R?) and a corresponding collection {C j}jes of real and invertible d x d matrices,
let

W =span {Tc;kPjlierd, jes »
and let Pyy denote the orthogonal projection onto W .

Our first result below charzlcterizes pairs of a frame {Tc;x®;}icza, jes and corre-
sponding generalized duals {Tc;k®;}reczd jcs- The general classification is quite involved;
the next sections show how it simplifies in concrete cases.

Theorem 1. Let J be a countable index set and consider sequences {¢;}jc; and
{pj}jes in L2(RY). Let {C i}jes be a sequence of invertible real matrices, and assume

that {Tc kP j}repa, jes and {chk(];j}kezd’je.] are Bessel sequences. Then the following are
equivalent:

(1) f = Zjej ZkeZd<fv TCij)j>TCjk¢jv Vf eW.
(ii) Forall ¢ € J,m € 78,

A 1 ~ i Chn A =
611 = et | X TG+ i+ |
jeJ J nezd
holds for a.e. y. If the conditions are satisfied, then {Tc;k®jlieza je; and
{PWTck®jkezd, je; are dual frames for span {Tc;k¢)liezd jey-

Proof. Assume that (i) holds. Letting f = Tcom®e, m € 74,0 € J, Lemma 2 shows
that

Flem$pe(y) =)

jelJ

61 () Y Flemde(y + Cf}n)czfj (v +Cin);

neZd

1
|det C;
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since FTc,m@e(y) = e 2 ic“"”’qgg (y) this proves (ii). On the other hand, if (ii) holds,
then (i) holds for all T¢, ¢, m € Z4,¢ € J; via Lemma 1 this proves (i). L]

In the rest of this section we consider a reformulation of condition (ii) in Theorem 1.
We note that in the summation over n € Z¢, the indices j, n always appear in the combi-
nation C?n; let us consider all possible outcomes, i.e., let

Az{cﬁn :jeJ,neZd}. 4.1)
Given o € A, there might exist several pairs (j, n) € J x Z? for which @ = Cr;n; let

Jaz[jeJ C3nezd suchthata:Cjn} . 4.2)
If we are allowed to reorder the sum in condition (ii) of Theorem 1, we can rewrite the
condition in terms of the index sets A and Jy:

Corollary 1. Assume the setup from Theorem 1 and define A and J, as in (4.1) and (4.2).
Furthermore, assume that the series

1 ~ o S 2
YD g e BT Gy + i (v + @), aey (4.3)
ael jely | et le

converges unconditionally for all £ € J, m € Z. Then the following are equivalent:
) f =2 jes 2reza (S Teudj) Te by, Y f € W.
(ii) Forall ¢ € J and all m € 79,

~ 1 ~ 2 o A
b=y > G i e e wiCma g, (y 4 o), ae y. (44)
ach \jel, J
In particular, the conditions (i) and (ii) are satisfied, if for all @ € A,
> L 016+ ) =bepae on {1y YleinP#0p . @5)
~— | det C;| ’ ‘
Jj€Ja jeJ

Proof. The series in (4.3) is a reordering of the series on the right-hand side of (ii) in
Theorem 1; this leads to the first part of the conclusion. We now prove that (4.4) holds for
all¢ € Jandall m € 79, if (4.5) holds; in fact, since Jo = J,

1 ; c —2miCom-a [
SHY. 6008,y + o) | e 2TCm Gy (y +a)

ach jeJaldet Cil

dew) it b #0

o X lhef =0

= de(y) . L

We will return to the condition of unconditional convergence of (4.3) in the concrete
cases of shift-invariant systems and Gabor systems in Section 5 and Section 6, respectively.
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Condition (4.4) exhibits (5[ as a “generalized linear combination” of shifted versions
of ¢p¢(- + o), @ € A, where the word “generalized” refer to the coefficients depending on
the variable . Condition (4.5) is trivially satisfied for all £ € J and all m € 74, if

1 ~ 2
> e C 0PIy + @) =bup. Va e A (4.6)
jela J

Under a weak technical assumption, condition (4.6) is in [11] proved to be equivalent to
{chkqu}kezd,jej and {chk(i’)j}kezd’je‘] being dual frames for L2(R%); thus, modulo the
issue of unconditional convergence, our general approach has recovered this result as a
special case, except that we have not proved that {Tc k¢ }rcza jec; is complete in L2(RY)
in this special case.

Motivated by this classical result concerning frames for L?(R), one could ask whether
the condition (4.5) is equivalent with (4.4). This turns out not to be the case. We will
demonstrate this via an example in the context of shift-invariant systems — see Example 1.

Comparison of our work with [11] yields a further conclusion:

Corollary 2. Assume the setup of Corollary 1. If the condition (4.4) is satisfied, but (4.6)
is not, then {Tc;kPj}reza, jey is a frame for a proper subspace of L*(R%).

Remark. If J is finite, then {Tc;k9jlkezd, jes cannot be a frame for L2(R%), cf. [4]. That
is, (4.6) can not hold. But (4.4) can very well be satisfied.

5. Shift-Invariant Systems

Let us now consider shift-invariant systems on LZ(R). With an adoption of our notation
in (2.1) we write such a system as {Txa®P;}rez, jes, Where a > 0. As a special case of
Corollary 1 we have

Corollary 3. Let J be a countable index set and (¢} jcy, (¢;}jes C L*(R). Leta > 0,
assume that {Ti,Pjrez, jes and {Trad iJkez, jes are Bessel sequences, and that the series

SN 6500y +njadi(y +nja) 5.1)
jeJ neZ

converges unconditionally for all £ € J. Then the following are equivalent:

Q) f =3 s Yhenlfs Ta®) Tha®j, Vf € 5pan (Tiatjdkez. jes-
(ii) Forall £ € J,

N 1 N =\ .
ber) =3 | =D 6ibiv +n/a) | duy +nja), ae v . (5.2)

nez jeJ

Condition (ii) holds in particular, if

36516 (v +nja) = adsoae. on Jv: Y|P £0} . (53)

jeJ jeJ
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Note, in particular that the parameter m appearing in Corollary 1 is eliminated in the
condition (5.2). As we will see later, this is different from what happens in the wavelet case.
We also note that it was proved by Janssen (see [12, 13], or [2], Therorem 8.7.2) that two
pairs of Bessel sequences {7, 9, }kez, jes and {Tka(gj}kgz’je‘] are dual frames for LZ(R),
if and only if

1 N =
— 2 6ij v +n/a) =50 (5.4)
jeJ

thus, whether the condition (5.3) leads to {Txq¢)}kez, jes being a frame for all of L2(R),
or just for a subspace only depends on the set

v Y |ldin|F #0

jeld

being empty, or not.
So far, we have not discussed the unconditional convergence of, e.g., (5.1). Below
we present a condition which makes (5.1) converge unconditionally.

Lemma 3. Assume that {Tra®jtkez, jes and {Tka(gj}kez’jej are Bessel sequences, and
that

Z l6;()] < o0, ae.

jeJ
Then the series in (5.1) converges unconditionally for a.e. y.

Proof. If B denotes a bound for the Bessel sequence {Ti,®;}kez, jes. then B is also a
bound for {7y, ;}rez for any j € J; it is well known that this implies that, independently
of £ € J,

> ety +n/a)] <aB, ae.

nez

Using estimates of this type for {Tx.¢;}xez as well as {Tkaqu ez, We arrive at

2.2

81 (Nbe(y +njap;(y +n/a)

jeJ neZ
1/2 X 1/2
=DI%] (Z |be(y +n/a>|2) (Z |6y +n/a)|2>
jedJ nez nez
<CY 6.
jeJ

with a constant C which only depends on the bounds for {7, ¢ j}xez, jesand {Tiad ez, jed
Thus, the series in (5.1) is unconditionally convergent if ) jeJ |q§ i (Y)| < o0, ae. []

The example below shows that condition (5.3) is just a special case where condition (ii)
in Corollary 3 is satisfied:



Generalized Shift-Invariant Systems and Frames for Subspaces 309

Example 1. Let ¢, q; € L*(R), and take a = 1. In the case of a single generator, (5.3)
means that

d)BG +m) =8n0ae. on {v: [dof 0] . (55)

On the other hand, condition (ii) in Corollary 3 means that

b = ey +mdy +n)

nez

1.€., that

qu()/ +n)<;5(y +n)=1 ae. on {y : Z |<]3(y —i—n)|2 #* 0} . (5.6)

nez nez

The condition (5.6) clearly does not force (5.5) to hold. However, let us give some concrete
examples in terms of B-splines. Given N, let By be the B-spline defined via By (y) =

(*222)". Let M € N and define ¢, ¢ via ¢ = By and

_ Byiam(y)
ZkeZ Byn(y +k)Bniom(y + k)

S0

)

Then condition (5.6) holds; and the expansion (5.2) of qAﬁ in terms of translates @(- +n),n €
Z, is

b = (Bt +m)dy +n)

nez
. N (sinn(y+n))N+2M
sinwy 7(y+n) o
= 2 ( . ) , v | P+
7 Y Z sin 7 (y +k)
e keZ \ "x(y+0

Clearly, in this case the condition in (5.5) does not hold.

6. Gabor Systems

Leta, b > 0 be given. Qur first purpose is to find conditions on ¢, ¢~> € L%(R) such that the
Gabor system {E 5 Txq9} j kez is a generalized dual of the Gabor system {E  Tia$} j kez-
To this end, we rely on the fact that {E ;;, Tra®} and (E ibTka} are generalized duals, if and
only if the systems {7y, E jbqu} and {Ty, E jp¢} are generalized duals. These systems have
the structure of (2.1) with

aj=a,¢;=Ejpp,¢; = Ejpg .

Corollary 4. Let ¢, ¢ € L*(R). Let a,b > 0, assume that {Eijkaqg}j,keZ and
{EjpTrad}j kez are Bessel sequences, and that the series

S 3 60 + ib)dy +njaybly +nja+ jb) 6.1)

JEZ ne’Z
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converges unconditionally. Then the following are equivalent:
) f =2 ez 2kezlfs EjpTka®) EjpTka®, Vf € 5pan {EjpTka}j kez.

() $0) = Toer (L X1z 67 + i3y + jb+ /@)y +n/a), ace. y.

In particular, the condition (ii) is satisfied, if

S 6 + jb)dy + jb+nja) = asuo ae on {y: Y |dly +jb)[2 #0
JEZ jez

Proof. Note that (i) holds, if and only if {Tj,E j;,¢~>} j.kez is a generalized dual of
{Tka E jp®} j kez; thus, we can apply Corollary 3 with

¢ =Ejpdp.d; = Ejpd .

Consider the following ordering of (5.1):

S S804 +nja) | dety +n/a)

nezZ \jez
=S [ b0+ jpydey +nja+ jb) | $r +nja+ ey ;
neZ \jeL

we have to check that this series converges unconditionally for a.e. y. However, replacing y

by y — £b and using the b-periodicity of the map y +— Z/eZ qg(y + jb)p(y +nja+ jb),
this amounts to checking the series '

S b0 — o+ gty — tb+nja+ jb) | by +nja

neZ \jez

=S b + )by +nja+ jb) | bty +nja)

neZ \jei

for unconditional convergence.
Condition (ii) in Corollary 3 takes the form

A 1 N EE I
by +th) =3 | =D v+ by +nfa+ jb) | $ly +nja+th), ae.y:
nez JjEZ

again, using the periodicity of the sum over j and replacing y by y — £b, this condition
corresponds to the condition in (ii).

By Lemma 3, the series in (6.1) is unconditionally convergent, if {E j;, Trad} j.kez and
{EjpTra®} j kez are Bessel sequences and

Z |p(y + jb)| < 00 ae.;

JjEZ



Generalized Shift-Invariant Systems and Frames for Subspaces 311

the later condition is satisfied, e.g., if é belongs to the Wiener-type space

W .= {g :R — C: gis measurable and Z g Xk k+1[lloo <007 . (6.2)
keZ
It is known that ¢3 € W, if ¢ belongs to Feichtingers algebra Sp, cf. [10]. ]

7. Wavelet Systems in L?(R)

In this section we investigate the condition (4.4) for wavelet systems; in particular, we will
prove that we can eliminate the dependence on the parameter £.

Let ¢ € L%(R) and consider the functions {2//%2¢(2/x — k)};j kez. i.e., the associ-
ated wavelet system. Letting (Df)(x) = 21/2 f(2x), the wavelet system can be written as
{D/ Tk ¢} j rez- Via the commutator relations between the dilation operators and the trans-
lation operators, this system equals {T;,-; D’ ¢} ; rez; this system has the structure (2.1) of
a generalized shift-invariant system with

aj=271.¢;=D'¢.
Let
={2jn : jeZ,neZ} ,
and for o € A,
Jo = {jeZ : 3n € Z¢ such that ozzzjn} .

Using that F D’/ = D7 F, we can now formulate the condition (4.4) as

~
~

2N =" 82712 (v + @) | T G2y + @), ae. y. (1)

aeA \jely

This identity has to hold for all £, m € Z. Our goal is now to prove that it is enough to check
the condition for £ = 0 and m € Z. We begin with a lemma, which follows immediately
from the definition of J,.

Lemma 4. Fora € A and { € 7, we have Jye, = Jo + L.

Proposition 2.  The condition (7.1) is satisfied for all m, £ € Z, if and only if for all
meZ

=3[ 87y +0) | ™y + @) ae y. (1)

acA \jely

In particular, this condition is satisfied, if

pr 2 J qZZ J’(y—i—a)):cﬁa,o ae on {y: Z|q§(27jy)2

Jj€Ju JjeZ
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Proof. In order to rewrite (7.1), we notice that replacing y by 2y, this identity takes
the form

Z Z¢ 2-0=0 $(2—(j—€)(y+2—€a)) e*2ﬂi2’zmaq§(y+2,@a)

aeA \jeJy

o)

= Z Z qb 2 J Q;Z j(y+2_la)) efzm.z%maqg(y+2%a)

ach \jely,—1L

~

= Z Z ¢ 2 Y <13 (y + 2_505)) 6727”.24"10[(];()/ + 27(201) .

aeA /eJ2 ly

For any £ € Z, when « runs through A, 2t runs through A as well. We can therefore
replace the sum over « with a sum over 2 ‘«; this yields the conclusion. The second part
follows directly from the last part of Corollary 1. L]

In order to check the conditions in Proposition 2 in practice, we need to calculate the
functions ®,, o € A defined by

De(y) =D d277y)6(2 7 (v + ) .
je€Jy
Lemma 5.
(i) Ifa € Aisan odd integer, then

~

Dy (y) = Z¢ 2y)$Iy + ).
(il) For a general a € A \ {0}, choose the odd integer o' and j' € Z such that @ =
2/'a’. Then
() = Por(277y) .

Proof. Whena € Aisanoddinteger, J, = {0, —1, —2, ...}; this immediately gives (i).
For the proof of (ii), the choice of «’, j” implies by Lemma 4 that J, = J, + j'. Thus,

Sa(y) = 3 Q2Ty)$2 I (y +2/'0))

J€Ja
- ¥ d;(2—<j—j’>2—j’,,)j,(z—u—jn(z—j/y + o))
jE]a/-Fj/
= YTy + )
JE€Jy
= ¢a/(27j,y). ]

In particular, Lemma 5 shows that (7.1) is satisfied, if

~

Z¢ 2 J ¢~) 2~ /y) =1 and ®,(y) =0 when « is an odd integer ;
JEZ
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hereby we have recovered the conditions by Frazier et al. [8] for (D’ 119} j kez and
(D’ qu,7>} j,kez being dual frames for L?(R), except that we did not prove the complete-
ness in this special case.
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