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Abstract

The dissertation addresses theory and applications of linear and nonlinear system iden-
tification in the short-time Fourier transform (STFT) domain. Identification of systems
based on input-output data has been extensively studied in the past, and is of major
importance in diverse fields of signal processing. System identification algorithms often
operate in the time-frequency domain (e.g., the STFT domain), achieving computational
efficiency as well as improved convergence rate due to processing in distinct subbands.
It is well known that in order to perfectly represent a linear system in the STFT do-
main, crossband filters between subbands are generally required. Practically, however,
the estimation of these filters is avoided, as it was shown to worsen the system estimate

accuracy.

In this thesis, we investigate the problems of model-structure selection and model-
order selection for system identification in the STFT domain. We start by investigating
the influence of undermodeling caused by restricting the number of estimated crossband
filters on the system identification performance. Specifically, we examine the dependency
of the model complexity, determined by the number of filters, on the level of noise in
the data and the length of the observable data. We analytically show that increasing
the number of crossband filters not necessarily implies a lower mean-square error (mse)
in subbands. We show that as the signal-to-noise ratio (SNR) increases or as more data
is employable, the optimal model complexity increases, and correspondingly additional
crossband filters can be estimated to achieve better estimation accuracy. This strategy
of controlling the number of crossband filters is successfully applied to acoustic echo

cancellation applications in batch or adaptive forms.

We proceed with the widely-used multiplicative transfer function (MTF) approxima-

tion, which avoids the crossband filters by approximating the linear system as multi-



2 ABSTRACT

plicative in the STFT domain. The performance of a system identifier that utilizes this
approximation is investigated, and a detailed mean-square analysis is provided. We show
that the system identification performance does not necessarily improve by increasing the
length of the analysis window. The optimal window length, that achieves the minimal
mse (mmse), depends on the SNR and the length of the input signal. These results are
used for deriving a new model for linear systems in the STFT domain. This model, which
is referred to as the cross-MTF (CMTF) approximation, significantly improves the sys-
tem estimate accuracy achieved by the conventional MTF approach, without significantly
increasing the computational cost.

The research is then extended to nonlinear system identification, and a novel nonlinear
STFT model is introduced for this purpose. The model consists of a parallel combination
of a linear component, represented by crossband filters between subbands, and a nonlin-
ear component, which is modeled by multiplicative cross-terms. Based on this model, we
construct off-line and adaptive schemes for estimating quadratically nonlinear systems in
the STF'T domain. We mainly concentrate on the error caused by nonlinear undermodel-
ing; that is, when a purely linear model is employed for identifying the nonlinear system.
Specifically, we consider the problem whether the inclusion of a nonlinear component in
the model is always preferable, taking into account the noise level, data length and the
power ratio of nonlinear to linear components of the system. We show that for low SNRs,
a lower mse is achieved by allowing for nonlinear undermodeling and utilizing a purely
linear model; whereas as the SNR increases, the performance can be generally improved
by estimating the full nonlinear model. We further show that a significant reduction
in computational cost as well as a substantial improvement in estimation accuracy can
be achieved over the conventional time-domain Volterra model, particularly when long-
memory nonlinear systems are considered. We demonstrate the applicability of this model

to nonlinear acoustic echo cancellation problems.
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Chapter 1

Introduction

The dissertation addresses the problem of system identification in the short-time Fourier
transform (STFT) domain, focusing on the derivation of novel theoretical approaches as

well as practical algorithms for the identification of linear and nonlinear systems.

Identification of systems based on input-output data has been extensively studied
in the past, and is of major importance in diverse fields of signal processing, including
acoustic echo cancellation, relative transfer function (RTF) identification, and derever-
beration. This problem has attracted significant research efforts for several decades and
a number of efficient algorithms have been proposed for that purpose. System identifica-
tion algorithms often operate in the subband domain (e.g., the STFT domain) in order
to reduce computational complexity and to improve the convergence rate of conventional
time-domain methods. It is well known that in order to perfectly represent a linear system
in the STFT domain, crossband filters between subbands are generally required. Practi-
cally, however, the estimation of these filters is avoided, as it was shown to worsen the

system estimate accuracy.

In this thesis, we investigate the problems of model-structure selection and model-order
selection for system identification in the STFT domain. The thesis starts by considering
the influence of undermodeling caused by restricting the number of estimated crossband
filters on the system identification performance. Specifically, we examine the dependency
of the model complexity, determined by the number of filters, on the level of noise in the
data and the length of the observable data. As the signal-to-noise ratio (SNR) increases

or as more data is employable, the optimal model complexity increases, and correspond-

7



8 CHAPTER 1. INTRODUCTION

ingly additional crossband filters can be estimated to achieve better estimation accuracy.
This strategy of controlling the number of crossband filters is successfully applied to
acoustic echo cancellation applications in batch or adaptive forms. The thesis proceeds
with the widely-used multiplicative transfer function (MTF) approximation, which avoids
the crossband filters by approximating the linear system as multiplicative in the STFT
domain. The performance of a system identifier that utilizes this approximation is inves-
tigated, and the existence of an optimal window length is shown. These results are used
for deriving new approximations and models for linear systems in the STF'T domain. The
research is then extended to nonlinear system identification, and a novel nonlinear STFT
model is introduced for this purpose. The model consists of a parallel combination of
a linear component, represented by crossband filters between subbands, and a nonlinear
component, which is modeled by multiplicative cross-terms. We mainly concentrate on
the error caused by nonlinear undermodeling; that is, when a purely linear model is em-
ployed for identifying the nonlinear system. Specifically, we consider the problem whether
the inclusion of a nonlinear component in the model is always preferable, taking into ac-
count the noise level, data length and the power ratio of nonlinear to linear components
of the system. We show that a significant reduction in computational cost as well as a
substantial improvement in estimation accuracy can be achieved over the conventional
time-domain Volterra model, particularly when long-memory nonlinear systems are con-
sidered. The applicability of this model to nonlinear acoustic echo cancellation problems
is also demonstrated.

In this chapter we briefly describe scientific background for the main topics of this

research and specify the structure of the thesis.

1.1 Subband system identification

Identification of systems based on input-output data has been extensively studied in the
past, and is of major importance in diverse fields of signal processing [1-9]. In acoustic
echo cancellation applications, for instance, a loudspeaker-enclosure-microphone (LEM)
system needs to be identified in order to reduce the coupling between loudspeakers and

microphones. Traditionally, the identification process has been carried out in the time
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domain using batch or adaptive methods. However, when long-memory systems are con-
sidered, these methods may suffer from slow convergence rate and extremely high compu-
tational complexity. Moreover, when the input signal to the adaptive filter is correlated,
which is often the case in acoustic echo cancellation applications, the adaptive algorithm
results in a slow convergence [10]. These drawbacks have motivated the use of subband
(multirate) techniques [11] for improved system identification (e.g., [12-18]). Accordingly,
the desired signals are filtered into subbands, then decimated and processed in distinct
subbands. Some time-frequency representations, such as the STFT, are employed for the
implementation of subband filtering [19-22]. The main motivation for subband approaches
is the reduction in computational cost compared to time-domain methods, due to process-
ing in distinct subbands. Together with a reduction in the spectral dynamic range of the
input signal, the reduced complexity may also lead to a faster convergence of adaptive
algorithms. Nonetheless, because of the decimation, subband techniques produce aliasing
effects, which necessitate crossband filters between the subbands [16,23]. Accordingly,
the system output in each frequency bin is related to all frequency bins of the input, such

that the estimation process cannot be done in each frequency bin separately.

However, it has been found [16] that the convergence rate of subband adaptive algo-
rithms that involve crossband filters with critical sampling is worse than that of fullband
adaptive filters. Therefore, several techniques to avoid crossband filters have been pro-
posed, such as inserting spectral gaps between the subbands [12], employing auxiliary
subbands [15], using polyphase decomposition of the filter [17] and oversampling of the
filter-bank outputs [13,14]. Spectral gaps impair the subjective quality and are especially
annoying when the number of subbands is large, while the other approaches are costly in

terms of computational complexity.

The influence of crossband filters on the performance of a system identifier has not
been analytically investigated. There is still an open question regarding why the inclusion
of crossband filters worsen the performance of subband system identification algorithms.
The answer to this question may be related to the problem of model-order selection, where
in subband identification problems, the model order is determined by the number of es-
timated crossband filters. Selecting the optimal model order complexity for a given data

set is a fundamental problem in many system identification applications [24-30]. Many
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criteria have been proposed for this purpose, including the Akaike information criterion
(AIC) [29] and the minimum description length (MDL) [30]. Generally, the estimation
error can be decomposed into two terms: a bias term, which is monotonically decreasing
as a function of the model order, and a variance term, which is respectively monotonically
increasing. The optimal model order is affected by the level of noise in the data and the
length of the observable data. The observable data length employed for the system identi-
fication is restricted to enable tracking capability of the algorithm during time variations
in the impulse response. Consequently, as the SNR increases or as more data becomes
available, the model complexity may be increased, and correspondingly a lower mse may
be achieved by estimating additional crossband filters. Therefore, both convergence rate
and steady-state mse of a system identifier may be improved by adaptively controlling

the number of crossband filters.

It is worthwhile noting that the theoretical approaches as well as the practical algo-
rithms derived in this thesis are not limited only for STFT-based methods, but are also
applicable for other subband approaches. The are two main reasons for using the STF'T as
a subband technique in this work. First, the STFT often provides very concise signal rep-
resentation and thereby can enhance the estimate accuracy of the identification algorithm.
In particular, it is well known that speech (commonly used in applications like acoustic
echo cancellation) has a sparse representation in the STFT domain, which effectively in-
creases the SNR in each frequency bin and may improve the system identifier performance.
Secondly, an STFT-based identification scheme may be easily combined with efficient al-
gorithms already implemented in the STFT domain. For instance, spectral techniques
are often used for enhancing noisy speech signals in the time-frequency domain [31,32].
Such spectral enhancement techniques may be combined with STFT-based identification
methods and may be useful, for instance, in acoustic echo cancellation applications, where

both echo and noise reduction are required [33,34].
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1.2 Multiplicative transfer function (MTF) approxi-

mation

To perfectly represent a linear time-invariant (LTT) system in the STFT domain, crossband
filters between subbands are generally required. A widely-used approach to avoid the
crossband filters is to approximate the transfer function as multiplicative in the STF'T
domain. This approximation relies on the assumption that the support of the STFT
analysis window is sufficiently large compared with the duration of the system impulse
response, and it is useful in many applications, including frequency-domain BSS [35],
acoustic echo cancellation [22] and RTF identification [3].

As the length of the analysis window increases, the multiplicative transfer function
(MTF) approximation becomes more accurate. On the other hand, the length of the input
signal that can be employed for the system identification must be finite to enable tracking
during time variations in the system. Therefore, increasing the analysis window length
while retaining the relative overlap between consecutive windows (the overlap between
consecutive analysis windows determines the redundancy of the STFT representation),
fewer observations in each frequency-band become available, which increases the variance
of the system estimate. Consequently, the mse in each subband may not necessarily
decrease as we increase the length of the analysis window, and it may reach its minimum
value for a certain optimal window length. Determining the optimal window length may
be useful in applications that utilize the MTF approximation and may further enhance

their performances.

1.3 Identification of Nonlinear Systems

In many real-world applications, the considered systems exhibit certain nonlinearities
that cannot be sufficiently estimated by conventional linear models. Examples of such
applications include acoustic echo cancellation [36-38], channel equalization [39,40], bi-
ological system modeling [41], image processing [42], and loudspeaker linearization [43].
Volterra filters [44-46] are widely used for modeling nonlinear physical systems, such as

LEM systems in nonlinear acoustic echo cancellation applications [37,47,48], and digi-
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tal communication channels [39,49], just to mention a few. An important property of
Volterra filters, which makes them useful in nonlinear estimation problems, is the linear
relation between the system output and the filter coefficients. Many approaches, which
attempt to estimate the Volterra kernels in the time domain, employ conventional linear
estimation methods in batch (e.g., [45,50]) or adaptive forms (e.g., [37,51]). A common
difficulty associated with time-domain methods is their high computational cost, which
is attributable to the large number of parameters of the Volterra model. This problem
becomes even more crucial when estimating systems with relatively large memory length,
as in acoustic echo cancellation applications. Another major drawback of the Volterra
model is its severe ill-conditioning [52], which leads to high estimation-error variance and

to slow convergence of the adaptive Volterra filter.

To overcome these problems, several approximations for the time-domain Volterra filter
have been proposed, including orthogonalized power filters [53], Hammerstein models [54],
parallel-cascade structures [55], multi-memory decomposition [56], and Volterra kernels
truncation [48]. The Hammerstein model consists of a static nonlinearity followed by a
dynamic linear block, and can represent some nonlinear systems very efficiently due to
its few parameters. Hence, it has attracted much interest and many various approaches
have been proposed for the estimation of its parameters [57,58]. However, similarly to the
other Volterra approximations, the Hammerstein model suggests a less general structure

than the Volterra filter.

Alternatively, frequency-domain methods have been introduced for Volterra system
identification, aiming at estimating the so-called Volterra transfer functions [59-61]. Sta-
tistical approaches based on higher order statistics (HOS) of the input signal use cumulants
and polyspectra information [59]. These approaches have relatively low computational
cost, but often assume a Gaussian input signal, which limits their applicability. In [60]
and [61], a discrete frequency-domain model is defined, which approximates the Volterra
filter in the frequency domain using multiplicative terms. Although this approach assumes
no particular statistics for the input signal, it requires a long duration of the input sig-
nal to validate the multiplicative approximation and to achieve satisfactory performance.
When the data is of limited size (or when the nonlinear system is not time-invariant),

this long duration assumption is very restrictive. Other frequency-domain approaches
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assume multitone sinusoidal input to efficiently estimate the Volterra transfer functions
by using explicit relations between the Fourier coefficients of the system input and output
signals [62-64]. These approaches, however, concentrate on estimating the linear transfer
function rather than on estimating the nonlinear distortions.

The aforementioned drawbacks of the conventional time- and frequency-domain meth-
ods may motivate the use of subband (multirate) techniques [11] for improved nonlinear
system identification. Computational efficiency as well as improved convergence rate can
then be achieved due to processing in distinct subbands. Consequently, a proper model in
the STFT domain may facilitate a practical alternative for conventional nonlinear models,
especially in estimating nonlinear systems with relatively long memory, which cannot be
practically estimated by existing methods. Moreover, and most importantly, an STFT-
based nonlinear model may be combined with efficient algorithms already implemented
in the STFT domain. For instance, it is well known that linear models in the STFT
domain with crossband filters are much more efficient in terms of computational com-
plexity than time-domain linear models [65]. Accordingly, the crossband filters model
can be used for estimating the first (linear) Volterra kernel, whereas the higher order
kernels will be estimated by an appropriate nonlinear model in the STFT domain. It
should be noted here that few time-frequency approaches have been recently proposed for
nonlinear system identification, including the mixed-domain method [66], wavelet-based
nonlinear signal transformation (NST) [67], and the partitioned block frequency-domain
adaptive Volterra filter (PBFDAVF) [68]. However, the existing approaches neither define
an equivalent time-frequency-domain model for Volterra filters nor perform the identifica-
tion procedure in the time-frequency domain. It is the purpose of this part of the research
to construct a new nonlinear model in the STF'T domain which offers both structural gen-

erality and computational efficiency.

1.4 Thesis structure

This thesis is organized as follows. Chapter 2 briefly outlines the basic theories and
methods which were used during this research. The original contribution of this research

starts in Chapter 3.
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In Chapter 3, we consider an offline system identification in the STF'T domain using
the least squares (LS) criterion, and investigate the influence of crossband filters on its
performance. We derive analytical relations between the input SNR, the length of the
input signal, and the number of crossband filters which are useful for system identification
in the STFT domain. We show that increasing the number of crossband filters not neces-
sarily implies a lower steady-state mse in subbands. The number of crossband filters, that
are useful for system identification in the STFT domain, depends on the length and power
of the input signal. More specifically, it depends on the SNR, i.e., the power ratio between
the input signal and the additive noise signal, and on the effective length of input signal
employed for system identification. The effective length of input signal employed for the
system identification is restricted to enable tracking capability of the algorithm during
time variations in the impulse response. We show that as the SNR increases or as the time
variations in the impulse response become slower (which enables to use longer segments
of the input signal), the number of crossband filters that should be estimated to achieve
the minimal mse (mmse) increases. Moreover, as the SNR increases, the mse that can be
achieved by the proposed approach is lower than that obtainable by the commonly-used
subband approach that relies on long STFT analysis window and MTF approximation.
Experimental results obtained using synthetic white Gaussian signals and real speech sig-
nals verify the theoretical derivations and demonstrate the relations between the number

of useful crossband filters and the power and length of the input signal.

In Appendix 3.C, we analyze the convergence of a direct adaptive algorithm used for
the adaptation of the crossband filters in the STF'T domain. The band-to-band filters and
the crossband filters considered in a given frequency-band are all estimated by adaptive
filters, which are updated by the least-mean-square (LMS) algorithm. Explicit expressions
for the transient and steady-state mse in subbands are derived for both correlated and
white Gaussian processes. The number of crossband filters used for the echo canceller in
each frequency-band is generally lower than the number of filters needed for the STFT
representation of the unknown echo path. We therefore employ the performance analysis
of the deficient length LMS algorithm which was recently presented in [69]. Experimental
results are provided, which support our theoretical analysis and demonstrate the transient

and steady-state mse performances of the direct adaptation algorithm.
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Appendix 3.D introduces an explicit representation of LTI systems in the discrete-time
wavelet transform (DTWT) domain. We show that crossband filters between subbands are
necessary for perfect representation, and derive relations between the crossband filters and
the impulse response in the time domain. In contrast to the time-invariance property of
the crossband filters in the STFT domain [65], the crossband filters in the DTWT domain
are shown to be time-varying, due to nonuniform decimation factor over frequency-bands.
Nonetheless, the band-to-band filters (i.e., the filters that relate identical frequency-bands
of input and output signals) remain time invariant. Furthermore, we show that under
certain conditions, system representation in the DTW'T domain can be approximated
with only band-to-band filters. We show that as the SNR increases, or as more input
data is available, longer band-to-band filters may be estimated to achieve the mmse.

Experimental results are provided to support the theoretical analysis.

Chapter 4 considers the MTF approximation and investigates the influence of the
analysis window length on the performance of a system identifier that utilizes this ap-
proximation. The MTF in each frequency-band is estimated offline using an LS criterion.
We derive an explicit expression for the mmse in the STF'T domain and show that it can be
decomposed into two error terms. The first term is attributable to using a finite-support
analysis window. As we increase the support of the analysis window, this term reduces to
zero, since the MTF approximation becomes more accurate. However, the second term is
a consequence of restricting the length of the input signal. As the support of the analysis
window increases, this term increases, since less observations in each frequency-band can
be used for the system identification. Therefore, the system identification performance
does not necessarily improve by increasing the length of the analysis window. We show
that the optimal window length depends on both the SNR and the input signal length.
As the SNR or the input signal length increases, a longer analysis window should be used
to make the MTF approximation valid and the variance of the MTF estimate reasonably

low.

In Chapter 5, we introduce cross-multiplicative transfer function (CMTF) approx-
imation in the STFT domain. The transfer function of the system is represented by
cross-multiplicative terms between distinct subbands, and data from adjacent frequency

bins is used for the system identification. Two identification schemes are introduced:
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One is an off-line scheme in the STF'T domain based on the LS criterion for estimating
the CMTF coefficients. In the second scheme, the cross-terms are estimated adaptively
using the LMS algorithm [10]. We analyze the performances of both schemes and derive
explicit expressions for the obtainable mmse. The analysis reveals important relations
between the noise level, data length, and number of cross-multiplicative terms, which are
useful for system identification. As more data becomes available or as the noise level
decreases, additional cross-terms should be considered and estimated to attain the mmse.
In this case, a substantial improvement in performance is achieved over the conventional
MTF approximation. The main contribution of this work is a derivation of an explicit
convergence analysis of the CMTF approximation, which includes the MTF approach as
a special case. We derive explicit expressions for the transient and steady-state mse in
frequency bins for white Gaussian processes. At the beginning of the adaptation process,
the length of the data is short, and only a few cross-terms should be estimated, whereas
as more data become available more cross-terms can be used to achieve the mmse. Conse-
quently, the MTF approach is associated with faster convergence, but suffers from higher
steady-state mse. Estimation of additional cross-terms results in a lower convergence rate,
but improves the steady-state mse with a small increase in computational cost. Experi-
mental results with white Gaussian signals and real speech signals validate the theoretical
results derived in this work, and demonstrate the relations between the number of useful

cross-terms and transient and steady-state mse.

Appendix 5.B extends the CMTF approach by adaptively controlling the number of
cross-terms. The proposed algorithm finds the optimal number of cross terms and achieves
the mmse at each iteration. At the beginning of the adaptation process, the proposed
algorithm is initialized by a small number of cross-terms to achieve fast convergence, and
as the adaptation process proceeds, it gradually increases this number to improve the
steady-state performance. This is done by simultaneously updating three system models,
each consisting of different (but consecutive) number of cross-terms, and determining the
optimal number using an appropriate decision rule. When compared to the conventional
MTF approach, the resulting algorithm achieves a substantial improvement in steady-
state performance, without degrading its convergence rate. Experimental results validate

the theoretical derivations and demonstrate the advantage of the proposed approach for
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acoustic echo cancellation.

In Chapter 6, we introduce a novel approach for improved nonlinear system identi-
fication in the STFT domain, which is based on a time-frequency representation of the
Volterra filter. We show that a homogeneous time-domain Volterra filter [44] with a cer-
tain kernel can be perfectly represented in the STFT domain, at each frequency bin, by a
sum of Volterra-like expansions with smaller-sized kernels. This representation, however,
is impractical for identifying nonlinear systems due to the extremely large complexity
of the model. We develop an approximate nonlinear model, which simplifies the STF'T
representation of Volterra filters and significantly reduces the model complexity. The re-
sulting model consists of a parallel combination of linear and nonlinear components. The
linear component is represented by crossband filters between the subbands [16,65], while
the nonlinear component is modeled by multiplicative cross-terms, extending the so-called
CMTF approximation. It is shown that the proposed STFT model generalizes the con-
ventional discrete frequency-domain model [60], and forms a much reacher representation
for nonlinear systems. Concerning system identification, we employ the proposed model
and introduce an off-line scheme for estimating the model parameters using a LS crite-
rion. The proposed approach is more advantageous in terms of computational complexity
than the time-domain Volterra approach. When estimating long-memory systems, a sub-
stantial improvement in estimation accuracy over the Volterra model can be achieved,
especially for high SNR conditions. Experimental results with white Gaussian signals

and real speech signals demonstrate the advantages of the proposed approach.

Appendix 6.B considers the problem of nonlinear acoustic echo cancellation. We mod-
ify the nonlinear model proposed in Chapter 6 by representing the linear component of
the model with the MTF approximation, while the quadratic component is still modeled
by multiplicative cross-terms. We consider an off-line echo cancellation scheme based on
an LS criterion, and analyze the obtainable mse in each frequency bin. We mainly con-
centrate on the error arises due to nonlinear undermodeling; that is, when the linear MTF
model is utilized for estimating the nonlinear LEM system. We show that for low SNR
conditions, a lower mse is achieved by using the MTF model and allowing for nonlinear
undermodeling. However, as the SNR increases, the acoustic echo canceller (AEC) per-

formance can be generally improved by employing the proposed nonlinear model. When
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compared to the conventional time-domain Volterra approach, a significant reduction in
computational complexity is achieved by the proposed approach, especially when long-
memory systems are considered. Experimental results demonstrate the advantage of the

proposed approach for nonlinear acoustic echo cancellation.

In Chapter 7, we analyze the performance of the nonlinear model proposed in Chap-
ter 6 for estimating quadratically nonlinear systems in the STFT domain. We consider
an off-line scheme based on an LS criterion, and derive explicit expressions for the ob-
tainable mse in each frequency bin. We mainly concentrate on the error that arises due
to undermodeling; that is, when the proposed model does not admit an exact description
of the true system. The analysis in this chapter reveals important relations between the
undermodeling errors, the noise level and the nonlinear-to-linear ratio (NLR), which rep-
resents the power ratio of nonlinear to linear components of the system. Specifically, we
show that the inclusion of a nonlinear component in the model is not always preferable.
The choice of the model structure (either linear or nonlinear) depends on the noise level
and the observable data length. We show that for low SNR conditions and rapidly time-
varying systems (which restricts the length of the data), a lower mse can be achieved by
allowing for nonlinear undermodeling and employing a purely linear model in the estima-
tion process. On the other hand, as the SNR increases or as the time variations in the
system become slower (which enables to use longer data), the performance can be gener-
ally improved by incorporating a nonlinear component into the model. This improvement
in performance becomes larger when increasing the NLR. Moreover, we show that as the
nonlinearity becomes weaker (i.e., the NLR decreases), higher SNR should be considered
to justify the inclusion of the nonlinear component in the model. Concerning undermod-
eling in the linear component, we show that similarly to linear system identification [65],
the number of crossband filters that should be estimated to attain the mmse increases as
the SNR increases, whether a linear or a nonlinear model is employed. For every noise
level there exists an optimal number of useful crossband filters, so increasing the num-
ber of estimated crossband filters does not necessarily imply a lower mse. Experimental

results demonstrate the theoretical results derived in this chapter.

Chapter 8 introduces an adaptive algorithm for the estimation of quadratically non-

linear systems in the STFT domain. The quadratic model proposed in Chapter 6 is
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employed, and its parameters are adaptively updated using the LMS algorithm. We de-
rive explicit expressions for the transient and steady-state mse in frequency bins for white
Gaussian processes, using different step-sizes for the linear and quadratic components
of the model. The analysis provides important insights into the influence of nonlinear
undermodeling (i.e., employing a purely linear model in the estimation process) and the
number of estimated crossband filters on the transient and steady-state performances.
We show that as the number of crossband filters increases, a lower steady-state mse is
achieved, whether a linear or a nonlinear model is employed; however, the algorithm then
suffers from a slower convergence. Accordingly, as more data is employed in the adap-
tation process, additional crossband filters should be estimated to achieve the mmse at
cach iteration. Moreover, we show that the choice of the model structure (either linear
or nonlinear) is mainly influenced by the NLR. Specifically for high NLR conditions, a
lower steady-state mse can be achieved by incorporating a nonlinear component into the
model. On the other hand, as the nonlinearity becomes weaker (i.e., the NLR decreases),
the steady-state mse associated with the linear model decreases, while the relative im-
provement achieved by the nonlinear model becomes smaller. Consequently, for relatively
low NLR values, utilizing the nonlinear component in the estimation process may not
necessarily imply a lower steady-state mse in subbands. Experimental results support the
theoretical derivations.

Chapter 9 summarizes the main contributions of this dissertation and presents some

future research directions.

1.5 List of publications

The chapters of this thesis are based on the following publications:

Chapter 3 is based on:

1. Y. Avargel and I. Cohen, ”System Identification in the Short-Time Fourier Trans-
form Domain With Crossband Filtering,” IEEE Trans. Audio Speech Lang. Process-
ing, vol. 15, no. 4, pp. 1305-1319, May 2007.

Appendix 3.C is based on:



20 CHAPTER 1. INTRODUCTION

2. Y. Avargel and 1. Cohen, ”Performance analysis of cross-band adaptation for sub-
band acoustic echo cancellation,” in Proc. Int. Workshop Acoust. FEcho Noise

Control (IWAENC), Paris, France, Sep. 2006.
Appendix 3.D is based on:

3. Y. Avargel and I. Cohen, ”Representation and identification of systems in the
wavelet transform domain,” in Proc. TASTED Int. Conf. Applied Simulation and
Modelling (ASM), Palma De Mallorca, Spain, Aug. 2007.

Chapter 4 is based on:

4. Y. Avargel and I. Cohen, ”On multiplicative transfer function approximation in the
short-time Fourier transform domain,” IEEE Signal Processing Lett., vol. 14, no.

5, pp. 337-340, May 2007.
Chapter 5 is based on:

5. Y. Avargel and I. Cohen, 7 Adaptive system identification in the short-time Fourier
transform domain using cross-multiplicative transfer function approximation,” IEEE

Trans. Audio Speech Lang. Processing, vol. 16, no. 1, pp. 162-173, Jan. 2008.
Appendix 5.B is based on:

6. Y. Avargel and I. Cohen, ”Identification of linear systems with adaptive control of
the cross-multiplicative transfer function approximation,” in Proc. IEEE Int. Conf.
Acoust. Speech, Signal Processing (ICASSP), Las Vegas, Nevada, Apr. 2008, pp.
3789-3792.

Chapter 6 is based on:

7. Y. Avargel and I. Cohen, ”"Nonlinear systems in the short-time Fourier transform
domain—Part I: Representation and identification,” submitted to IEEE Trans. Signal

Processing.



1.5. LIST OF PUBLICATIONS 21

Appendix 6.B is based on:

8. Y. Avargel and I. Cohen, ”Nonlinear acoustic echo cancellation based on a multi-

plicative transfer function approximation,” in Proc. Int. Workshop Acoust. Echo

Noise Control (IWAENC), Seattle, WA, USA, Sep. 2008.
Chapter 7 is based on:

9. Y. Avargel and I. Cohen, ”Nonlinear systems in the short-time Fourier trans-
form domain-Part 1I: Estimation error analysis,” submitted to IEEE Trans. Signal

Processing.
and Chapter 8 is based on:

10. Y. Avargel and I. Cohen, ” Adaptive nonlinear system identification in the short-

time Fourier transform domain,” submitted to IEEE Trans. Signal Processing.



22

CHAPTER 1. INTRODUCTION



Chapter 2

Research Methods

In this chapter, we briefly review research methods which were useful during this re-
search. We start by introducing the crossband filters, which are required for a perfect
representation of linear time-invariant (LTI) systems in the short-time Fourier transform
(STFT) domain. We then continue by representing the multiplicative transfer function
(MTF) approximation, which avoids the crossband filters by approximating the system as
multiplicative in the STFT domain. Finally, we introduce the Volterra filters and briefly

review existing methods for Volterra-based nonlinear system identification.

2.1 Crossband filters representation

In subband system identification techniques, the considered signals are filtered into sub-
bands, then decimated and processed in distinct subbands [13,16-18,65]. As a result, the
computational complexity is substantially reduced compared to time-domain methods.
Moreover, together with a reduction in the spectral dynamic range of the input signal,
the reduced complexity may also lead to a faster convergence of subband adaptive al-
gorithms. However a major drawback of these methods is the aliasing effects caused by
the subsampling factor, which necessitates crossband filters between the subbands for a
perfect representation of the system. In the following, we derive explicit expressions for
the representation of linear system in the short-time Fourier transform (STFT) domain
(the STFT can be regarded as a discrete Fourier transform (DFT) filter bank [70], and

as such it forms a specific implementation of subband filtering).

23
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The STFT representation of a signal z(n) is given by [71]

ok = ) a(m)iy(m) (2.1)

m

where

Upi(n) £ (n — pL)e! FrpL) (2.2)

)(n) denotes an analysis window (or analysis filter) of length N, p is the frame index, k
represents the frequency-bin index, L is the discrete-time shift (in filter bank interpretation
L denotes the decimation factor) and * denotes complex conjugation. The inverse STFT,

i.e., reconstruction of z(n) from its STEFT representation z,, is given by

o) = 33ty sthyiln) (2.3)

p k=0

where

Ypi(n) £ ¢(n — pL)ed ¥ r=pD) (2.4)

and 1 (n) denotes a synthesis window (or synthesis filter) of length N. Throughout this
work, we assume that 1)(n) and (n) are real functions. Substituting (2.1) into (2.3), we

obtain the so-called completeness condition:

Z Y(n — pL)z;(n —plL) = % for all n. (2.5)
P
Given analysis and synthesis windows that satisfy (2.5), a signal x(n) € (3(Z) is guaran-
teed to be perfectly reconstructed from its STEFT coefficients z, ;. However, for L < N
and for a given synthesis window t(n), there might be an infinite number of solutions to
(2.5); therefore, the choice of the analysis window is generally not unique [72,73].
Let an input x(n) and output d(n) of an LTI system be related by

Nj—1

d(n) =Y h(f)z(n— 1) (2.6)
=0

where h(n) represents the impulse response of the system, and N}, is its length. Applying
the STFT to d(n), we have in the time-frequency domain

Nj,—1

dpi = Y Y h(O)x(m — 0, (m). (2.7)
m  {=0
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Substituting (2.3) into (2.7), we obtain

Np—1 N-1
i = ) ; h(e) kz > aywthyw (m = O] (m)
m = '=0 p’

N—-1
= E :E :xp’yk’hpvkvp’yk’ (2.8)
k'=0 p’

where
Np—1

hpsegrir = 3> ()t (m — 01 (m) (2.9)

m  £=0

may be interpreted as the STEFT of h(n) using a composite analysis window » 1, (m—

?) ~;,f,k(m). Substituting (2.2) and (2.4) into (2.9) yields

Np—1
ks = 30 3 Bl — € L) FE O AN (g — pr )Rk
m  {=0
Np—1
= DO dm)eTTEmY ((p — p)L — €+ m) & X phltrm)
=0 m
= {h n) * ¢k7k/ (n)} |n=(pfp’)L é p—p! ek (210)

where * denotes convolution with respect to the time index n, and
Orar(n) 2 TFEN S m)p(n 4+ m)e T mER) (2.11)

Equation (2.10) indicates that hy, & depends on (p — p') rather than on p and p’ sepa-
rately. Then, by substituting (2.10) into (2.8), d,; can be expressed as

N-1 N-1
dpvk = : : xp/7k/hp7p/7k7k/ = : : xpiplvk/hp“kvk/' (2'12)
k=0 p' k=0 p'

Equation (2.12) indicates that for a given frequency-bin index k, the temporal signal d,,
can be obtained by convolving the signal x, ; in each frequency-band k&’ (k' = 0,1,..., N—
1 ) with the corresponding filter hy, ;s and then summing over all the outputs. We refer
to hy ki for k =k’ as a band-to-band filter and for k # k' as a crossband filter. Crossband
filters are used for canceling the aliasing effects caused by the subsampling, and they are
related to the time-domain impulse response h(n) via (2.10). Note that equation (2.9)
implies that for fixed k and &', the filter Ay, is noncausal in general, with [£] — 1

noncausal coefficients. Practically, in order to consider these coefficients, an extra delay
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of ([&] — 1) L samples is introduced into the system output signal d(n) [13]. It can also
be seen from (2.9) that the length of each cross-band filter is given by

= [N [N 213

In Chapter 3.2, we further investigate the significance of crossband filters, and show that
practically only few crossband filters should be used to capture most of the energy of the

STFT representation of a typical system.

2.2 MTF approximation

The widely-used MTF approach [74] avoids the crossband filters by approximating the
transfer function as multiplicative in the STF'T domain. This approximation relies on the
assumption that the support of the STFT analysis window is sufficiently large compared
with the duration of the system impulse response, and it is useful in many applications,
including frequency-domain BSS [35], acoustic echo cancellation [22] and RTF identifica-
tion [3].

Let h(n) denote a length N, impulse response of an LTI system, whose input and
output signals are denoted by x(n) and d(n), respectively. Using the STFT definition
from (2.1), the STFT of d(n) can be written as

dp = Y Y WO z(m—0) iy, (m)
m  {=0
= > a(m)) W) dr(m+0). (2.14)
m l
Substituting (2.2) into (2.14) yields
dp, = Z x(m) i_: h(0)(m + £ — pL)e‘jQWﬂk(m”_pL) : (2.15)
m =0

Let us assume that the analysis window @Z)(n) is long and smooth relative to the im-
pulse response h(n) so that ¥(n) is approximately constant over the duration of h(n).

Mathematically, this assumption can be written as

(n—m)h(m) =~ p(n) h(m). (2.16)
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Then, substituting (2.16) into (2.15), d,, can be approximated as

Np—1
dpr = Zx Zh (m — pL)e I klm+t=pL)
Np—1 =
= h(¢ —kafz (m — pL)e I ¥ km=pL) (2.17)
/=0

Finally, recognizing the last summation in (2.17) as the STFT of z(n), we may write

where
Np—1
hi 2 ) h(0)e WM (2.19)
=0

The approximation in (2.18) is the well-known MTF approximation for modeling an LTI
system in the STFT domain, where hj is referred to as the MTF coefficient at the kth
frequency bin. In the limit, for an infinitly long smooth analysis window, the transfer
function would be exactly multiplicative in the STFT domain. However, since practical
implementations employ finite length analysis windows, the MTF approximation is never
accurate. A comparison of the crossband filters representation (2.12) and the MTF ap-
proximation (2.18) shows the computational efficiency of the latter. However, as will be
shown in Chapter 3.2, the MTF approach results in an insufficient accuracy of the system
estimate, whenever the assumption of a long analysis window is not valid. In Chapter 4,
we investigate the influence of the analysis window length on the performance of a system

identifier that utilizes the MTF approximation.

2.3 Volterra system identification

The Volterra filter is one of the most commonly used models for nonlinear systems [44-46,
75]. Nonlinear system identification using Volterra filters aims at estimating the Volterra
kernels (in the time domain) or the Volterra transfer functions (in the frequency domain).
In the following, we introduce the Volterra filters representation and briefly review existing

methods for Volterra-based nonlinear system identification.
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Consider a generalized gth-order nonlinear system with an input x(n) and an output

d(n). A corresponding Volterra filter representation of this system is given by

d(n) = dy(n) (2.20)

where dy(n) represents the output of the ¢th-order homogeneous Volterra filter, which is

related to the input z(n) by

de(n) = Z e Z he(my, .. .mg)Hx(n —m;) (2.21)

where hy(my,...my) is the fth-order Volterra kernel, and N, (1 < ¢ < q) represents its
memory length. It is easy to verify that the representation in (2.21) consists of (N;)" pa-
rameters, such that representing the system by the full model (2.20) requires » ;_, (N)"
parameters. Clearly, from (2.21), it is reasonable to assume that the Volterra kernels
are symmetric, such that hy(mi,...m¢) = hy(me), ... me)) for any permutation of
o (1,...,¢). This representation, however, is redundant and often replaced by the trian-
gular representation:

Ne—1 Ny—1 Ne—1 ¢

dn) =" > - > glmi,..om)[Je(n —my) (2.22)

m1=0 mo=m1 =1

where gg(mq,...my) is the fth-order triangular Volterra kernel. The representation in
(2.22) consists of (Nﬁf_l) parameters, and representing the system by the full model
(2.20) requires > /_, (N‘Hf_l) parameters. The reduction in model complexity compared
to the symmetric representation in (2.21) is obvious. Moreover, comparing (2.21) and

(2.22), it can be verified that the symmetric kernels yield the triangular kernels as [44]
ge(my,...m,) = Ohe(my,...meu(me —mq) - - u(me — me—1) (2.23)

where u(n) is the unit step function [i.e., u(n) = 1 for n > 0, and u(n) = 0 otherwise].
Note that either of these representations (symmetric or triangular) is uniquely specified
by the other.

The main goal in Volterra-based nonlinear system identification is to estimate the
parameters of Volterra model based on input-output data. One of the most important

properties of Volterra filters, which makes them useful in nonlinear estimation problems,



2.3. VOLTERRA SYSTEM IDENTIFICATION 29

is the linear relation between the system output and the filter coefficients. Consequently,
many algorithms known from linear estimation theory are applied for estimating the
Volterra kernels, either in time or frequency domains. Specifically, let an input z(n) and
output y(n) of an unknown nonlinear system ¢(+) be related by y(n) = {¢z} (n)+£(n), and
let g(n) represent the output of an gth-order Volterra model, which attempts to estimate
(or predict) the measured output signal. Since the Volterra model output depends linearly
on the filter coefficients (either in the symmetric or the triangular representation), it can
be written in a vector form as

j(n) =x"(n)0 (2.24)

where 6 is the model parameter vector, and x(n) is the corresponding input data vector.
An estimate of @ can now be derived using conventional linear estimation algorithms
in batch or adaptive forms. Batch methods have been introduced in [45,50], providing
both least squares (LS) and mean-square error (mse) estimates. That is, denoting the

observable data length by N,, the LS estimate of the Volterra kernels is given by

1

05 = (X'X) X"y (2.25)
where X7 = | x 0) x(1) -+ x(N,—1) } and y is the observable data vector. Simi-
larly, the mse estimate is given by

Oyse = [E {x(n)x"(n)}] ™" E {x(n)y(n)} . (2.26)

Linear adaptive algorithms have also applied for the estimation of the Volterra kernels
[48]. Specifically, using the least-mean-square (LMS) algorithm, the Volterra kernels are

estimated using the following recursion
O(n+1) = 0(n) + pe(n)x(n) (2.27)

where O(n) is the adaptive parameter vector at time n,  is the step size, and e(n) = y(n)—
x”(n)@(n) is the error signal. A common difficulty associated with the aforementioned
approaches is their high computational cost, which is attributable to the large number of
parameters of the Volterra model. The complexity of the model, together with its severe
ill-conditioning [52], leads to high estimation-error variance and to slow convergence of

the adaptive Volterra filter.
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Alternatively, frequency-domain methods have been introduced for Volterra system
identification, aiming at estimating the so-called Volterra transfer functions [59-61]. Sta-
tistical approaches based on higher order statistics (HOS) of the input signal use cumulants
and polyspectra information [59]. Accordingly, a closed form of the transfer function of

an (th-order homogeneous Volterra filter is derived assuming Gaussian inputs:

Cyaa(—w1, ..., —wy)

m!Chp(wy) -+ Coz(wy)

Hg(wl,...,Wg) = (228)

where Cy,(-) is the spectrum of z(n), and Cy,....(-) is the (¢ + 1)th-order crosspolyspec-
trum between y and x [76]. The estimation of the transfer function Hy(ws,...,wy) is
then accomplished by deriving a proper estimator for the cumulants. However, a ma-
jor drawback of cumulant estimators is their extremely-high variance, which necessitates
enormous amount of data to achieve satisfactory performances. Moreover, the assump-
tion of Gaussian inputs is very restrictive and limits the applicability of these approaches.
In [60], a discrete frequency-domain model is defined, which approximates the Volterra
filter in the frequency domain using multiplicative terms. Specifically for a second-order
Volterra system, the frequency-domain model consists of a parallel combination of linear
and quadratic components as follows:

Y (k) = Hy (k)X (k) + 2_: Hy (K KX (KX (K" (2.29)

k', k"=0
’
(k'+k'") mod N=k

where X (k) and Y (k) are the Nth-length DFT’s of the input 2(n) and the output §(n),
respectively, and H; (k) and Hy(k', k") are the linear and quadratic Volterra transfer func-
tions (in the discrete Fourier domain), respectively. As in the time-domain Volterra repre-
sentation, the output of the frequency-domain model depends linearly on its coefficients,

and therefore can be written as

Y (k) = x; (n)6y (2.30)

where 6y, is the model parameter vector at the kth frequency bin, and xx(n) is the cor-
responding transformed input data vector. Using the formulation in (2.30), batch [60]
and adaptive [61,77] algorithms were proposed for estimating the model parameters. Al-
though these approaches are computationally efficient and assume no particular statistics

for the input signal, they requires a long duration of the input signal to validate the
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multiplicative approximation and to achieve satisfactory performance. When the data is
of limited size (or when the nonlinear system is not time-invariant), this long duration
assumption is very restrictive. In Chapters 6-8, we consider the problem of nonlinear
system identification and introduce a new nonlinear model in the STFT domain. Off-line
and adaptive schemes for estimating quadratically nonlinear systems in the STFT domain

are presented.
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Chapter 3

System Identification in the STFT

with Crossband Filtering!

In this chapter, we investigate the influence of crossband filters on a system identifier
implemented in the short-time Fourier transform (STFT) domain. We derive analytical
relations between the number of crossband filters, which are useful for system identifica-
tion in the STFT domain, and the power and length of the input signal. We show that
increasing the number of crossband filters not necessarily implies a lower steady-state
mean-square error (mse) in subbands. The number of useful crossband filters depends on
the power ratio between the input signal and the additive noise signal. Furthermore, it
depends on the effective length of input signal employed for system identification, which
is restricted to enable tracking capability of the algorithm during time variations in the
system. As the power of input signal increases or as the time variations in the system be-
come slower, a larger number of crossband filters may be utilized. The proposed subband
approach is compared to the conventional fullband approach and to the commonly-used
subband approach that relies on multiplicative transfer function (MTF) approximation.
The comparison is carried out in terms of mse performance and computational complex-
ity. Experimental results verify the theoretical derivations and demonstrate the relations
between the number of useful crossband filters and the power and length of the input

signal.

!This chapter is based on [65].
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3.1 Introduction

Identification of systems with long impulse responses is of major importance in many
applications, including acoustic echo cancellation [1,2], relative transfer function (RTF)
identification [3|, dereverberation [4,5], blind source separation [6,7] and beamforming in
reverberant environments [8,9]. In acoustic echo cancellation applications, a loudspeaker-
enclosure-microphone (LEM) system needs to be identified in order to reduce the coupling
between loudspeakers and microphones. A typical acoustic echo canceller (AEC) for an
LEM system is depicted in Fig. 3.1. The far-end signal xz(n) propagates through the
enclosure, which is characterized by a time-varying impulse response h(n), and received
in the microphone as an echo signal d(n) together with the near-end speaker and a local
noise. To cancel the echo signal, we commonly identify the echo path impulse response
using an adaptive transversal filter 2(n) and produce an echo estimate d(n). The cancel-
lation is then accomplished by subtracting the echo estimate from the microphone signal.
Adaptation algorithms used for the purpose of system identification are generally of a gra-
dient type (e.g., least-mean-square (LMS) algorithm) and are known to attain acceptable
performances in several applications, especially when the length of the adaptive filter is
relatively short. However, in applications like acoustic echo cancellation, the number of
filter taps that need to be considered is several thousands, which leads to high computa-
tional complexity and slow convergence rate of the adaptive algorithm. Moreover, when
the input signal to the adaptive filter is correlated, which is often the case in acoustic echo

cancellation applications, the adaptive algorithm suffers from slow convergence rate [10].

To overcome these problems, block processing techniques have been introduced [10,78].
These techniques partition the input data into blocks and perform the adaptation in the
frequency domain to achieve computational efficiency. However, block processing intro-
duces a delay in the signal paths and reduces the time-resolution required for control pur-
poses. Alternatively, the loudspeaker and microphone signals are filtered into subbands,
then decimated and processed in distinct subbands (e.g., [12-18]). The computational
complexity is reduced and the convergence rate is improved due to the shorter indepen-
dent filters in subbands. However, as in block processing structures, subband techniques

introduce a delay into the system by the analysis and synthesis filter banks. Moreover,



3.1. INTRODUCTION 35

x(n)

from
far-end

Y
LEM

) hA(l’l) h(l’l) system

MEEC LI PV
far-end e(n) Y (l’l) ‘é:(} %

near-end n local :
. 1
speaker = noise !

Figure 3.1: A typical acoustic echo canceller (AEC) for a loudspeaker-enclosure-microphone

(LEM) system.

they produce aliasing effects because of the decimation, which necessitates crossband

filters between the subbands [16,23].

It has been found [16] that the convergence rate of subband adaptive filters that involve
crossband filters with critical sampling is worse than that of fullband adaptive filters. Sev-
eral techniques to avoid crossband filters have been proposed, such as inserting spectral
gaps between the subbands [12], employing auxiliary subbands [15], using polyphase de-
composition of the filter [17] and oversampling of the filter-bank outputs [13,14]. Spectral
gaps impair the subjective quality and are especially annoying when the number of sub-
bands is large, while the other approaches are costly in terms of computational complexity.
Some time-frequency representations, such as the short-time Fourier transform (STFT)
have been introduced for the implementation of subband adaptive filtering [19-22]. A
typical system identification scheme in the STFT domain is illustrated in Fig. 3.2. The
block H represents a matrix of adaptive filters which models the system h(n) in the STFT
domain. The off-diagonal terms of H (if exist) correspond to the crossband filters, while
the diagonal terms represent the band-to-band filters. Recently, we analyzed the perfor-
mance of an LMS-based direct adaptive algorithm used for the adaptation of crossband

filters in the STFT domain [79].

In this chapter, we consider an offline system identification in the STFT domain
using the least squares (LS) criterion, and investigate the influence of crossband filters

on its performance. We derive analytical relations between the input signal-to-noise ratio
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(SNR), the length of the input signal, and the number of crossband filters which are useful
for system identification in the STFT domain. We show that increasing the number of
crossband filters not necessarily implies a lower steady-state mse in subbands. The number
of crossband filters, that are useful for system identification in the STFT domain, depends
on the length and power of the input signal. More specifically, it depends on the SNR, i.e.
the power ratio between the input signal and the additive noise signal, and on the effective
length of input signal employed for system identification. The effective length of input
signal employed for the system identification is restricted to enable tracking capability of

the algorithm during time variations in the impulse response.

We show that as the SNR increases or as the time variations in the impulse response
become slower (which enables to use longer segments of the input signal), the number of
crossband filters that should be estimated to achieve the minimal mse increases. More-
over, as the SNR increases, the mse that can be achieved by the proposed approach is
lower than that obtainable by the commonly-used subband approach that relies on long
STFT analysis window and multiplicative transfer function (MTF) approximation. Ex-
perimental results obtained using synthetic white Gaussian signals and real speech signals
verify the theoretical derivations and demonstrate the relations between the number of

useful crossband filters and the power and length of the input signal.

The chapter is organized as follows. In Section 3.2, we briefly review the representation
of digital signals and linear time-invariant (LTT) systems in the STFT domain and derive
relations between the crossband filters in the STFT domain and the impulse response in
the time domain. In Section 3.3, we consider the problem of system identification in the
STFT domain and formulate an LS optimization criterion for estimating the crossband
filters. In Section 3.4, we derive an explicit expression for the attainable minimal mse
(mmse) in subbands. In Section 3.5, we explore the influence of both the input SNR
and the observable data length on the mmse performance. In Section 3.6, we address
the computational complexity of the proposed approach and compare it to that of the
conventional fullband and MTF approaches. Finally, in Section 3.7, we present simulation

results which verify the theoretical derivations.
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Figure 3.2: System identification scheme in the STFT domain. The unknown system h(n) is

modeled by the block H in the STFT domain.

3.2 Representation of LTI systems in the STFT do-
main

In this section, we briefly review the representation of digital signals and LTI systems in
the STFT domain. For further details, see e.g., [71,80] and Chapter 2.1. We also derive
relations between the crossband filters in the STFT domain and the impulse response in
the time domain, and show that the number of crossband filters required for the represen-
tation of an impulse response is mainly determined by the analysis and synthesis windows
employed for the STFT. Throughout this work, unless explicitly noted, the summation
indexes range from —oo to oo.

The STFT representation of a signal x(n) is given by
o = > w(m)i (m), (3.1)
where
Upi(n) £ (n — pL)ed FE—PL) (3.2)

¥(n) denotes an analysis window (or analysis filter) of length N, p is the frame index, k
represents the frequency-band index, L is the discrete-time shift (in filter bank interpre-

tation L denotes the decimation factor as illustrated in Fig. 3.2) and * denotes complex
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conjugation. The inverse STFT, i.e., reconstruction of z(n) from its STFT representation

Tpk, is given by

e(n) = 33 2y stpa(n). (33

p k=0
where

Up(n) 2 (n — pL)el ¥ Hn—rL) (3.4)
and 1 (n) denotes a synthesis window (or synthesis filter) of length N. Throughout this
chapter, we assume that ¢)(n) and t(n) are real functions. Substituting (3.1) into (3.3),

we obtain the so-called completeness condition:

Z Y(n — pL)Y(n — pL) = % for all n. (3.5)
p

Given analysis and synthesis windows that satisfy (3.5), a signal xz(n) € ¢5(Z) is guaran-
teed to be perfectly reconstructed from its STEFT coefficients z, ;. However, for L < N
and for a given synthesis window (n), there might be an infinite number of solutions to

(3.5); therefore, the choice of the analysis window is generally not unique [72,73].
We now proceed with an STFT representation of LTI systems. Let h(n) denote a
length ) impulse response of an LTI system, whose input xz(n) and output d(n) are

related by o
d(n) = Z h(i)z(n —1). (3.6)

In the STFT domain, we obtain after some manipulations (see Chapter 2.1)

N-1 N-1
dp e = E § Ty Ry g = § , § :xpfp’,k’hp’,k,k’v (3.7)
k=0 p/ k'=0 p’

where h,_, ) may be interpreted as a response to an impulse J,_, —i in the time-
frequency domain (the impulse response is translation-invariant in the time axis and is
translation varying in the frequency axis). The impulse response h, s in the time-

frequency domain is related to the impulse response h(n) in the time domain by

hp,k,k’ = {h(n) * ¢k,k’(”)}|n=pL é Bn,k,k" (38)

n=pL’

where * denotes convolution with respect to the time index n and
Drp(n) 2 RS h(m)y(n + m)e T FmE)
m

= 6j2wﬂkln'(ﬁn’k_k/ 3 (39)
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where 1, 5 is the STFT representation of the synthesis window ¢ (n) calculated with a
decimation factor L = 1. Equation (3.7) indicates that for a given frequency-band index k,
the temporal signal d,; can be obtained by convolving the signal z, ;s in each frequency-
band k" (k' = 0,1,...,N — 1 ) with the corresponding filter h, ;s and then summing
over all the outputs. We refer to h, ;s for k = k' as a band-to-band filter and for & # £
as a crossband filter. Crossband filters are used for canceling the aliasing effects caused
by the subsampling. Note that equation (3.8) implies that for fixed k& and k', the filter
hpkse is noncasual in general, with [&] — 1 noncasual coefficients. In echo cancellation
applications, in order to consider those coefficients, an extra delay of ((%w — 1) L samples
is generally introduced into the microphone signal (y(n) in Fig. 3.1) [13]. It can also be
seen from (3.8) that the length of each crossband filter is given by

Ny, = {%W + [%W ~1. (3.10)

To illustrate the significance of the crossband filters, we apply the discrete-time Fourier
transform (DTFT) to the undecimated crossband filter A, ;x (defined in (3.8)) with

respect to the time index n and obtain

_ - , ~ 2 2
Hk,k’<0) = Z hn,k,k’e_jne = H(Q)\I/(Q - Nﬂ-k)\lj(e - Nﬂ-k/) ) (311)

where H(6), U(A) and () are the DTFT of h(n), ¢(n) and 1 (n), respectively. Had
both ¥(#) and ¥ () been ideal low-pass filters with bandwidth f,/2N (where f, is the
sampling frequency), a perfect STFT representation of the system h(n) could be achieved
by using just the band-to-band filter h,, ;x, since in this case the product of @(9 — 2W“k)
and W(0 — 37k') is identically zero for k # k. However, the bandwidths of T(6) and ¥()
are generally greater than f,/2N and therefore, Hy, 1/ (6) and h,, 1, are not zero for k # k.
One can observe from (3.11) that the energy of a crossband filter from frequency-band &’
to frequency-band k decreases as |k — k| increases, since the overlap between (6 — k)
and W(0 — 27k’) becomes smaller. As a result, relatively few crossband filters need to be
considered in order to capture most of the energy of the STFT representation of h(n).
Figure 3.3 illustrates a synthetic LEM impulse response based on a statistical re-
verberation model, which assumes that a room impulse response can be described as a

—an

realization of a nonstationary stochastic process h(n) = u(n)B(n)e”*", where u(n) is a
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Figure 3.3: (a) A synthetic LEM impulse response: h(n) = f(n)e™*" and (b) its frequency
response. [3(n) is unit-variance white Gaussian noise and « corresponds to Tgo = 300 ms

(sampling rate is 16 kHz).

step function (i.e., u(n) = 1 for n > 0, and u(n) = 0 otherwise), 5(n) is a zero-mean
white Gaussian noise and « is related to the reverberation time Tgy (the time for the
reverberant sound energy to drop by 60 dB from its original value). In our example, «
corresponds to Ts9 = 300 ms (where f; = 16 kHz) and ((n) has a unit variance.

To compare the crossband filters obtained for this synthetic impulse response with
those obtained in anechoic chamber (i.e., impulse response h(n) = d(n)), we employed a
Hamming synthesis window of length N = 256, and computed a minimum energy analysis
window t(n) that satisfies (3.5) for L = 128 (50% overlap) [72]. Then we computed
the undecimated crossband filters h,;, using (3.8). Figures 3.4(a) and (b) show mesh
plots of the }Bn,l,k’

and contours at —40 dB (values outside this contour are lower than
—40 dB) for h(n) = d(n) and for the synthetic impulse response depicted in Fig. 3.3.

Figure 3.4(c) shows an ensemble averaging of ‘Bm,k/ ? over realizations of the stochastic

process h(n) = u(n)B(n)e~*" which is given by
E{ ||} = ulmye2 5 or o (m) (3.12)

Recall that the crossband filter hy, ;s is obtained from Bn,k,k/ by decimating the time
index n by a factor of L (see (3.8)). We observe from Fig. 3.4 that most of the energy

of l_zmk’k/ (for both anechoic chamber and the LEM reverberation model) is concentrated
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in the eight crossband filters, i.e., k' € {(k+i)modN| i = —4,...,4}; therefore, both
impulse responses may be represented in the time-frequency domain by using only eight
crossband filters around each frequency-band. As expected from (3.11), the number of
crossband filters required for the representation of an impulse response is mainly deter-
mined by the analysis and synthesis windows, while the length of the crossband filters

(with respect to the time index n) is related to the length of the impulse response.

3.3 System identification in the STFT domain

In this section, we consider system identification in the STFT domain and address the
problem of estimating the crossband filters of the system using an LS optimization cri-
terion for each frequency-band. Throughout this section, scalar variables are written
with lowercase letters and vectors are indicated with lowercase boldface letters. Capital
boldface letters are used for matrices and norms are always ¢ norms.

Consider the STFT-based system identification scheme as illustrated in Fig. 3.2. The
input signal z(n) passes through an unknown system characterized by its impulse response
h(n), obtaining the desired signal d(n). Together with the corrupting noise signal &£(n),

the system output signal is given by

y(n) = d(n) + £(n) = hn) * 2(n) + £(n). (3.13)

Note that the noise signal {(n) may often include a useful signal, as in acoustic echo
cancellation where it consists of the near-end speaker signal as well as a local noise. From
(3.13) and (3.7), the STFT of y(n) may be written as

N—-1Np—1

Ypk = dp,k + gp,k - Z Z xp—p’,k’hp’,hk/ + fp,k:? (314)

k'=0 p'=0

where Ny, is the length of the crossband filters. Here, we do not consider the case where
the crossband filters in the k-th frequency-band are shorter than the band-to-band filter,
as in [16]. We assume that all the filters have the same length Nj,. Defining N, as
the length of x,; in frequency band k, we can write the length of y,; for a fixed k as
N, = N, + N;, — 1. It is worth noting that due to the noncasuality of the filter h,, s (see
Section 3.2), the index p’ in (3.14) should have ranged from — [£]+1 to N, — [ 2], where



42 CHAPTER 3. SYSTEM IDENTIFICATION WITH CROSSBAND FILTERING

" | m=—Contour of level -40dB | | . L i | = Contour of ]gvel —40dB_‘ -

ke

s o i
k=10 “>. / 0 Frame index - n
-L

Frequency-Band index -k X115~

~

k-10 -
Frequency-Band index - k' k-15

Frame index - n

(a) (b)

{ | == Contour of level -40dB

0 .
-20
o -40
©
-60
R ‘ L aL
k+15 -
B . 7L
5 - - 5L
k-10 . L Frame index - n
Frequency-Band index - k' k-15 >\—L

Figure 3.4: A mesh plot of the crossband filters |hy, 1 x| for different impulse responses. (a) An
anechoic chamber impulse response: h(n) = d(n). (b) An LEM synthetic impulse response:
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Gaussian noise and « corresponds to Tgo = 300 ms (sampling rate is 16 kHz). (c) An ensemble

averaging F |En71,k/|2 of the impulse response given in (b).
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[Z] — 1 is the number of noncasual coefficients of h,, . However, we assume that an
artificial delay of ([%w — 1) L samples has been introduced into the system output signal
y(n) in order to compensate for those noncasual coeflicients, so the signal v, in (3.14)
corresponds to the STF'T of a delayed signal y (n — ([%W — 1) L). Therefore, both p and
p’ take on values starting with 0 rather than with — (%W + 1.

Let hy, ;s denote the crossband filter from frequency-band £’ to frequency-band k

T
hy = [ hogw Pigr - hny—1kr ] (3.15)

and let hy denote a column-stack concatenation of the filters {hk,k/}fj,;é

hk:[h£0 WY, oo e th_l]T. (3.16)
Let _ .
To 0 v ... 0
= | e b (3.17
| Gnik e Tnemak

represent an NV, x IV}, Toeplitz matrix constructed from the input signal STFT coefficients
of the k-th frequency-band, and let Ay, be a concatenation of {Xk}g;()l along the column

dimension

Ak:[Xo ). . (3.18)

Then, (3.14) can be written in a vector form as
yi =dr + & = Aghy + &, (3.19)

where
T
Ye = | Yok Yk Y2k " YN,—1k ] (3.20)
represents the output signal STF'T coefficients of the k-th frequency-band, and the vectors
d; and & are defined similarly.
Let ﬁp/7k7k/ be an estimate of the crossband filter h, ; i/, and let CZM be the resulting

estimate of d,; using only 2K crossband filters around the frequency-band k, i.e.,

k+K Np—1

dp,k: = E E hp’,k,k’ mod N Lp—p/ k' mod N (321)
k

'=k—K p'=0
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Figure 3.5: Crossband filters illustration for frequency-band £ =0 and K = 1.

where we exploited the periodicity of the frequency-bands (see an example illustrated in
Fig. 3.5). Let h; be the 2K + 1 estimated filters at frequency band k

T

hy = (3.22)

A T T
hk,(k—K)modN hk,(k—K—i—l)modN hk,(k-}—K)modN ’

where flkyk/ is the estimated crossband filter from frequency-band £’ to frequency-band &,

(k+K)mod N

and let Ak be a concatenation of {Xy W= (k—K)mod N along the column dimension

A= [ Xk-K)modN X(k-K+l)modN “*° *°° X(k+K)modN | - (3.23)
Then, the estimated desired signal can be written in a vector form as
d, = Azhy,, (3.24)

Note that both hy and dj depend on the parameter K, but for notational simplicity K has

been omitted. Using the above notations, the LS optimization problem can be expressed

as
2 2
h;, = argmin ‘yk — Aphy (3.25)
hy
The solution to (3.25) is given by
2 -~ -1 -

where we assumed that A A, is not singular?. Substituting (3.26) into (3.24), we ob-

tain an estimate of the desired signal in the STFT domain at the k-th frequency-band,

2In the ill-conditioned case, when Af Ay is singular, matrix regularization is required [81].
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using 2K crossband filters. Our objective is to analyze the mse in each frequency-band,
and investigate the influence of the number of estimated crossband filters on the mse

performance.

3.4 MSE analysis

In this section, we derive an explicit expression for the mmse obtainable in the k-th
frequency-band?®. To make the following analysis mathematically tractable we assume that
Tpk and &, are zero-mean white Gaussian signals with variances o7 and oZ, respectively.
We also assume that x, is statistically independent of &, ;. The Gaussian assumption
of the corresponding STFT signals is often justified by a version of the central limit
theorem for correlated signals [82, Theorem 4.4.2], and it underlies the design of many
speech-enhancement systems [31,32].

The (normalized) mse is defined by

o {fla -’} o

Ek(K) = E{||dk||2} y

Substituting (3.24) and (3.26) into (3.27), the mse can be expressed as
E {Hdsz }

2}.

1
_.l_—
E{|d|*}

Equation (3.28) can be rewritten as

—~

E {HAk (Af&k)l Alg, 3.95)

ex(K) =14 € — e, (3.29)
where
€ = L g {ﬁfAk (AkHAk> - Afﬁk} (3.30)
E {||dg["}
and
be— - g {dkHAk (ArA) " AkHdk} | (3.31)
E{|dxl*}

3We are often interested in the time-domain mmse, i.e., in the mmse of d(n) However, the time-

domain mmse is related to the sum of MMSEs in all the frequency-bands.
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To proceed with the mean-square analysis, we derive simplified expressions for €; and ¢,.
Recall that for any two vectors a and b we have a’b = tr(ab™)*, where the operator

tr(-) denotes the trace of a matrix. Then €; can be expressed as
1 <~ (xgx \ L% i
61:——————%r(E{&{ﬁ}E{A%(AgAA) Af}) . (3.32)
E {[|dx*}

The whiteness assumption for &, yields E {Ekéf } = agINyX N,» Where Iy xn, is an
identity matrix of size N, x N,. Using the property that tr(AB) = tr(BA) for any two

matrices A and B, we have

1 2 ~ H X <~H" )_1>*}
= ————-0: b4t AZA. [ATZA
! 2 {||dk||2}% { " < k Sk Sk Sk
1 *
WUEE {tr (I(2K+1)th(2K+1)Nh> }

(3.33)
E {|de]*}
Using (3.19), £ {“dkH2} can be expressed as
E{lldel*} = b B { AT A} by, (3.34)

and by using the whiteness property of x,x, the (m,)-th term of E {AkH Ak} is given by

(E {A]IjAk})mvl = ZE {xn—lmoth,jlkx;mmoth,jJ(,r;k}
n

Ny
= Zn:aid(lmod]\fh — mmod Np)d (L\%J - {%J)
— N,o25(1 —m). (3.35)
Accordingly, E { A A} is a diagonal matrix, and (3.34) reduces to
B {ldell*} = o7 N b (3.36)

Substituting (3.36) into (3.33), we obtain

- 3.37
T 0N, [y (337

We now evaluate ey defined in (3.31), assuming that x,; is variance-ergodic [83] and

that N, is sufficiently large. More specifically, we assume that Ni Z;V;O_ ! Tpklpyep R
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E{appth, b Hence, the (m,1)-th term of AITA, can be approximated by

ATA = E T 3k x* Jj ok
( k k m,l n—Ilmod Ny, k—K+ Nih mod N n—mmod Ny, k—K+ % mod N
n 1

Q

N, E<x ok x* J Kk .38
z n—Ilmod Ny, k—K+ Nih mod N n—mmodNy,, k—K+ Nﬂh rnodN( )

which reduces to (see Appendix 3.A)
(Ag Ak> ~ NoZi(l—m) . (3.39)

Substituting (3.39), (3.36) and the definition of dj, from (3.19) into (3.31), we obtain

1

- _hfo,h 3.40
N2 [ (340)

€y —

where Q,2F {AkH AkAkH Ak}. Using the fourth-order moment factoring theorem for

zero-mean complex Gaussian samples [84], €2 can be expressed as (see Appendix 3.B)
Q. = OiN;r [Nh (2K + 1) IN~Nh><N~Nh + NmiN-thN-Nh] , (341)

where iN. Ny xN-N, 18 a diagonal matrix whose (m, m)-th term satisfies

- I, me LK)
(IN‘thN.Nh> - #l (3.42)

m,m 0, otherwise
where Li,(K) = {[(k — K +n;)mod N| N, +ns | ny €{0,...,2K} ,ny €{0,..., N, — 1}}.

Substituting (3.41) into (3.40), we obtain

Nh (2K + 1) 4 Zan:O Hhk,(kaer)modNH2
Nz | '

(3.43)

€y =

Finally, substituting (3.37) and (3.43) into (3.29), we have an explicit expression for e (K):

A L

Noo Lozng? R
Expression (3.44) represents the mmse obtained in the k-th band using LS estimates of 2K
crossband filters. It is worth noting that €, (K) depends, through hy, on the time impulse
response h(n) and on the analysis and synthesis parameters, e.g., N, L and window type

(see (3.8)). However, in this chapter, we address only with the influence of K on the value

of €k<K)
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3.5 Relations between MMSE and SNR

In this section, we explore the relations between the input SNR and the mmse perfor-
mance. The mmse performance is also dependent on the length of the input signal, but
we first consider a fixed N,, and subsequently discuss the influence of N, on the mmse
performance.

Denoting the SNR by n = 02/0¢, (3.44) can be rewritten as

() = L 1 ), (3.49
where
a(K) = W (2K +1), (3.46)
s Ni2K+1)
Ge(K) = 1 N, Hh 22 ZH ke, (k— K+m)modN|| (3.47)

From (3.45), the mmse €, (K) for fixed k£ and K values, is a monotonically decreasing
function of n, which expectedly indicates that higher SNR values enable a better estima-
tion of the relevant crossband filters. Moreover, it is easy to verify from (3.46) and (3.47)
that o, (K +1) > ap(K) and (K +1) < Gx(K). Consequently €,(K) and e, (K + 1) are

two monotonically decreasing functions of n that satisfy

ex(K+1) > e (K), for n— 0 (low SNR),

(K +1) <e(K), for n— oo (high SNR). (3.48)

Accordingly, these functions must intersect at a certain SNR value n; (K +1 — K), that
is, ex(K + 1) < (K) for n > n, (K +1— K), and €;(K + 1) > ¢,(K) otherwise (see
typical mse curves in Fig. 3.6). For SNR values higher than n; (K +1 — K), a lower mse
value can be achieved by estimating 2(K + 1) crossband filters rather than only 2K filters.
Increasing the number of crossband filters is related to increasing the complexity of the
system model [26], as will be explained in more details at the end of this section.

The SNR-intersection point n; (K + 1 — K) is obtained from (3.45) by requiring that

ap(K 4+ 1) — ag(K)

Or(K) — Bp(K +1)

(K +1—K) = (3.49)
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Substituting (3.46) and (3.47) into (3.49), we have

2Ny,
2N, |[hy|® + N, (Hhk,(k—K—l)modNH2 + Hhk,(k+K+1)modNH2)

m (K +1—K) = (3.50)

Since the crossband filter’s energy ||hy . ||” decreases as |k — k’| increases (see Section 3.2),

we have

Specifically, the number of crossband filters, which should be used for the system identifier,
is a monotonically increasing function of the SNR. Estimating just the band-to-band filter
and ignoring all the crossband filters yields the minimal mse only when the SNR is lower
than n, (1 — 0).

Another interesting point that can be concluded from (3.50) is that 7, (K +1 — K) is
inversely proportional to N,, the length of z, ;. in frequency-band k. Therefore, for a fixed
SNR value, the number of crossband filters, which should be estimated in order to achieve
the minimal mse, increases as we increase NN,. For instance, suppose that N, is chosen
such that the input SNR satisfies n, (K — K —1) < n < ny (K + 1 — K), so that 2K
crossband filters should be estimated. Now, suppose that we increase the value of N, so
that the same SNR now satisfies n, (K +1 — K) <n < (K +2 — K + 1). In this case,
although the SNR remains the same, we would now prefer to estimate 2(K + 1) crossband
filters rather than 2K. It is worth noting that NN, is related to the update rate of ﬁpﬁ,k/.
We assume that during N, frames the system impulse response does not change, and its
estimate is updated every N, frames. Therefore, a small /N, should be chosen whenever
the system impulse response is time varying and fast tracking is desirable. However, in
case the time variations in the system are slow, we can increase N,, and correspondingly
increase the number of crossband filters.

It is worthwhile noting that the number of crossband filters determines the complex-
ity of system model. As the model complexity increases, the empirical fit to the data

.2
improves (i.e., ||dg — dkH can be smaller), but the variance of parametric estimates in-

creases too (i.e., variance of a), thus possibly worsening the accuracy of the model on
new measurements [24-26], and increasing the mse, €;(K'). Hence, the appropriate model

complexity is affected by the level of noise in the data and the length of observable data
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h —&0
|‘ - -Sk(K+1)

MSE

N (K+1-K) SNR

Figure 3.6: Illustration of typical mse curves as a function of the input SNR showing the relation

between e (K) (solid) and e, (K + 1) (dashed).

that can be employed for the system identification. As the SNR increases or as more

data is employable, additional crossband filters can be estimated and lower mmse can be

achieved.

3.6 Computational complexity

In this section, we address the computational complexity of the proposed approach and
compare it to the conventional fullband approach and to the commonly-used subband
approach that relies on the multiplicative transfer function (MTF) approximation. The

computational complexity is computed by counting the number of arithmetic operations*

needed for the estimation process in each method.

3.6.1 Proposed subband approach

The computation of the proposed subband approach requires the solution of the LS normal

equations (see (3.26))

4An arithmetic operation is considered to be any complex multiplication, complex addition, complex

subtraction, or complex division.
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(A,f&k) b, = Ally, (3.52)

for each frequency-band. Assuming that Af Ay is nonsingular, we may solve the normal
equations in (3.52) using the Cholesky decomposition [85]. The number of arithmetic
operations involved in forming the normal equations and solving them using the Cholesky
decomposition is N, [(2K + 1) N;)* + [(2K + 1) N> /3 [85]. As the system is identified,
the desired signal estimate is computed by using (3.24), which requires 2N, N}, (2K + 1)
arithmetic operations. In addition to the above computations, we need to consider the
complexity of implementing the STFT. Each frame index in the STFT domain is computed
by applying the discrete Fourier transform (DFT) on a short-time section of the input
signal multiplied by a length N analysis window. This can be efficiently done by using fast
Fourier transform (FFT) algorithms [86], which involve 5N log, N arithmetic operations.
Consequently, each STFT frame index requires N + 5N log, N arithmetic operations (the
complexity of the ISTFT is approximately the same). Since the subband approach consists
of two STFT (analysis filter bank) and one ISTFT (synthesis filter bank), the overall
complexity of the STFT-ISTFT operations is 3N, (N + 5N log, N). Note that we also
need to calculate the minimum energy analysis window by solving (3.5); however, since
we compute it only once, we do not consider the computations required for its calculation.

Therefore, the total number of computations required in the proposed approach is

N{N,[2K + 1) N;)* + [(2K + 1) NJ* /3 + 2N, (2K + 1) N}, }

+3N, (N 4+ 5N log, N) arithmetic operations . (3.53)

Assuming that N, is sufficiently large (more specifically, N, > (2K + 1) N /3) and that
the computations required for the STFT-ISTFT calculation can be neglected, the compu-
tational complexity of the subband approach with 2K crossband filters in each frequency-

band can be expressed as

Os(Ny, N,) = O (NN, [2K + 1) NJ?) . (3.54)
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3.6.2 Fullband approach

In the fullband approach, we consider the following LS optimization problem:

h = argm&n”y—XhHQ, (3.55)

where X is the M x @ Toeplitz matrix constructed from the input data z(n) , M is the
observable data length, y is the M x 1 system output vector constructed from y(n) and h

is the () x 1 system estimate vector. In this case, the LS normal equations take the form

of

(XX)h=X"y. (3.56)
As in the subband approach, forming the normal equations, solving them using the
Cholesky decomposition and calculating the desired signal estimate, require M Q*+Q3/3+
2M @) arithmetic operations. For sufficiently large M (i.e., M > @Q/3), the computational

complexity of the fullband approach can be expressed as

Orp(Q, M) =0 (MQ?) . (3.57)

A comparison of the fullband and subband complexities is given in subsection 3.6.4, by

rewriting the subband complexity in terms of the fullband parameters (@ and M).

3.6.3 Multiplicative transfer function (MTF) approach

The MTF approximation is widely-used for the estimation of linear system in the STF'T
domain. Examples of such applications include frequency-domain blind source separation
(BSS) [35], STFT-domain acoustic echo cancellation [22], relative transfer function (RTF)
identification [3] and multichannel processing [8,87]. Therefore, it is of great interest to
compare the performance of the proposed approach to that of the MTF approach. In
the above-mentioned applications, it is commonly assumed that the support of the STFT
analysis window is sufficiently large compared with the duration of the system impulse
response, so the system is approximated in the STFT domain with a single multiplication
per frequency-band and no crossband filters are utilized. Following this assumption, the

STFT of the system output signal y(n) is approximated by [74]
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yp,k ~ Hk'xp,k + fp,k 5 (358)

where Hy £ 3" h(m)exp (—j2rmk/N). The single coefficient Hy, is estimated using the

following LS optimization problem:

Hy, = argr%in lye — Hixil” (3.59)
k

where y; was defined in (3.19) and xy, is the first column of X, (defined in (3.17)). The
solution of (3.59) is given by

H
o X Yk

k — 5 -
[

(3.60)

In contrast with the fullband and the proposed approaches, the estimation of the desired
signal in the MTF approach does not necessitate the inverse of a matrix. In fact, it
requires only N (5N, + 1) + 3N, (N + 5N log, N) arithmetic operations. Neglecting the
STFT-ISTFT calculation (the second term), the computational complexity of the MTF

approach can be expressed as

Owurr(N,) = O (NN,) . (3.61)

3.6.4 Comparison and discussion

To make the comparison of the above three approaches tractable, we rewrite the complex-
ities of the subband approaches in terms of the fullband parameters by using the relations

N, ~ M/L and N, ~ /L. Consequently, (3.54) and (3.61) can be rewritten as

05,(Q. M) = 0 <MQ2N(212—3+1)> (3.62)
and
Onrr(M) =0 (N%) : (3.63)

A comparison of (3.57), (3.62) and (3.63) indicates that the complexity of the
proposed subband approach is lower than that of the fullband approach by a fac-
tor of L3/ [N (2K + 1)2} but higher than that of the MTF approach by a factor of
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[Q (2K +1)/L)* . For instance, for N = 256, L = 0.5N, Q = 1500 and K = 4 the
proposed approach complexity is reduced by a factor 100, when compared to the fullband
approach complexity and increased by a factor 10*, when compared to the MTF approach
complexity. However, the relatively high computational complexity of the fullband ap-
proach is compensated with a better mse performance of the system identifier (see Section
3.7). On the other hand, the substantial low complexity of the MTF approach results in
an insufficient accuracy of the system estimate, especially when the large window support
assumption is not valid (e.g., when long impulse response duration is considered). This
point will be demonstrated in Section 3.7.

It can be seen from (3.62) that the computational complexity of the proposed approach
increases as we increase the number of crossband filters. However, as was shown in the
previous section, this does not necessarily imply a lower steady-state mse in subbands.
Consequently, under appropriate conditions (i.e., low SNR or fast time variations in the
system), a lower mse can be attained in each frequency-band with relatively few crossband
filters, resulting in low computational complexity. It is worth noting that the complexities
of both the fullband and the proposed approaches may be reduced by exploiting the
Toeplitz and block-Toeplitz structures of the corresponding matrices in the LS normal

equations (X”X and A¥A,, respectively) [85].

3.7 Experimental results

In this section, we present experimental results that verify the theoretical derivations
obtained in sections 3.4 and 3.5. The signals employed for testing include synthetic white
Gaussian signals as well as real speech signals. The performance of the proposed approach
is evaluated for several SNR and N, values and compared to that of the fullband approach
and the MTF approach. Results are obtained by averaging over 200 independent runs.
We use the following parameters for all simulations presented in this section: Sampling
rate of 16 kHz; A Hamming synthesis window of length N = 256 (16 ms) with 50%
overlap (L = 128), and a corresponding minimum energy analysis window which satisfies
the completeness condition (3.5) [72]. The impulse response h(n) used in the experiments

was measured in an office which exhibits a reverberation time of about 300 ms. Figure 3.7
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Figure 3.7: (a) Measured impulse response and (b) its frequency response (sampling fre-

quency=16kHz).

shows the impulse and frequency responses of the measured system. The length of the

impulse response was truncated to () = 1500.

In the first experiment, we examine the system identifier performance in the STFT
domain under the assumptions made in Section 3.4. That is, the STFT of the input
signal z,, ;. is a zero-mean white Gaussian process with variance 2. Note that, z, is not
necessarily a valid STFT signal, as not always a sequence whose STF'T is given by x,, , may
exist [88]. Similarly, the STFT of the noise signal &, , is also a zero-mean white Gaussian
process with variance O'g, which is uncorrelated with z, ;. Figure 3.8 shows the mse curves
for the frequency-band k£ = 1 as a function of the input SNR for N, = 200 and N, = 1000
(similar results are obtained for the other frequency-bands). The results confirm that as
the SNR increases, the number of crossband filters that should be estimated to achieve a
minimal mse increases. We observe, as expected from (3.51), that the intersection-points
of the mse curves are a monotonically increasing series. Furthermore, a comparison of
Figs. 3.8(a) and (b) indicates that the intersection-points values decrease as we increase
N, as expected from (3.50). This verifies that when the signal length increases (while
the SNR remains constant), more crossband filters need to be used in order to attain the

mmse.

In the second experiment, we demonstrate the proposed theory on subband acoustic
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Figure 3.8: MSE curves as a function of the input SNR for white Gaussian signals. (a) N, = 200.
(b) N = 1000.

echo cancellation application (see Fig. 3.1). The far-end signal z(n) is a speech signal
and the local disturbance £(n) consists of a zero-mean white Gaussian local noise with
variance ag. The echo canceller performance is evaluated in the absence of near-end
speech, since in such case a double-talk detector (DTD) is often applied in order to freeze

the system adaptation process. Commonly used measure for evaluating the performance

of conventional AECs is the echo-return loss enhancement (ERLE), defined in dB by
E{d*(n)}

E { (dm) - (JK(n))Q}

where dg (n) is the inverse STFT of the estimated echo signal using 2K crossband filters

ERLE(K) = 10log

: (3.64)

around each frequency-band. The ERLE performance of a conventional fullband AEC,
where the echo signal is estimated by (3.55), is also evaluated. Figure 3.9 shows the ERLE
curves of both the fullband and the proposed approaches as a function of the input SNR
obtained for a far-end signal of length 1.5 sec (Fig. 3.9(a)) and for a longer signal of length
2.56 sec (Fig. 3.9(b)). Clearly, as the SNR increases, the performance of the proposed
algorithm can be generally improved (higher ERLE value can be obtained) by using a
larger number of crossband filters. Figure 3.9(a) shows that when the SNR is lower than
—7 dB, estimating just the band-to-band filter (K = 0) and ignoring all the crossband

filters yields the maximal ERLE. Incorporating into the proposed AEC two crossband
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Figure 3.9: ERLE curves for the proposed subband approach and the conventional fullband
approach as a function of the input SNR for a real speech input signal. (a) Signal length is 1.5
sec (N = 190); (b) Signal length is 2.56 sec (N, = 322).

filters (K = 1) decreases the ERLE by approximately 5 dB. However, when considering
SNR values higher than —7 dB, the inclusion of two crossband filters (K = 1) is preferable.
It enables an increase of 10 — 20 dB in the ERLE relative to that achieved by using only
the band-to-band filter. Similar results are obtained for a longer signal (Fig. 3.9(b)),
with the only difference that the intersection-points of the subband ERLE curves move
towards lower SNR values. A comparison of the proposed subband approach with the
fullband approach indicates that higher ERLE values can be obtained by using the latter,
but at the expense of substantial increase in computational complexity. The advantage
of the fullband approach in terms of ERLE performance stems from the fact that ERLE
criterion is defined in the time domain and fullband estimation is also performed in the

time domain.

In the third experiment, we compare the proposed approach to the MTF approach and
investigate the influence of the STFT analysis window length (N) on their performances.
We use a 1.5 sec length input speech signal and a white additive noise, as described in
the previous experiment. A truncated impulse response with 256 taps (16 ms) is used.
Figure 3.10 shows the ERLE curves of both the MTF and the proposed approaches as a
function of the input SNR obtained for an analysis window of length N = 256 (16 ms,
Fig. 3.10(a)) and for a longer window of length N = 2048 (128 ms, Fig. 3.10(b)). In both
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Figure 3.10: ERLE curves for the proposed subband approach and the commonly-used multi-
plicative transfer function (MTF) approach as a function of the input SNR for a real speech
input signal and an impulse response 16 ms length. (a) Length of analysis window is 16 ms

(N = 256); (b) Length of analysis window is 128 ms (N = 2048).

cases we have . = 0.5N. As expected, the performance of the MTF approach can be
generally improved by using a longer analysis window. This is because the MTF approach
heavily relies on the assumption that the support of the analysis window is sufficiently
large compared with the duration of the system impulse response. As the SNR increases,
using the proposed approach yields the maximal ERLE, even for long analysis window.
For instance, Fig. 3.10(b) shows that for 20 dB SNR the MTF algorithm achieves an
ERLE value of 20 dB, whereas the inclusion of two crossband filters (K = 1) in the
proposed approach increases the ERLE by approximately 10 dB. Furthermore, it seems
to be preferable to reduce the window length, as seen from Fig. 3.10(a), as it enables an
increase of approximately 7 dB in the ERLE (for a 20 dB SNR) by using the proposed
method. A short window is also essential for the analysis of nonstationary input signal,
which is the case in acoustic echo cancellation application. However, a short window
support necessitate the estimation of more crossband filters for performance improvement,
and correspondingly increases the computational complexity.

Another interesting point that can be concluded from Fig. 3.10 is that for low SNR
values, a higher ERLE can be achieved by using the MTF approach, even when the large
support assumption is not valid (Fig. 3.10(a)).
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3.8 Conclusions

We have derived explicit relations between the attainable mmse in subbands and the power
and length of the input signal for a system identifier implemented in the STFT domain.
We showed that the mmse is achieved by using a variable number of crossband filters,
determined by the power ratio between the input signal and the additive noise signal,
and by the effective length of input signal that can be used for the system identification.
Generally the number of crossband filters that should be utilized in the system identifier
is larger for stronger and longer input signals. Accordingly, during fast time variations
in the system, shorter segments of the input signal can be employed, and consequently
less crossband filters are useful. However, when the time variations in the system become
slower, additional crossband filters can be incorporated into the system identifier and
lower mse is attainable. Furthermore, each subband may be characterized by a different
power ratio between the input signal and the additive noise signal. Hence, a different

number of crossband filters may be employed in each subband.

The strategy of controlling the number of crossband filters is related to and can be
combined with step-size control implemented in adaptive echo cancellation algorithms,
e.g., [89,90]. Step-size control is designed for faster tracking during abrupt variations
in the system, while not compromising for higher mse when the system is time invari-
ant. Therefore, joint control of step-size and the number of crossband filters may further

enhance the performance of adaptive echo cancellation algorithms.

3.A Derivation of (3.39)

Using the whiteness property of z,, the (m,[)-th term of A A, given in (3.38) can be

derived as

ATA ~ N,E{z ik * i kK
< k F m,l * n—lmod Ny, k—K+ NL}L modN “n—mmodNp, k—K+ -2 modN

Np
= N,02§ (Imod Nj, — mmod N},)

e (I
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Therefore, <Af&k) is nonzero only if I mod N;, = mmod N, and (k — K+ LNLD mod
m,l h
N = (k; — K+ {NﬁhJ) mod N. Those conditions can be rewritten as
l=m+7rN for r =0,4+1,£2,... (3.66)

and

k—K+LNth:k—K+LNﬁhJ+qN for q—0,+1,42, .. . (3.67)

Substituting (3.66) into (3.67), we obtain
r=qN ; q¢=0,£1,+£2 .... (3.68)

However, recall that 0 < [,m < (2K +1)N, —1 < NN, — 1, then it is easy to verify from
(3.66) that
max{|r|} =N —1. (3.69)

From (3.68) and (3.69) we conclude that r = 0, so (3.66) reduces to m = [ and we obtain
(3.39).

3.B Derivation of (3.41)

The (m,)-th term of €, from (3.40) can be written as

= E Jj kK * i k
(Qk>m,l B mr—nmoth, E—K+ 2 InOderfmmodN o
Np ho Ny
n7r7q
q—Imod Ny, 5~ “g—nmod Ny, k—K+ n;  modN ( )

By using the fourth-order moment factoring theorem for zero-mean complex Gaussian

samples [84], (3.70) can be rewritten as

= i k * i k
(Qk)mJ EZEV{‘Trnmoth7 kE—K+ Nih mOdeq—nmoth, k—K+ - modN}

N,
n,r,q h

xFE < x* J Ky 1k
{ r—mmod Ny, Nﬁh g—lmod Ny, Nih

+Z {xrnmode k—K+ 7~ mod N mmod Ny }

N
n,r.q h

xE{x 3 kg J K : (3.71)
q—Ilmod Ny, N, qg—nmod Ny, k—K+ ﬁ mod N
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Using the whiteness property of x,, we can write (3.71) as
(k) = w1 + w2, (3.72)

where

w1 :a§25(r—q)5<r—q+zm0dzvh—mmoth)5Q%J - {N%j) (3.73)

n7r7q
and

B (Y M)

n)T7q h h

[
xd (nmod Ny, — lmod Ny,) ¢ ((k’ - K+ {EJ) mod N — {—J) . (3.74)
Ny Ny
Recall that n ranges from 0 to (2K + 1)Nj, — 1, and that r and ¢ range from 0 to N, — 1
(although for fixed m, ! and n values only N, values of r and ¢ contribute), (3.73) reduces
to

wy = 0iNL(2K + 1)N,5(m —1). (3.75)

We now proceed with expanding ws. It is easy to verify from (3.74) that m and [ satisfy
mmod N, = [lmod N, and LNﬂhJ = {LJ , therefore m = [. In addition, n satisfies both

Np,
nmod N, = mmod N, (3.76)
and
<k K+ L\%J > mod N = L%J : (3.77)
where (3.77) can be rewritten as
k—K+L\%J - L%JHLN, for h = 0,41, 42, ... . (3.78)

Writing n as n = LNL}J Nj, + nmod Ny, we obtain
n=m-—(k—K—hN)N,, forh=0+1,4+2 ... (3.79)

From (3.79), one value of n, at the most, contributes to ws for a fixed value of m. Therefore,

we can bound the range of m, such that values outside this range will not contribute to



62 CHAPTER 3. SYSTEM IDENTIFICATION WITH CROSSBAND FILTERING
wy. Since n € {0,1, ..., (2K + 1)N,, — 1}, we can use (3.79) to obtain
m € {(k—K—hN)Ny+n| ne{0,1,..,2K+1)N, —1},h=0,+1,4+2, ...}
= {(k—K—i—m —hN)Nh+n2| niy € {0,1,...72K},
ny €{0,1,...., Ny — 1} ,h =0,£1,4+2,...} . (3.80)
Now, since the size of € is N, N x N, N, m should also range from 0 to NN, — 1 and
therefore, (3.80) reduces to
m € {[(k — K +n1)mod N| Ny +ns| n; € {0,1,...,2K} ,ny € {0,1,..., N, — 1}} .
(3.81)
Finally, since ws is independent of both r and ¢, it can be written as
wy = 0AN25 (m — 1) (m € Lx(K)) (3.82)

where L, (K) = {[(k — K + ny;)mod N| N}, + no| n; € {0,1,...,2K} ,ny € {0,1,..., N — 1} }.
Substituting (3.75) and (3.82) into (3.72), and writing the result in a vector form yields
(3.41).

3.C Performance analysis of crossband adaptation
for subband acoustic echo cancellation’

In this appendix, we analyze the performance of cross-band adaptation in the short-time
Fourier transform (STFT) domain for the application of acoustic echo cancellation. The
band-to-band filters and the cross-band filters considered in each frequency-band are all
estimated by adaptive filters, which are updated by the LMS algorithm. We derive explicit
expressions for the transient and steady-state mean-square error (mse) in subbands for
both correlated and white Gaussian processes. The theoretical analysis is supported by

experimental results.

3.C.1 Introduction

Subband acoustic echo cancellation systems generally require adaptive cross-band filters

for the identification of time-varying echo path [16]. Recently, we investigated the influ-

5This appendix is based on [79].
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ence of cross-band filters on the performance of an acoustic echo canceller implemented
in the STFT domain, and analyzed the steady-state mean-square error (mse) in sub-
bands [65]. We derived explicit relations between the cross-band filters in the STFT
domain and the impulse response in the time domain. It has been shown that in order
to capture most of the energy of the STFT representation of the time domain impulse
response, relatively few cross-band filters need to be considered.

In this appendix, we analyze the convergence of a direct adaptive algorithm used for
the adaptation of the cross-band filters in the STF'T domain. The band-to-band filters and
the cross-band filters considered in a given frequency-band are all estimated by adaptive
filters, which are updated by the LMS algorithm. Explicit expressions for the transient
and steady-state mse in subbands are derived for both correlated and white Gaussian
processes. The number of cross-band filters used for the echo canceller in each frequency-
band is generally lower than the number of filters needed for the STFT representation
of the unknown echo path. We therefore employ the performance analysis of the defi-
cient length LMS algorithm which was recently presented in [69]. Experimental results
are provided, which support our theoretical analysis and demonstrate the transient and

steady-state mse performances of the direct adaptation algorithm.

3.C.2 Problem formulation

An acoustic echo canceller operating in the STFT domain is depicted in Fig. 3.11. The
microphone signal y(n) can be written as y(n) = d(n)+£(n), where d(n) is the echo signal
and £(n) is the near-end signal. Applying the STFT to y(n), we have in the time-frequency

domain

Ype = dpge + Ep (3.83)

where p is the frame index (p = 0,1,...) and k is the frequency-band index (k =
0,1,...,N —1). dpj can be written as [65]

N—-1 Np—1

dpyk = Z Z xp_p/,k/hp/,k,k/, (384)
k

/=0 p'=0
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Figure 3.11: Acoustic echo cancellation in the STFT domain.

where hy . depends on both the echo path impulse response h(n) and the STFT analy-
sis/synthesis parameters, and N}, is its length (with respect to index p’). That is, for a
given frequency-band index k, the signal d,, is obtained by convolving the signal x5
in each frequency-band &’ with the corresponding filter A, j ;> and then summing over all
the outputs. We refer to h,j for k = k' as a band-to-band filter and for k& # k' as a
cross-band filter. It has been shown [65] that in order to capture most of the energy of the
STFT representation of h(n), relatively few cross-band filters need to be considered. Our
objective is to adapt those cross-band filters in the STF'T domain in order to produce an

echo estimate.

3.C.3 Direct adaptation algorithm

In this section, we present a direct adaptation algorithm (first introduced in [16]), in
which each of the cross-band filters used for the echo canceller is estimated by using an
adaptive filter. Let ﬁp/,k,k/ (p) be an adaptive filter of length N}, that attempts to estimate
the cross-band filter hy j 5 at frame index p, and let a?p,k be the resulting estimate of d,

using only 2K adaptive filters around the frequency-band k, where 2K +1 < N, i.e.,

k+K Np—1

ép,k = Z Z l’p_p’7k/ﬁp/7k7k/(p)7 (3.85)
k

'=k—K p/'=0



3.C. PERFORMANCE ANALYSIS OF CROSSBAND ADAPTATION 65

when we recall that due to the periodicity of the frequency-bands the summation
T
index k' satisfies ¥/ = k'modN. Let hyp = [ho,k,k' co+ hy, 1| denote

a cross-band filter from frequency-band k' to frequency-band k and let xi(p) =
T
Tpk Tpix ~°° Tp-Nyi1x| - Lhen, using (3.83) and (3.84), y, can be rewritten

as

Yok = Xp (D)h + & (3.86)
T - T
where X;(p) = [Xg(p) X%_I(p)] and h, = [h;‘go -+ hf,_,| are the column-
stack concatenations of {Xk/(p)}g;é and {hk,k/}],f;é, respectively.  Let hyp(p) =
. . T
howw (D) -+ Ay, 1k (p)] denote an adaptive cross-band filter from frequency-band

k to frequency-band k’. Then the estimated echo signal in (3.85) can be rewritten as

A ~

dy . = X, (p)hi(p) , (3.87)

where x,(p) and hy(p) are the column-stack concatenations of {Xk/(p)}z,f]:_l( and
k+K

{fl]@k/ (p)}k,:k_K, respectively. The coefficients of the 2K + 1 adaptive cross-band fil-

ters are then updated using the LMS algorithm:

~ ~

hy.(p + 1) = hi(p) + peprx;(p) (3.88)

where

A

ep,k = ypyk — dpjk (389)

is the error signal (see Fig. 3.11), u is the step-size and * denotes complex conju-
gation. Observe that we attempt to estimate the unknown system in the STFT do-
main represented by a vector of length NN, (flk), by using a deficient length vector
hy(p) with only (2K + 1)N,, coefficients. Let us write hy and X, (p), respectively, as

- T T _
hy, = [ h? ﬁﬂ , Xi(p) = | xT(p) )—(Z(p)] where hy, h;, and X;(p) are the column-

:/J;I,i_ i 1w te, and {xw ()} ep, respectively, where

L = {K|K e€[0,N—1] and ¥ ¢ [k — K,k + K|}. Then, by substituting (3.86) and

stack concatenations of {hy s

(3.87) into (3.89), the error signal can be written as

e = Xy, (p)hy — x3 (D)8 (P) + & (3.90)
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where g,(p) = hy(p) — hy, represents the misalignment vector. Substituting (3.90) into
(3.88), the LMS update equation can be expressed as

gep+1) = [I-ux;(p)x; (p)] gi(p)
(X (p)he] x5(p) + p&p ki (p) -
(3.91)

3.C.4 MSE performance analysis

We proceed with the mean-square analysis of the adaptive algorithm assuming that x,
is a zero-mean correlated Gaussian complex signal with variance o2, and that &, is a
zero-mean white complex signal with variance o7 that is uncorrelated with . We also

use the common independence assumption that x,(p) is independent of hy(p) [91].

Transient performance

The mse is defined by

ex(p) = E {lepnl*} (3.92)

Let Ry, = E {x;(p)x{ (p)} and Ry, = E {X;(p)Xf (p)} be the autocorrelation matrices of
xx(p) and Xg(p), respectively. Then, by substituting (3.90) into (3.92), the mse can be

expressed as

er(p) = of+hiRyhj —2Re {fE{g1(p)}}

+E {g/ (n)Reg;(p)} (3.93)

where f, = h! E {%,(p)x;(p)}, the operator tr(-) denotes the trace of a matrix and #
denotes conjugation transpose. Now, since Ry, is Hermitian matrix it can be decomposed
into Ry = QpALQE, where Aj, = diag(\, ..., )\,(fKH)Nh) is the diagonal eigenvalue ma-
trix, A% is the i-th eigenvalue of Ry, and Qi is a unitary matrix whose columns are the

eigenvectors of Ry. By decomposing Ry, in (3.93), the mse can be rewritten as
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ex(p) = Ug—i—l_lff_{kﬁz—2Re{f,fE{gk(p)}}

N ze(p), (3.94)

where Ay = diag(Ay) is a vector whose components are the diagonal elements of Ay and
zy(p) = diag(QFE {g;(p)gl (p)} Q). To proceed with the analysis, we need to find
recursive formulas for £ {gy(p)} and z,(p). By taking expectation in (3.91) and using the

independence assumption we get

Ef{ge(p+ 1)} = [I — uRy] E{gr(p)} + pifl; (3.95)

Furthermore, substituting (3.91) into the expression for z;(p) and using the fourth-order
moment factoring theorem for zero-mean complex Gaussian samples, we obtain the fol-

lowing recursive formula for z(p):

zi(p+ 1) = Apzi(p) + br(p) + ek + pPof A (3.96)

where Ay, = I-2puA), + p2 A7+ 1> M AL, bi(p) = 2uRe {F.QF E {g(p)} } — 21> Re{uy(p)}
and ¢, = diag(QkH Cka), where Fy is a diagonal matrix whose diagonal contains the
elements of the vector f, = QFf; and uy(p) = diag(Qf Uk(p)Qy). The matrices Uy(p)

and Cj, are given by

Ui(p) = E{[X ()] x:(p)xE (p)zs(p)xE (p) }

G = B{E @R/ xmx®)} (3.97)

where by defining Ry, = E {=k(p)xf (p)}, the (n,m)-th term of Uy(p) and Cj can be
~ ~ \T | -
written, respectively, as (Ux(p)),..., = E {gf (p)} {(Rk)nm R} + (Rk): <Rk) } h and

) ) ) ) . ) Lm
(Cr)pm = h” |:(Rk’)n,m Ry + (Rk> <Rz> } h*, where (-),, . and (-),, denote the n-th

3] )

row and the n-th column of a matrix, respectively. Equations (3.94)-(3.97) represent the

mse behavior in the k-th frequency-band using a direct cross-band filters’ adaptation.



68 CHAPTER 3. SYSTEM IDENTIFICATION WITH CROSSBAND FILTERING
Steady-state performance

To examine the steady-state solution of (3.94), we first need to find the steady-state
solutions of (3.95) and (3.96). It can be verified that equation (3.95) is convergent if p
satisfies

2

2
0<pu< (R = i (Ry) (3.98)

and its steady-state solution is

E {gi(o0)} = (R}) " i, (3.99)
that is, E{ﬁk(oo)} = hy + (R})"'f,. It indicates that each of the adaptive cross-
band filters does not converge in the mean to the true unknown cross-band filter and it
suffers from a bias quantified by (RZ)f1 f;.. This bias, however, reduces to zero whenever
2K +1= N (i.e., all the cross-band filters are estimated) or z, is white, which in both
cases f = 0. Substituting (3.99) for gx(p) in (3.93) we find the minimum mse (mmse)
obtainable in the k-th frequency-band:

e = of + hi Ryhy, — £7 A (3.100)
We proceed with deriving the steady-state solution of (3.96). Observe that by(p) in (3.96)
is bounded whenever p satisfies (3.98). As a result, equation (3.96) is convergent if and
only if the eigenvalues of A, are all within the unit circle. Following the theoretical
analysis in [92] we find that this condition results in
A

1
0<pt < ——— 2 finax. 3.101
S amy M (3.101)

It is clear that condition (3.98) is dominated by (3.101), therefore the mean-square con-
vergence of this algorithm is guaranteed if p satisfies (3.101). The steady-state solution

of (3.96) is given by

zp(00) = [I— Ay [br(o0) 4 pPer + pPogAe] (3.102)

where by (0c0) can be easily computed using (3.97) and (3.99). Observe that by substituting
(3.99) into (3.94), the steady-state mse can be written as
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ep(00) = €M + €7 (00), (3.103)

where €57 (00) = Mz, (00) — T AL f7 is the steady-state excess mse and € is defined in

(3.100). Using the matrix inverse lemma to solve (3.102), we obtain after some manipu-

lations
(2K+1)Ny, _paj, (2K+1)Np, pALE
€ (50) = D im1 PRV D it PRy (3.104)
k 1_2(2K+1)Nh HAL ’ :
i=1 2—#)\};
where ¢ is the i-th element of the vector q = ¢ — 2Re{ui(o0)} +

2T A — hIRyhy | Ao+ diag(fif7). Equations (3.103), (3.100) and (3.104) provide
an explicit expression for the steady-state mse achieved in each frequency-band using a
direct adaptation for the cross-band filters. Note that for small step-size values, (3.104)

can be written as

i (2K+1)Ny, B (2K+1)Np,
€7 (00) = 5 Y g+ o) > e (3.105)
=1

i=1
That is, the excess mse is mainly influenced by both the fluctuations of the adaptive filters
coefficients around the optimal values and the bias in those coefficients, caused by the
deficient number of adaptive cross-band filters used in the algorithm. Note that when
the input signal z,; is white we have q; = 0, leading to simplified expressions for the

steady-state mse

puo(2K + 1)N,

. white — min. ; 3.106
Ek' (OO> hit 2 _ IU/O'% [(2[( + 1)Nh + 1] 6kwhlte ( )
. — 112 .
where e = O'g + o2 Hhk , and €x(00)white = G+ €57 (00) white-

3.C.5 Simulations results and discussion

Simulations results verify the theoretical results derived in this appendix. A sampling
rate of 16 kHz was used. An impulse response h(n) was measured in an office which
exhibits a reverberation time (the time for the reverberant sound energy to drop by 60
dB from its original value) of about 300 ms. The STFT was applied to the desired

signals by using a Hamming synthesis window of length N = 256 (16 ms) with 50%
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overlap (L = 128), and a corresponding minimum energy analysis window which satisfies
the completeness condition [72]. The STFT of the far-end signal z,; and the STFT
of the near-end signal &, are both zero-mean white Gaussian processes with variances
02 =1 and 02 = 0.001, respectively. We chose K = 2 (i.e., 4 adaptive cross-band
filters), and used a large step-size p = 0.006 (= 0.5fimax) and a small one p = 0.0012
(~ 0.1ptmax ). Fig. 3.12 shows the mse curves for the frequency-band k = 1 that obtained
from simulations (by averaging over 1000 independent runs) and from the theoretical
expression in (3.94) (similar results are obtained for the other frequency-bands). It can
be seen that the theoretical analysis accurately describes both the transient and steady-
state performance of the direct adaptation algorithm. Generally, as the step-size increases,
the theoretical mse curves are less accurate in predicting the algorithm performance since
the independence assumption used in this appendix is valid only for small step-size values.
As expected from (3.106), as we decrease the step-size, lower steady-state mse is achieved;
however, the algorithm then suffers from slow convergence rate. Note that the analysis
presented here is performed under the assumption of a uniform step-size for each adaptive
cross-band filter. Performance may be further improved by incorporating different step-
size values for each filter (e.g., matching the step-size to the signal energy at the input of

each adaptive cross-band filter).

3.D Representation and identification of systems in

the Wavelet transform domain®

In this appendix, we introduce an explicit representation of linear time-invariant system
in the discrete-time wavelet transform (DTWT) domain. It is shown that crossband
filters between subbands are required for perfect representation of the system. These
filters depend on the DTWT parameters and on the system impulse response, and are
shown to be time-varying. An approximate representation based on band-to-band filters
without crossband filters is employed for system identification in the wavelet domain.

We show that for longer and stronger input signals, longer band-to-band filters may be

6This appendix is based on [93].
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Figure 3.12: Comparison of simulation (light) and theoretical (dark) mse curves for white

Gaussian signals, obtained using a large step-size p = 0.006 and a small step-size y = 0.0012.

estimated. Experimental results validate the theoretical analysis and demonstrate the

proposed system identification approach

3.D.1 Introduction

Time-frequency domain is often more advantageous than time domain for linear time-
invariant (LTI) system identification, mainly due to the lower computational complexity
and faster convergence rate [16]. However, time-frequency techniques generally produce
aliasing effects, which necessitate crossband filters between the subbands [16,65]. The
influence of these crossband filters on a system identifier implemented in the short-time
Fourier transform (STFT) domain has been recently investigated [65], and explicit ex-
pressions for the STFT representation of LTI systems have been derived.

In contrast to the fixed time-frequency resolution of the STFT, the wavelet transform
provides good localization both in frequency and time domains, and, as such, has attracted
significant research in system identification and subband filtering [94-96]. In [94], the
nonuniform filter banks interpretation of the discrete-time wavelet transform (DTWT) is
used to perform linear filtering by directly convolving the subband signals and combining

the results. In another scheme [95], it was shown that the DTWT of the system output
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Figure 3.13: System identification scheme in the DTWT domain. The unknown system a(n) is
modeled by the block A in the DTWT domain.

signal can be computed by a weighted combination of the DTW'T of shifted versions of the
input signal. The use of the undecimated DTW'T, which is linear and shift invariant, was
introduced in [96] to overcome the lack of shift invariance and to implement time-domain
convolution. However, none of the existing approaches provides an explicit representation
of the system in the DTW'T domain. A typical system identification scheme in the DTWT
domain is illustrated in Fig. 3.13, where the block A represents the DTWT model of the
system.

In this appendix, we represent LTI systems in the DTWT domain and show that
crossband filters between subbands are necessary for perfect representation. We derive
relations between the crossband filters in the DTWT domain and the impulse response
in the time domain. In contrast to the time-invariance property of the crossband filters
in the STFT domain [65], the crossband filters in the DTWT domain are shown to be
time-varying, due to nonuniform decimation factor over frequency-bands. Nonetheless,
the band-to-band filters (i.e., the filters that relate identical frequency-bands of input
and output signals) remain time invariant. Furthermore, we show that under certain
conditions, system representation in the DTWT domain can be approximated with only
band-to-band filters. We show that as the signal-to-noise ratio (SNR) increases, or as
more input data is available, longer band-to-band filters may be estimated to achieve

the minimal mean-square error (mse). Experimental results are provided to support the
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theoretical analysis.

The appendix is organized as follows. In Section 3.D.2, we briefly review the DTW'T.
In Section 3.D.3, we derive explicit expressions for the representation of LTI systems
in the DTWT domain. In Section 3.D.4, we consider an offline system identification in
the DTWT domain using a least squares (LS) optimization criterion. Finally, in Section

3.D.5, we present simulation results to validate the theoretical analysis.

3.D.2 The discrete wavelet transform

In this section, we introduce the DTWT and relate it to nonuniform filter banks (for

further details, see e.g., [97] and the references therein).

Let z(n) € ¢*(Z) denote a discrete-time signal, and let z,; be the N-level wavelet
coefficients at frequency-band k (0 < k£ < N) and at frame index p. The DTWT is
commonly interpreted as a tree structured filter bank. Specifically, the N-level wavelet
decomposition of z(n) uses a low-pass filter h(n) and a high-pass filter g(n) to split the
original space in two. One of the resulting half spaces is then divided in two, etc., such
that the signal is decomposed into N + 1 adjacent octave bands”. Similarly, the inverse
DTWT (IDTWT), i.e., reconstruction of x(n) from its DTWT representation z,, has
also a tree structure with synthesis low-pass filter h(n) and high-pass filter g(n). In order
to perfectly recovered x(n) from x,j, the analysis and synthesis filters must satisfy perfect

reconstruction constraints [97].

The DTWT is closely related to nonuniform filter banks, and these relations have been
studied extensively (e.g., [97]). In particular, we consider a decomposition of the signal
x(n) by using the nonuniform filter bank as illustrated in Fig. 3.14(a). By nonuniform we
mean that the analysis filters have nonuniform bandwidths and that they are followed by
an unequal decimation factor 2¥*1. Let H(z) be the z-transform of the low-pass filter h(n),

and let G(z), H(z) and G(z) be defined similarly. Then, using the ” Nobel identities” [70],

"Note that low values of k correspond to high frequency range.
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Figure 3.14: (a) Analysis and (b) synthesis nonuniform filter bank interpretation of the DTWT.

it is easy to verify that the analysis filters Hy(z) are given by

G(z) ; k=0
Hi(z) = G (z2k> ’:Ij:H (z?); k=1,.,N—-1 (3.107)
T u <22> . k=N
\ =0

Similarly, the inverse wavelet transform can be represented in terms of a synthesis (nonuni-

form) filter bank, as shown in Fig. 3.14(b). The synthesis filters Fj(z) are given by

G (2) k=
Fk(z) — G <Z2k) I:_:H <22i); k= O, 1, ey N -1 (3.108)
k-1 )
Il i (ZT) . k=N
\ =0

Considering the nonuniform filter bank representation of the DTWT, the wavelet

coefficients x,;, at each frequency-band k, can be expressed as

he (2 —m) . k=0, N—1
Tp ks = 2 r(m) i (2p = m) (3.109)
Snx(m)hy (2%p—m) ; k=N

where hy (n) is the inverse z-transform of Hy(z). Similarly, the reconstruction of x(n)
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from its wavelet coefficients x, ) can be written as

N-1
x(n) = YD fi(n—2""p)
k=0 p
+3 any f (n—2Vp) (3.110)
p

where f; (n) is the inverse z-transform of Fj(z). Let us define 1, x(n) and v, x(n), as

. hi, (n—21p) » k=0,1,..,N—1
Upr(n) =9 . (3.111)
hk (Tl — 2Np) ; k=N
and
fi (n—2F1p) k=0,1,..,.N—1
Gpu(n) = " ( ) (3.112)
fi (n—2%p) ;. k=N

where Ay, (n) £ hy (—n). Using (3.111) and (3.112), the DTWT and IDTWT of z(n) can

be written, respectively, as

Tpr = x(m)y ,(m) (3.113)

m

and

2(n) =Y > wppthpr(n), (3.114)

p k=0
where * denotes complex conjugation. Here 1, x(n) are the wavelet basis functions, and
the weights z, ) are the wavelet coefficients of z(n) with respect to the above basis.
Expressions (3.113)-(3.114) represent the DTWT and IDTWT of a discrete signal x(n)
in terms of basis functions, and will be used in the following sections for deriving an
explicit representation of an LTT system in the DTWT domain. It is worth noting that

when orthonormal basis functions are considered, the analysis and synthesis filters satisfy

Ji (n) = hi (=n) [70].

3.D.3 Representation of LTI systems in the DTWT domain

In this section, we derive explicit expressions for the representation of LTI systems in
the DTWT domain, and show that crossband filters between subbands are essential for

perfect modeling of the system.
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Let a(n) denote a length L, impulse response of an LTT system, whose input x(n) and

output d(n) are related by
Lo—1

d(n) =Y ali)x(n—1i). (3.115)

i=0
Using (3.113) and (3.115), the DTWT of d(n) can be written as

ke = Y a(0)z(m — 07 (m). (3.116)

Substituting (3.114) for z(n) into (3.116), we obtain

N
dp,k = Z Z Tp—p' k' Qpf kK (p) ) (3117)
k=0 pf

where

ap o (P Z%@ _pt e (M — ~pk( Ja(l) (3.118)

may be interpreted as a response to an impulse 0, ;¢ in the time-frequency domain (the
impulse response is translation varying in both time and frequency axes). An explicit
relation between the time-frequency domain impulse response a, j s (p) and the time-
domain impulse response a(n) is achieved by substituting (3.111) and (3.112) into (3.118),

resulting in

ay ki (P) = Z % (m — ¢ — omin(k'+LN) (p— p'))
m,l
% ilk (m . 2min(k+1,N)p> CL(E)

= {a(n) * ppps (n)}’n:)\k’k/(@pl)

£ C_ln,k,k’ |”:’\k,k’ (p.p) (3119)
where * denotes convolution with respect to the time index n,
D ( Z hi (m) frr(n+m) (3.120)

and )\ka,<p’p/) — (2min(k+1,N) _ Qmin(k’+1,N))p + 2min(k’+1,N)p/. The min () operator is
attributable to the equal decimation factor used at the last two frequency-bands (k =
N —1,N). Equation (3.117) indicates that the temporal signal d,, ;, for a given frequency-

band index k, is related via the time-varying filters a,s j i (p) to all the frequency-bands &’



3.D. SYSTEM IDENTIFICATION IN THE WAVELET DOMAIN 7

(K" =0,1,...,N) of the input signal z, ;. We refer to a, s (p) for k = k" as a band-to-
band filter and for k # k' as a crossband filter. The crossband filters are used for canceling
the aliasing effects caused by the subsampling. It is worth noting that in contrast with
the STFT representation of LTI systems [65], for which the crossband filters are time
invariant, in the DTWT domain these filters are time-varying. The time variation of the
filters are represented by the dependence of the system response a, 4 (p) on the frame
index p. This dependence, however, vanishes when k = £/, which indicates the time
invariance of the band-to-band filters a, j . The time variations of the crossband filters
are a consequence of utilizing an unequal decimation factor at each frequency-band.

The significance of the crossband filters can be well illustrated by applying the discrete-
time Fourier transform (DTFT) to the undecimated crossband filter @,y [defined in
(3.119)] with respect to the time index n:

A (0) = pge " = A(0)Hy, (0) Fy (0) (3.121)

n

where A(6), Hy, (0) and Fy, (0) are the DTFT of a(n), hi(n) and fi(n), respectively. Equa-
tion (3.121) implies that the number of crossband filters required for the representation of
an impulse response is mainly determined by the analysis and synthesis filters, while the
length of the crossband filters (with respect to the time index n) is related to the length
of the impulse response. Had both h(n) and h(n) been ideal halfband low-pass filters and
had g(n) and g(n) been ideal halfband high-pass filters, a perfect DTWT representation
of the system a(n) could be achieved by using just the band-to-band filter a, 4, since
in this case the product of Hy, (8) and Fj (6) is identically zero for k # k’. However, the
low-pass and high-pass filters are practically not ideal and therefore, Ay (0) and a,, j 4
are not zero for k # k’. Figure 3.15 illustrates the magnitude response of a 6-band filter
bank corresponding to a 5-level wavelet decomposition, using a Daubechies orthonormal
wavelet of length 64. It can be seen that a substantial overlap exists between the analysis
filters due to the compact support of the low-pass filter h(n). It is worth noting that
since we employ orthonormal wavelet bases [such that f(n) = hj(—n)], only the overlap
between the analysis filters hx(n) is of interest. Figure 3.16 illustrates the energy of the
crossband filters, defined in dB by

Ek,k’ =10 lOglo Z ‘an,k,k/‘2 , (3122)
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at the third frequency-band (k = 3), and for 5-level Daubechies wavelet with prototype
low-pass filter lengths L = 4,16 and 64. We use a synthetic room impulse response
a(n) of length L, = 1000 based on a statistical reverberation model, which exhibits a
reverberation time of Tgo = 50 ms (for further simulation details see Section 3.D.5). It
can be seen that the energy of a crossband filter from frequency-band £’ to frequency-
band k decreases as |k — k| increases, since the overlap between adjacent analysis filters
becomes smaller. Clearly, this overlap is determined by the compact support of the time-
domain low-pass wavelet function h(n). As L, the length of h(n), increases, a smaller
overlap is obtained and lower crossband filters energy is achieved, as shown in Fig. 3.16.
As a result, for large L values, relatively few crossband filters need to be considered in
order to capture most of the energy of the DTWT representation of a(n). We observe
from Fig. 3.16 that for L = 64, for instance, most of the energy of a,, 3 ;- is concentrated in
only three filters (K’ = 2,3 and 4). In the following sections, for the sake of simplicity, we
assume that the analysis and synthesis filters are selective enough so that adjacent filters
have insignificant overlap with each other, and therefore no crossband filters should be
considered. Denoting by L,, the length of the band-to-band filter at the kth frequency-
band, it is easy to verify from (3.119) that

;o [LatLu + Ly —2
ap — 2k+1 )

(3.123)

where L;, and Ly, are the length of the analysis filter h;(n) and the synthesis filter fi(n),
respectively, at the kth frequency-band. Using (3.107) and (3.108), we obtain after some

manipulations
Lp,=Lj =2"2L—1)— (L —1) (3.124)
which can be substituted into (3.123) to obtain
L,—2L
Lo, = [WW voL -1, (3.125)

where L is the length of the low-pass and high-pass filters [i.e., h(n), g(n), h(n) and g(n)].
Equation (3.125) indicates that the length of the band-to-band filter at each frequency-
band decreases as k increases®, which is in contrast with the fixed-length filters in STFT-

based identification schemes [65]. Note that in many applications, such as acoustic echo

8Note that the length of the band-to-band filter in the last frequency-band k = N is equal to that of
k=N —1 [see (3.119)].
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Figure 3.15: Magnitude responses of analysis filters in a 6-band nonuniform filter bank using a

prototype Daubechies low-pass filter of length 64.

cancellation, the length of the system impulse response is much larger than that of the

analysis/synthesis filters, such that (3.125) can be approximated as

Lq
Lak = ’VW-‘ . (3126)

3.D.4 System identification in the DTWT domain

In this section, we consider an offline system identification in the DTWT domain using
the LS criterion for the estimation of the band-to-band filter in each frequency-band.
Consider the DTWT-based system identification scheme as illustrated in Fig. 3.13.

The system output signal y(n) is given by
y(n) =d(n) +&(n) = a(n) x z(n) + &(n), (3.127)

where a(n) is the impulse response of the unknown LTI system, and £(n) is the corrupting

noise signal. From (3.127) and (3.117), the DTWT of y(n) may be written as

N
yp,k - dp,k + fp,k‘ = Z Z :Cpfpl,k/ a‘p/,k,k’ (p) + fp,k . (3128)

k=0 p'
Let P denote the number of samples in the time-trajectory of y, . The subscript £ in
Py, indicates the unequal length of y,; in each frequency-band, due to the frequency-

dependent decimation factor. Then, (3.128) can be written in a vector form as

yi =di + &, (3.129)
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Figure 3.16: Energy of the crossband filters ay, 3 ;s for a synthetic room impulse response a(n).

where
T
Ye =1 Yok Yk Y26 " YP—1k ] (3.130)
represents the DTW'T coefficients of the output signal in the kth frequency-band, and the
vectors d and &, are defined similarly.
Let é, 1, be an estimate of the (time-invariant) band-to-band filter a, &, and let d, 4
be the resulting estimate of d,, i.e.,

Loy —1

dpk = > Gy ko Tppt - (3.131)

p'=0
We disregard the crossband filters in the identification process, relying on the assump-
tion that the overlap between Hy (0) and Fy (0) for k # k' is small enough. How-
ever, when the overlap is relatively large, ignoring the crossband filters yields a model
mismatch which may degrade the system estimate accuracy and result in an insuffi-
cient mse performance. This point will be further demonstrated in Section 3.D.5. Let
ar = | Gopp OQupr - (L, —1kk }T denote the LS estimate of the band-to-band filter

at frequency-band k:

a, = argrr;in“yk—XkakHQ

= (XI'X) " Xy, (3.132)
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where yj, is defined in (3.130), X represents an Py x L, Toeplitz matrix with x,, sz
being its (m,¢)th term, and XX, is assumed to be not singular. An estimate of the

desired signal in the DTW'T domain, using only the band-to-band filter, is then given by
~ R —1
dy = Xpdy, = X (XIX) Xy (3.133)

The model defined in (3.131) for the system identification contains N + 1 filters, each
of length L,, = [L,/2™»*+LVM] k= 0,.., N, resulting in L, coefficients that should
be estimated for identifying the impulse response a(n) in the DTWT domain. It is well
known, however, that the optimal model order, i.e., the number of model coefficients that
should be estimated to attain the minimum mse (mmse), is affected by the level of noise
in the data and the length of the observable data [24]. Here the model order is deter-
mined by the length of the band-to-band filters L,,. Consequently, as the SNR increases
or as more data is employable, the optimal model order increases, and correspondingly
longer band-to-band filters can be estimated. Note that the time-domain impulse response
length L, determines the length of the band-to-band filters in each frequency-band [see
(3.126)]. Therefore, denoting by L, the length of a(n) that is practically employed for the

identification process, the resulting mse is defined by

E{(d(n) - dﬁa(n)f}

)= =@y

(3.134)

where d 1. (n) is the inverse DTWT of the estimated desired signal cip’k. using band-to-band
filters of lengths Lo, = [[:a /2min(k+1.N )W . The optimal model order is therefore given by
Laopt = argmine(Ly,) . (3.135)
Lq
The influence of the power and length of the input signal on the optimal model order is

investigated in the next section.

3.D.5 Experimental results

In this section, we present experimental results that verify the theoretical analysis. We
use a synthetic room impulse response a(n) based on a statistical reverberation model,

which generates a room impulse response as a realization of a nonstationary stochastic
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on where u(n) is a step function, 3(n) is a zero-mean white

process a(n) = u(n)B(n)e”
Gaussian noise and « is related to the reverberation time T4y (the time for the reverberant
sound energy to drop by 60 dB from its original value). In the following simulations, the
sampling rate is 16 kHz, the length of the impulse response is set to 62.5 ms (L, = 1000),
a corresponds to Ty = 50 ms and ((n) is unit-variance zero-mean white Gaussian noise.
We employ a 5-level Daubechies wavelet (N = 5) of length L = 64. The input signal x(n)

and the additive noise signal £(n) are uncorrelated zero-mean white Gaussian processes

with variances o7 and o7, respectively, and the SNR is defined by o2 /0.

Figure 3.17 shows the mse curves e(L,) [see (3.134)], for several L, values, as a function
of the input SNR obtained by an input signal of length 0.5 sec [Fig. 3.17(a)] and a longer
signal of length 2 sec [Fig. 3.17(b)]. It can be seen that as the SNR increases, a lower mse
value can be obtained by utilizing longer band-to-band filters (larger I:a) We observe
that assuming the true system order (ia = L, = 1000) not necessarily improves the
system identifier performance. Figure 3.17(a) shows that when the SNR is lower than
—30 dB, assuming a length of L, = 100 samples (= 0.1L,) yields the minimal mse,
and enables a decrease of 7 dB in the mse value relative to that achieved by assuming
L, = 1000 (true system length). When considering SNR values higher than —30 dB, the
inclusion of 300 samples in the model (IA/a = 300) is preferable. Moreover, a comparison
of Figs. 3.17(a) and (b) indicates that when the signal length increases (while the SNR
remains constant), longer band-to-band filters should be considered in order to attain
the mmse. The relatively high mse value obtained in this experiment is attributable to
the significance overlap exists between adjacent filters (see Fig 3.15), which necessitates
the estimation of crossband filters. Note that surprisingly, a lower mse is achieved for
the shorter signal [Fig. 3.17(a)] at high SNR values. This result, however, is somehow
misleading since the proposed model is not accurate and a model mismatch is introduced
by ignoring the crossband filters. If the model was accurate and all crossband filters were
estimated, a lower mse would have been achieved by increasing the signal length. As was
explained in Section 3.D.3, ignoring the crossband filters is justified by assuming a long
low-pass filter, such that the overlap between adjacent frequency-bands is negligible. To
validate this assumption, we repeat the previous experiment for several low-pass filter

lengths. Figure 3.18 shows the resulting mse curves as a function of L, for analysis
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Figure 3.17: MSE curves as a function of the input SNR for white Gaussian signals. (a) Signal
length is 0.5 sec. (b) Signal length is 2 sec.

Daubechies low-pass filter of lengths L = 4,8,16 and 32, obtained for a 25 dB SNR and
a 2 sec length input signal. Indeed, a lower mse value is achieved with increasing L.
Figure 3.18 also compares the Daubechies wavelet, which is associated with minimum-
phase filters, to the least asymmetry wavelet associated with near linear-phase filters
(both of length 32). No improvement is visible by using the least asymmetry filter, which
indicates that the linearity of the phase is not critical for efficiently representing an LTI
system in the DTWT domain. The representation is mainly influenced by the filter’s

frequency response amplitude rather than its phase.

3.D.6 Conclusions

We have presented LTI systems in the DTWT domain, and showed that time-varying
crossband filters are required for a perfect representation. We showed that not only do
the crossband filters vary in time but also their length changes with frequency. When

using an approximate representation without crossband filters, the system identification
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Figure 3.18: MSE curves as a function of L, for several low-pass filter lengths (L).

performance is greatly affected by the assumed lengths of band-to-band filters, which are
related to the SNR and length of input signal. As the SNR or the signal length increases,
longer band-to-band filters may be estimated. Further improvement is obtainable by
incorporating crossband filters into the identification process. However, the time variation

of crossband filters has to be carefully considered when estimating these filters.



Chapter 4

On Multiplicative Transfer Function

Approximation in the Short-Time

Fourier Transform Domain!

The multiplicative transfer function (MTF) approximation is widely used for modeling a
linear time invariant system in the short-time Fourier transform (STFT) domain. It relies
on the assumption of a long analysis window compared with the length of the system
impulse response. In this chapter, we investigate the influence of the analysis window
length on the performance of a system identifier that utilizes the MTF approximation.
We derive analytic expressions for the minimum mean-square error (mmse) in the STFT
domain and show that the system identification performance does not necessarily improve
by increasing the length of the analysis window. The optimal window length, that achieves
the mmse, depends on the signal-to-noise ratio and the length of the input signal. The

theoretical analysis is supported by simulation results.

4.1 Introduction

Identification of linear time-invariant (LTI) systems in the short-time Fourier transform
(STFT) domain is a fundamental problem in many practical applications [3,8,19,22,35,65].
To perfectly represent an LTI system in the STFT domain, cross-band filters between

!This chapter is based on [98].

85
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subbands are generally required [16,65]. A widely-used approach to avoid the cross-band
filters is to approximate the transfer function as multiplicative in the STF'T domain. This
approximation relies on the assumption that the support of the STFT analysis window
is sufficiently large compared with the duration of the system impulse response, and it
is useful in many applications, including frequency-domain blind source separation (BSS)
[35], acoustic echo cancellation [22], relative transfer function (RTF) identification [3] and

adaptive beamforming [8].

As the length of the analysis window increases, the multiplicative transfer function
(MTF) approximation becomes more accurate. On the other hand, the length of the input
signal that can be employed for the system identification must be finite to enable tracking
during time variations in the system. Therefore, increasing the analysis window length
while retaining the relative overlap between consecutive windows (the overlap between
consecutive analysis windows determines the redundancy of the STFT representation), a
fewer number of observations in each frequency-band become available, which increases
the variance of the system estimate. Consequently, the mean-square error (mse) in each

subband may not necessarily decrease as we increase the length of the analysis window.

In this chapter, we investigate the influence of the analysis window length on the
performance of a system identifier that utilizes the MTF approximation. The MTF in
each frequency-band is estimated offline using a least squares (LS) criterion. We derive an
explicit expression for the mmse in the STFT domain and show that it can be decomposed
into two error terms. The first term is attributable to using a finite-support analysis
window. As we increase the support of the analysis window, this term reduces to zero,
since the MTF approximation becomes more accurate. However, the second term is a
consequence of restricting the length of the input signal. As the support of the analysis
window increases, this term increases, since less observations in each frequency-band can
be used for the system identification. Therefore, the system identification performance
does not necessarily improve by increasing the length of the analysis window. We show
that the optimal window length depends on both the SNR and the input signal length.
As the SNR or the input signal length increases, a longer analysis window should be used
to make the MTF approximation valid and the variance of the MTF estimate reasonably

low. The theoretical analysis is supported by simulation results.
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The chapter is organized as follows. In Section 4.2, we present the MTF approximation
and address the relation between the analysis window length and system identification
performance. In Section 4.3, we derive an explicit expression for the mmse obtainable by
using the MTF approximation. In Section 4.4, we investigate the influence of the window
length on the mmse. Finally, in Section 4.5, we present simulation results that verify the

theoretical derivations.

4.2 The MTF approximation

Let an input z(n) and output y(n) of an unknown LTT system be related by

y(n) = h(n) = 2(n) +£(n) £ d(n) +&(n), (4.1)

where h(n) represents the impulse response of the system, £(n) is an additive noise signal,
d(n) is the signal component in the system output, and * denotes convolution. The STFT
of z(n) is given by [71]

o = Y w(m) p(m) (4.2)

where

Gpr(m) = (m — pL) & Frm=pL) (4.3)

denotes a translated and modulated window function, LE(n) is a real-valued analysis win-
dow of length N, p is the frame index, k represents the frequency-bin index, L is a

discrete-time shift and * denotes complex conjugation. Applying the STFT to d(n) yields

dpe = > () x(m — ) iy (m)
= > a(m) Y h(0)dp(m+0). (4.4)

14

Let us assume that the analysis window zﬁ(n) is long and smooth relative to the im-
pulse response h(n) so that ¢(n) is approximately constant over the duration of h(n).
Then ¢ (n — m) h(m) ~ (n) h(m), and by substituting (4.3) into (4.4), we obtain (see
Chapter 2.2)

dp; = hy zpp; (4.5)
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where hy £ > h(m)exp (—j2rmk/N). The approximation in (4.5) is the well-known
MTF approximation for modeling an LTI system in the STFT domain. In the limit,
for an infinitly long smooth analysis window, the transfer function would be exactly
multiplicative in the STFT domain. However, since practical implementations employ
finite length analysis windows, the MTF approximation is never accurate.
Let P denote the number of samples in a time-trajectory of x,,, let x; =
Tok Tik cc Tp_1k ]T denote a time-trajectory of z,; at frequency-bin k, and let

the vectors y, di and & be defined similarly. Then,

Vi =di + &, (4.6)

and the MTF approximation can be written in a vector form as

The LS estimate of Ay is therefore given by

~

hy = argrr}llinHyk—xkthZ
k

XHYk
= == (4.8)

xHxy

Clearly, as N, the length of the analysis window, increases, the MTF approximation be-
comes more accurate. However, the length of the input signal is generally finite? and the
overlap between consecutive analysis windows is chosen to be fixed (the ratio N/L deter-
mines the redundancy of the STFT representation). Hence, increasing N yields shorter
time-trajectories (smaller P) and less observations in each frequency-band can be used
for the system identification, which increases the variance of hy. Therefore, we need to
find an appropriate window length, which is sufficiently large to make the MTF approx-
imation valid, and sufficiently small to make the system identification performance most
satisfactory. In the following sections, we investigate the relation between the analysis
window length and the system identification performance, and show that the optimal

window length depends on both the SNR and the input signal length.

2Note that the length of the input signal is related to the update rate of hy, as we assume that during
that period the system remains constant. Therefore, a finite length input signal is practically employed

for system identification, to enable tracking the time variations in h(n).
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4.3 MSE analysis

In this section, we derive an explicit expression for the mmse in the STFT domain under
the assumptions of the MTF approximation and a finite-length input signal. To make
the analysis mathematically tractable we assume that the input signal z(n) and the noise
signal £(n) are uncorrelated zero-mean white Gaussian signals with variances o7 and o,
respectively. The system identification performance is evaluated using the (normalized)

mse of the output signal in the STFT domain, defined by
N-lE{Hd a \}
k=0 k= %k
€= - . (4.9)
fevzol E {||dk||2}

where d; = xj,hs. Substituting (4.8) into (4.9), the mse can be expressed as

e=14+¢€¢ —e, (4.10)
where .
o B { (x4 xx) Ekakaﬁk} 1)
€1 = — .
l]cvzol L {”dk”2}
and X
é\f:—ol E { (kaxk) dkakkadk} (41
€2 = - .
fgvzol E {HdkHQ}
Using (4.4) and the assumption that z(n) is white, we obtain
E{|ldil*} = Po2 " ry(m) ri(m) e X Em, (4.13)

where rp(n) =" f(n+m)f*(m) denotes the cross-correlation sequence of f(n). Assum-
ing that x, is variance-ergodic and that P is sufficiently large, so that % 25;01 ]a:pk\2 ~
E {|xpk|2}, we have

xi'x, = Po? r;(0). (4.14)

Using the STFT representations of x(n) and £(n) (as defined in (4.2)), it can be verified

that
P—1

E{&lxx{&} = > E{G&n} E{zmay,}

p,p'=0

= Pazag Z 7“12; (pL) . (4.15)
P
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Substituting (4.13), (4.14) and (4.15) into (4.11), we obtain

2 2

- . 4.16
03 15(0) sy 3 g (m)ry (m)e I ¥ Em (410

To simplify the expression for ey, we substitute the STFT representations of z(n) and

d(n) into E {dHkak dk} Z E {d Loy kT ,k} and obtain

p,p’ 0
E {dk Xka dk} =

S S ) 3 3 )

X Z h(m —i)h(n' — j)E{z(i)x(n)x(j)z(m')} . (4.17)

Define
Oi(n) = Zh n —m)iy . (m) (4.18)
op(n) 2 Zek n+m)y L (m) . (4.19)

Then, using the fourth-order moment factoring theorem for zero-mean real Gaussian sam-

ples [84], we can express (4.17) as

2
E{dkHXkaHdk} = o}ipP? Zek 1/10k

+ a;‘PZm pL)¢i(—pL)

+ 0P Z W(m)rh(m)ej%ﬁm
p

(4.20)

where we assumed that (n) is a symmetric function (i.e., ¥ (n) = 1)(—n)). Using (4.13),
(4.14) and (4.20) we obtain an explicit expression for ey that, together with ¢, in (4.16),
can be substituted into (4.10), which yields

1 /b
e:1—a+5(5—0), (421)
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where 1) = 07 /0 denotes the SNR and

N 2
a 2 EZ Zek Yor(m)| (4.22a)
A N
b & EZ ri(pL), (4.22D)
1 N-1
c & o {quk(pw;;(—pm
k=0 P

. w(pL)rh<pL>ejW} (4.22¢)

where R = r5(0) iv:_ol >om Ti(m)rh(m)e’j%km. Expectedly, we observe from (4.21) that

as the SNR increases, a lower mse can be achieved.

4.4 Optimal window length

In this section, we investigate the relation between the length of the analysis window and

the mmse obtainable by using the MTF approximation. Rewrite (4.21) as
e=¢ex+ep, (4.23)

where ey = 1 —a and ep = % (b/n — ¢). Then, the error ey is attributable to using a
finite-support analysis window. For sufficiently large N, we can apply the approximation
U(n —m)h(m) ~ P(n)h(m) to (4.22a) and verify that a = 1 and ex(N — oo) = 0. On
the other hand, the error ep is a consequence of restricting the length of the input signal.
It decreases as we increase P, and reduces to zero when P — oo.

Figure 4.1 shows the mse curves €, €y and ep as a function of the ratio between
the analysis window length, N, and the impulse response length, N, for a 0 dB SNR
(for other simulation parameters see Section 4.5). Expectedly, we observe that ey is a
monotonically decreasing function of N, while e€p is a monotonically increasing function
(since P decreases as NN increases). Consequently, the total mse, ¢, may reach its minimum

value for a certain optimal window length N*, i.e.,

N* = arg m]\ifn €. (4.24)
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10 20 30 40 50 60
N/Nh

Figure 4.1: Theoretical mse curves as a function of the ratio between the analysis window length

(N) and the impulse response length (Ny), obtained for a 0 dB SNR.

In the example of Figure 1, we obtained that N* is approximately 32 Np,.

The optimal window length represents the trade-off between the number of observa-
tions in time-trajectories of the STFT representation and accuracy of the MTF approxi-
mation. Equation (4.23) implies that the optimal window length depends on the relative
weight of each error, ey or ep, in the overall mse €. Since ep decreases as we increase
either the SNR, 7, or the length of the time-trajectories, P, we expect that the optimal
window length N* would increase as 1 or P increases. Denote by N, the length of the
input signal. Then, the number of samples in a time-trajectory of the STFT representa-
tion is P &~ N,/ L. For given analysis window and overlap between consecutive windows
(given N and N/ L), P is proportional to the length of the input signal. Hence, the opti-
mal window length generally increases as IV, increases. Recall that the impulse response
is assumed time invariant during N, samples, in case the time variations in the system
are slow, we can increase N,, and correspondingly increase the analysis window length
in order to achieve lower mmse. These points will be further demonstrated in the next

section.
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4.5 Simulation results

In this section, we present simulation results which verify the theoretical analysis. We
use a synthetic room impulse response h(n) based on a statistical reverberation model,
which generates a room impulse response as a realization of a nonstationary stochastic

anwhere u(n) is a step function, §(n) is a zero-mean white

process h(n) = u(n)B(n)e”
Gaussian noise and « is related to the reverberation time Tgy (the time for the reverberant
sound energy to drop by 60 dB from its original value). In the following simulations, the
length of the impulse response is set to 16 ms, the sampling rate is 16 kHz, a corresponds
to Tho = 50 ms and [((n) is unit-variance zero-mean white Gaussian noise. We use a
Hamming synthesis window with 50% overlap (L = 0.5N), and a corresponding minimum
energy analysis window which satisfies the completeness condition [72]. The signals x(n)
and £(n) are uncorrelated zero-mean white Gaussian. Figure 4.2 shows the mse curves,
both in theory and in simulation, as a function of the ratio between the analysis window
length and the impulse response length. Figure 4.2(a) shows the mse curves for SNR
values of —10, 0 and 10 dB, obtained with a signal length of 3 seconds (corresponding
to N,=48,000), and Fig. 4.2(b) shows the mse curves for signal lengths of 3 and 15 sec,
obtained with a —10 dB SNR. The experimental results are obtained by averaging over
100 independent runs. Clearly, the theoretical analysis well describes the mse performance
achievable by using the MTF approximation. As the SNR or the signal length increases,
a lower mse can be achieved by using a longer analysis window. Accordingly, as the power
of the input signal increases or as the time variations in the system become slower (which
enables one to use of a longer input signal), a longer analysis window should be used to

make the MTF approximation appropriate for system identification in the STFT domain.

4.6 Conclusions

We have derived explicit relations between the mmse and the analysis window length,
for a system identifier implemented in the STFT domain and relying on the MTF ap-

proximation. We showed that the mmse does not necessarily decrease with increasing the
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window length, due to the finite length of the input signal. The optimal window length
that achieves the mmse depends on the SNR and length of the input signal.

It is worthwhile noting, that the stationarity of the input signal should also be taken
into account when determining the appropriate window length. For nonstationary input
signals it may be necessary to use a shorter analysis window for more efficient representa-
tion in the STFT domain. Furthermore, the performance analysis is evaluated based on
a normalized mse in the STFT domain. One may also be interested to analyze the mse

in the time-domain, which is a topic for further research.
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Figure 4.2: Comparison of simulation (solid) and theoretical (dashed) mse curves as a function
of the ratio between the analysis window length (V) and the impulse response length (Ny,).
(a) Comparison for several SNR values (input signal length is 3 seconds); (b) Comparison for

several signal lengths (SNR is —10 dB).
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Chapter 5

Adaptive System Identification in

the STFT Domain Using Cross-MTF

Approximation?

In this chapter, we introduce cross-multiplicative transfer function (CMTF) approxima-
tion for modeling linear systems in the short-time Fourier transform (STFT) domain.
We assume that the transfer function can be represented by cross-multiplicative terms
between distinct subbands. We investigate the influence of cross-terms on a system iden-
tifier implemented in the STFT domain, and derive analytical relations between the noise
level, data length, and number of cross-multiplicative terms, which are useful for system
identification. As more data becomes available or as the noise level decreases, additional
cross-terms should be considered and estimated to attain the minimal mean-square error
(mse). A substantial improvement in performance is then achieved over the conventional
multiplicative transfer function (MTF) approximation. Furthermore, we derive explicit
expressions for the transient and steady-state mse performances obtained by adaptively
estimating the cross-terms. As more cross-terms are estimated, a lower steady-state mse
is achieved, but the algorithm then suffers from slower convergence. Experimental results
validate the theoretical derivations and demonstrate the effectiveness of the proposed

approach as applied to acoustic echo cancellation.

!This chapter is based on [99)].

97
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5.1 Introduction

Identifying linear time-invariant (LTI) systems in the short-time Fourier transform
(STFT) domain has been studied extensively, and is of major importance in many appli-
cations [3,19,21,22,35,65,100]. LTI system representation in the STFT domain generally
requires crossband filters between subbands [16,65]. To avoid the crossband filters, a mul-
tiplicative transfer function (MTF) approximation is often employed (e.g., [3,35]). This
approximation relies on the assumption that the support of the STFT analysis window is
sufficiently large compared to the duration of the system impulse response, and that the
transfer function of the system can be modeled as multiplicative. As the length of the
analysis window increases, the MTF approximation becomes more accurate. However, the
length of the input signal that can be employed for the system identification is usually
finite to enable tracking during time variations of the system. Hence, as the length of the

analysis window increases, fewer observations in each frequency bin become available.

Recently, we have investigated the influence of the analysis window length on the per-
formance of a system identifier that relies on the MTF approximation [98]. We showed
that the minimum mean-square error (mse) attainable under this approximation can be
decomposed into two error terms. The first term, attributable to using a finite-support
analysis window, is monotonically decreasing as a function of the window length, while
the second term is a consequence of restricting the length of the input signal, and is
monotonically increasing as a function of the window length. Therefore, system identifi-
cation performance does not necessarily improve by increasing the length of the analysis
window. The signal-to-noise ratio (SNR) and the input signal length determine the opti-
mal length of the window. We showed that as the SNR or input signal length decreases,

a shorter analysis window should be used.

In this chapter, we introduce cross-multiplicative transfer function (CMTF) approx-
imation in the STFT domain. The transfer function of the system is represented by
cross-multiplicative terms between distinct subbands, and data from adjacent frequency
bins is used for the system identification. Two identification schemes are introduced: One
is an off-line scheme in the STFT domain based on the least-squares (LS) criterion for

estimating the CMTF coefficients. In the second scheme, the cross-terms are estimated
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adaptively using the least-mean-square (LMS) algorithm [10]. We analyze the perfor-
mances of both schemes and derive explicit expressions for the obtainable minimum mse
(mmse). The analysis reveals important relations between the noise level, data length,
and number of cross-multiplicative terms, which are useful for system identification. As
more data becomes available or as the noise level decreases, additional cross-terms should
be considered and estimated to attain the mmse. In this case, a substantial improvement
in performance is achieved over the conventional MTF approximation. For every data
length and noise level there exists an optimal number of useful cross-multiplicative terms,
so increasing the number of estimated cross-terms does not necessarily imply a lower mse.
Note that similar results have been obtained in the context of system identification with

crossband filters [65].

The main contribution of this work is a derivation of an explicit convergence analysis
of the CMTF approximation, which includes the MTF approach as a special case. We
derive explicit expressions for the transient and steady-state mse in frequency bins for
white Gaussian processes. At the beginning of the adaptation process, the length of the
data is short, and only a few cross-terms should be estimated, whereas as more data
become available more cross-terms can be used to achieve the mmse. Consequently, the
MTF approach is associated with faster convergence, but suffers from higher steady-state
mse. Estimation of additional cross-terms results in a lower convergence rate, but improves
the steady-state mse with a small increase in computational cost. Experimental results
with white Gaussian signals and real speech signals validate the theoretical results derived
in this work, and demonstrate the relations between the number of useful cross-terms and

transient and steady-state mse.

The chapter is organized as follows. In Section 5.2, we introduce the CMTF approxi-
mation for system identification in the STFT domain. In Section 5.3, we consider off-line
estimation of the cross-terms, and derive an explicit expression for the attainable mmse.
In Section 5.4, we present an adaptive implementation of the CMTF estimation, and an-
alyze the transient and steady-state mse in subbands. Finally, in Section 5.5, we present

experimental results which verify the theoretical derivations.
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5.2 Cross-MTF approximation

In this section, we introduce an CMTF approximation for system identification in the
STFT domain. Throughout this work, unless explicitly noted, the summation indexes
range from —oo to oo.

Let an input x(n) and output y(n) of an unknown LTT system be related by

y(n) = h(n) * z(n) +€&(n) = d(n) +€&(n), (5.1)

where h(n) represents the impulse response of the system, £(n) is an additive noise signal,
d(n) is the signal component in the system output, and * denotes convolution. The STFT
of x(n) is given by [71]

mpp = Y a(m) i (m), (5.2)

m

where

Gpi(m) = (m — pL) & Frm=pL) (5.3)

denotes a translated and modulated window function, t(n) is a real-valued analy-
sis window of length N, p is the frame index, k represents the frequency-bin index
(0 < k < N —1), L is the translation factor and * denotes complex conjugation. A
system identifier operating in the STFT domain is illustrated in Fig. 3.2, where the un-
known system h(n) is modeled in the STFT domain by a block H. Applying the STFT

to y(n), we have in the time-frequency domain [65]

ypyk = dpJg + fp,k . (54)

The signal component in the system output is related to its input in the STFT domain
through crossband filters:

N-1M-1

dp,k = Z Z Ip—p’,k’hp’,k,k’ s (55)

k'=0 p'=0
where h,, ;s denotes a crossband filter of length M from frequency bin k' to frequency
bin k. The crossband filters depend on both the system impulse response h(n) and the
STFT parameters. The widely-used MTF approximation [98] avoids crossband filters

by assuming that the analysis window &(n) is long and smooth relative to the impulse
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response h(n) so that 1)(n) is approximately constant over the duration of i(n). In this

case, 1h(n —m) h(m) = ¢)(n) h(m), and consequently (5.5) reduces to [74]
dp,k ~ hkxp,k ) (56)

where h;, = ZnNI’;Bl h(m)exp (—j2mmk/N) and N, is the length of h(n). Note that the
MTF approximation (5.6) approximates the time-domain linear convolution in (5.1) by
a circular convolution of the input signal’s pth frame and the system impulse response,
using a frequency-bin product of the corresponding discrete Fourier transforms (DFTs).
In the limit, for an infinitly long analysis window, the linear convolution would be ex-
actly multiplicative in the frequency domain. This approximation is employed in some
block frequency-domain methods, which attempt to estimate the unknown system in the
frequency domain using block updating techniques (e.g., [78,101-103]).

Due to the finite length of the input signal, the MTF approximation results in insuffi-
cient accuracy of the system estimate, even for a long analysis window. This inaccuracy
is attributable to the fact that fewer observations become available in each frequency
band [98]. Furthermore, the exact STFT representation of the system in (5.5) implies that
the drawback of the MTF approximation may be related to ignoring cross-terms between
subbands. Using data from adjacent frequency bins and including cross-multiplicative
terms between distinct subbands, we may improve the system estimate accuracy without
significantly increasing the computational cost.

Specifically, let hy j be a cross-term from frequency bin £’ to frequency bin k and let

d,  be approximated by 2K + 1 cross-terms around frequency bin £, i.e.,
k+K

dp = E Pkl mod NTp k! mod N - (5.7)

K =k—K
Note that for K = 0, (5.7) reduces to the MTF approximation (5.6). Equation (5.7)

represents the CMTF approximation for modeling an LTI system in the STFT domain.

5.3 Off-line system identification

In this section, we consider an off-line scheme for estimating the CMTF coefficients using
an LS optimization criterion for each frequency bin, and derive an explicit expression for

the obtainable mmse.
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Let
Xk = | Togkg L1k ' Tp_1k (5.8)

denote a finite-length time-trajectory of x,; for frequency bin k, and let the vectors yy,

dg, and & be defined similarly. Then, (5.4) can be written in vector form as

i = de+ & (5.9)
Let Xy = [ X(k—K)modN **° X(k+K)modN ] and let
r T
hy = [ hkv(k_K)modN hk7(k+K)modN ] (5.10)

denote 2K + 1 cross-terms for frequency bin k. Then, the CMTF approximation (5.7)
can be written in vector form as

d, = X;hy (5.11)

The LS estimate of hy, is therefore given by

’ 2

‘Yk — X;hy,

flk = arg min
hy
-1
= (XiX%) Xy, (5.12)

where we assume that XX, is not singular. Substituting (5.12) into (5.11), we obtain

an estimate of the desired signal in the STFT domain, using 2K + 1 cross-terms.

5.3.1 MSE analysis

We now derive an explicit expression for the mmse in the STFT domain. To make
the analysis mathematically tractable we assume that z,; and &, are zero-mean white
Gaussian signals with variances o2 and 02, respectively, and that they are statistically
independent. The Gaussian assumption of the corresponding STF'T signals underlies the
design of many speech-enhancement systems [104], and can be justified by a version of the
central limit theorem [82, Theorem 4.4.2]. The following mse analysis is closely related
to that derived in [65] and the reader is referred to there for further details.

The (normalized) mse is defined as

=2

-1
Ey ‘

‘2} : (5.13)

=
Il
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where E; 2 SV ' E {||dk||2}, and d;, = kalk Substituting (5.12) into (5.13), the mse

can be expressed as

=0
N-1

2; E{H [Ip—Xk (XkHXk)_leH} dy

ki

(5.14)
where Ip is the identity matrix of size P x P. Equation (5.14) can be rewritten as
€(K)=€+1—¢€, (5.15)
where
1 = 1
o = — > B{eX, (X{x) 7 X{e ) (5.16)
4 k=0
=,
& = =2 F {dkHXk (XIx,)"! dek} . (5.17)
4 k=0
Let hy s denote the crossband filter from frequency bin & to frequency bin k
T
hk,k’ = [ hogr  higr -+ ha—igw ] (5-18)
and let c; denote a column-stack concatenation of the filters {hk’k/}g;é
T

In addition, let us assume that x, is variance-ergodic and that the length P of the time-
trajectories is sufficiently large, so that 4 Zp 0 TpkTyiop R E {xp KTy k,} Accordingly,
using the fourth-order moment factoring theorem for zero-mean complex Gaussian samples
[84] and following a similar analysis to that given in [65], we obtain an explicit expression

for e(K):

+b(K), (5.20)
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where

oK) = M (5.21)

N-1
2
P el
k=0
(2K +1)
P Y
N—-1 2K

Z Z |hovka(k—K+m)modN 2

L (5.22)

S
—

=
~—

>

1 —

=z

2
ek
0

e
Il

and ) = 07 /o¢ denotes the SNR. Equations (5.20)(5.22) represent the mmse obtained by
using LS estimates of 2K + 1 cross-terms. The mmse ¢(K) is a monotonically decreasing
function of . Furthermore, it is easy to verify from (5.21) and (5.22) that e(K +1) > €(K)
for low SNR, and e(K+1) < €(K) for high SNR. Hence, ¢(K) and €(/K+1) must intersect at
a certain SNR value, denoted by nx 1 _.x. That is, for SNR values higher than nx.1 .k,
a lower mse can be achieved by estimating 2(K + 1) + 1 cross-terms rather than only
2K + 1 cross-terms. Employing the conventional MTF approximation (i.e., ignoring all
the cross-terms), yields the minimal mse only when the SNR is lower than 7, . The

SNR intersection point 1x41_x, obtained by requiring that ¢(K + 1) = €(K), is given by

2N
TIK+1~>K - N_1 N_1 ; (523)
2> ekl + P fulK)
k=0 k=0
where
2
fe(K) = |h0,k,(k7K71)modN‘ + |h0,k,(k+K+1)modN‘2 : (5.24)

Since N1k is inversely proportional to P, the number of cross-terms that should be
estimated in order to achieve the mmse increases as we increase P. Note that we implicitly
assume that during P frames the system impulse response does not change, and the
estimated cross-terms are updated every P frames. Therefore, in case time variations
in the system are slow, we can increase P, and correspondingly increase the number of
estimated cross-terms to achieve a lower mse. These relations indicate that for a given

power and length of the input signal, there exists an optimal number of estimated cross-
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terms that achieves the minimal mse. Note that similar mse behavior was demonstrated

in the context of system identification with crossband filters [65].

5.3.2 Computational complexity

The computational complexity of the proposed approach requires the solution of LS nor-
mal equations (XfXy) flk = Xy, [see (5.12)] for each frequency bin. This results
in P (2K +1)* + (2K +1)® /3 arithmetic operations when using the Cholesky decom-
position [85]. Computing the desired signal estimate (5.11) results in an additional
2P (2K + 1) arithmetic operations. Assuming P is sufficiently large and neglecting the
computations required for the forward and inverse STFTs, the complexity associated with

the CMTF approach is given by
Ocmrr(K) = O [NP (2K +1)%] . (5.25)

We observe that the computational complexity obtained by using the CMTF approxima-
tion is (2K +1)? times larger than that obtained by using the MTF approximation. How-
ever, incorporating cross-terms into the system model may yield lower mse for stronger

and longer input signals.

5.4 Adaptive system identification

In this section, we adaptively update the cross-terms in frequency bins by the LMS al-
gorithm [10], and derive explicit expressions for the transient and steady-state mse in
subbands.

Let cfpﬁk be an estimate of d, ;, using 2K +1 adaptive cross-terms around the frequency

bin £, i.e.,
kK

dp e = Z Ty (p) (5.26)

k' =k—K
where iLM/(p) is an adaptive cross-term that represents an estimate of the CMTF
hir at frame index p (recall that due to periodicity of the frequency bins,
the summation index & is related to frequency bin K modN). Let hy(p) =
}Alk,ka(p) }Alk’kaH(p) ilk,k+K(p) ' denote 2K + 1 adaptive cross-terms at the
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T
kth frequency bin, and let xx(p) = | zpr x ZTpr-xs1 -+ Tprix | De the input data
vector corresponding to hy(p). Then the estimated desired signal d,, ; from (5.26) can be

rewritten as

~ A~

dy . = %, (p)hy(p) (5.27)

The 2K + 1 adaptive cross-terms are updated using the LMS algorithm as

hi(p + 1) = hy(p) + pepaxi(p) (5.28)

where

~

ep,k = yp,k — dp7k (529)

is the error signal in the kth frequency bin, y, , is defined in (5.4), and u is a step-size.
Let h; be a vector containing the first element in each of the 2K + 1 crossband filters

around the kth frequency bin, i.e.,

T
hy, = [ hO,k,ka hO,k,kaJrl ho,k,k+K ] . (5-30)
_ T
In addition, let hyp = [ higr - har—igw } be the last M — 1 elements of the
T
crossband filter hy s [as defined in (5.18)], let xx(p) = [g;m Tp 1k o mp_M+17k:| :
T

and let xx(p) = [ Ty 1k e ;L'p_M+1’ki| . Then, defining

gr(p) = hy(p) — hy (5.31)

as the misalignment vector and substituting (5.4), (5.5), and (5.27) into (5.29), the error

signal can be written as

ep = Xi ()8 + X ()T — i (P)81(P) + & (5.32)

where €, €, Xi(p), and Xi(p) are the column-stack concatenations of

= k+K _ .
{hkyk/}k;/e[:7 {hk,k, k—=k—K {Xk/ (p)}k’G[,7 and {Xk’ (p)}lkcj_:lli_KJ reSpeCthely, a’nd

L = {K|Ke€[0,N—-1] and k¥ ¢ [k — K,k + K|}. Substituting (5.32) into (5.28),
the LMS update equation can be expressed as
grp+1) = [I-px;(p)xi (p)] &r(p) + p [Xi (0)E] x5 (p)

+ 11 [%5 ()] x5 (p) + 1615 (P) (5.33)

where I is the identity matrix.
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5.4.1 MSE analysis

We proceed with the mean-square analysis of the adaptation algorithm under the assump-
tions made in Section 5.3.1. The analysis relies on the common assumption that xx(p) is

independent of hy(p) (e.g., [91], [69]).

Transient Performance

The transient mse is defined by

ex(p) = E {|ep,k|2} . (5.34)

Using the whiteness property of the input signal, and substituting (5.32) into (5.34), the

mse can be expressed as

er(p) = of +o; ([&l” + [Iekl*) + o2 B {llge(p)”} - (5.35)

In order to find an explicit expression for the transient mse, a recursive formula for
E{|lg(p)|?} is required. From (5.33), we obtain
Ellap+1I7} = E{|[1-mximpx ()] gkuaw?}
A [EAGCAEADI
+ 2B {||[=F e x|}
+ 1B {16uxi ()"} - (5.36)

Using the independence assumption, and the fourth-order moment factoring theorem for
zero-mean complex Gaussian samples, the first term on the right of (5.36) can be expressed

as (see Appendix 5.A)
B {1 (0 ()] )|}
= [1—2p0? + 21705 (K + 1) E {|lg(p)["} - (5.37)

The evaluation of the last three terms in (5.36) is straightforward, and they can be

expressed as
2B { | [&E 0] i) = r2od 1G] (2K + 1) (5.38)
wE {H % (p)Ti] XZ(p)H2} = pPol|lexl® 2K +1) (5.38b)

W E{lI&axi(p)|I*} = wPoiol 2K +1) . (5.38¢)
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Substituting (5.37) and (5.38) into (5.36), we have an explicit recursive expression for

E {llgw()l*}:

E{lex@I*} = a(K) E {llgrlp — DI} + Bu(K), (5.39)
where

a(K) =1 —2u0? +21%02 (K +1) (5.40)

Or(K) £ pPal 2K +1) [0f + o2 (|I&ll” + [lexll”)] - (5.41)

Equations (5.35) and (5.39)—(5.41) represent the mse behavior in the kth frequency bin

using 2K + 1 adaptive cross-terms.

Stability

It is easy to verify from (5.35) and (5.39) that a sufficient condition for mse convergence

is that |a(K)| < 1, which results in the following condition on the step-size p:

0<pu< (5.42)

oK +1)
The upper bound of p is inversely proportional to K, and as the number of cross-terms
increases, a lower step-size value should be utilized, which may result in slower conver-
gence. An optimal step-size that results in the fastest convergence for each K is obtained
by differentiating a( K') with respect to p, which yields

1

[P S 5.43
Hovt = 952 (K + 1) (5.43)
By substituting (5.43) into (5.40), we obtain
1
ot () =1— ———. 5.44

Expectedly, we have aopt(K) < aopt(K + 1), which indicates that faster convergence is

achieved by decreasing K.

Steady-State Performance

We proceed with analyzing the steady-state performance of the adaptive algorithm. Let
us first consider the mean convergence of the misalignment vector gy (p). From (5.33), and

by using the whiteness property of x,, it is easy to verify that E {gy(oc0)} = 0; hence,

E {flk(oo)} — by, (5.45)
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where hy is defined in (5.30). This indicates that the adaptive cross-terms converge in
the mean to the first element in the corresponding crossband filters. Substituting (5.45)
for hy(p) in (5.35) we find the minimum mse obtainable in the kth frequency bin:

et = o2 + o2 (||&l° + llexl) - (5.46)

Now, substituting (5.46) into (5.35), the steady-state mse can be expressed as

e(00) = 6™ + 07 E {|lg(00)[*} - (5.47)

Provided that p satisfies (5.42), such that the mean-square convergence of the algorithm

is guaranteed, the steady-state solution of (5.39) is given by

E{lls(ool} = 120 (5.49

Substituting (5.40) and (5.41) into (5.48), we obtain an explicit expression for

E {Hgk(oo)HQ} Accordingly, (5.47) can be written, after some manipulations, as

2 — o? .
PP __emin (5.49)

r(00) = 2 —2uo? (K +1) "

Equations (5.46) and (5.49) provide an explicit expression for the steady-state mse in
frequency-bins. Note that ™ implicitly depends on K (it is actually a decreasing function
of K), and therefore the influence of the number of estimated cross-terms on the steady-
state mse €(0c0) is not clear from (5.49). However, since a smaller step-size is used for

larger K [see (5.42)], a lower steady-state mse is expected as we increase the number of

estimated cross-terms.

5.4.2 Computational complexity

The adaptation formula given in (5.28) requires 2K + 2 complex multiplications, 2K + 1
complex additions, and one complex substraction to compute the error signal. Note that
each arithmetic operation is not carried out every input sample, but once for every L
input samples, where L denotes the decimation factor of the STFT representation. Thus,
the adaptation process requires 4(K + 1) arithmetic operations for every L input samples.

Moreover, computing the desired signal estimate in (5.26) results in an additional 4K + 1
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arithmetic operations. Hence, the proposed adaptive approach requires 8 X +5 arithmetic
operations for every L input samples and each frequency bin. When compared to the MTF
approach (K = 0), the proposed approach involves an increase of only 8K arithmetic

operations for every L input samples and every frequency bin.

5.4.3 Discussion

The expressions derived for the analysis of off-line and adaptive schemes (Sections 5.3
and 5.4) are related to the problem of model-order selection, where in our case the model
order is determined by the number of estimated cross-multiplicative terms. Selecting
the optimal model complexity for a given data set is a fundamental problem in many
system identification applications [24-30], and many criteria have been proposed for this
purpose. The Akaike information criterion (AIC) [29] and the minimum description length
(MDL) [30] are among the most popular choices. Generally, the estimation error can be
decomposed into two terms: a bias term, which is monotonically decreasing as a function
of the model order, and a variance term, which is respectively monotonically increasing.
The optimal model order is affected by the level of noise in the data and the length of
the observable data. As the SNR increases or as more data is employable, the optimal
model complexity increases, and correspondingly additional cross-terms can be estimated
to achieve lower mse. At the beginning of the adaptation process, the length of the data
is short, and only a few cross-terms are estimated. As the adaptation process proceeds,
more data can be used, additional cross-terms can be estimated, and lower mse can be

achieved. These points will be demonstrated in the next section.

5.5 Experimental results

In this section, we present two experiments to demonstrate the theoretical results. The
first examines the proposed approach under white Gaussian signals, whereas the sec-
ond experiment is carried out in an acoustic echo cancellation scenario using real speech
signals. The performance of both off-line and adaptive schemes are evaluated, and a
comparison is made with the conventional fullband approach. The evaluation includes

objective quality measures, a subjective study of temporal waveforms, and informal lis-
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tening tests. For the adaptive system identification, we use the normalized LMS (NLMS)
algorithm [10] for updating the cross-terms?, instead of the LMS algorithm that was used

for the analysis. That is, the update formula (5.28) is now modified to

~ - f

hi(p +1) = hy(p) + 5 ep e Xp(D) | (5.50)

1%k (p)]]
where 0 < p < 2. In the following experiments, we use a Hamming synthesis window
of length N with 50% overlap (i.e., L = 0.5N), and a corresponding minimum-energy

analysis window that satisfies the completeness condition [72]. The sample rate is 16

kHz.

5.5.1 Performance evaluation for white Gaussian input signals

In the first experiment, we examine the system identifier performance in the STF'T domain
for white Gaussian signals. The input signal z(n) and the additive noise signal £(n) are
uncorrelated zero-mean white Gaussian processes with variances o2 and ag, respectively.
The lengths of the signals are 3 s. We model the impulse response as a nonstationary
stochastic process with an exponential decay envelope, i.e., h(n) = u(n)G(n)e”*", where
u(n) is the unit step function, F(n) is a unit-variance zero-mean white Gaussian noise, and
« is the decay exponent. In the following, we use o = 0.02. To maintain the large analysis-
window support assumption, which the CMTF approximation relies on, the length of the
impulse response is chosen to be 8 times shorter than the length of the analysis window
(N =128 and N, = 16). Figure 5.1 shows the mse curves ¢(K), obtained by the off-line
scheme using (5.13), as a function of the SNR. The cross-terms are estimated using the
LS criterion [see (5.12)]. The results confirm that as the SNR increases, the number of
cross-terms that should be estimated to achieve the minimal mse increases. We observe
that when the SNR is lower than —20 dB, the conventional MTF approximation (K = 0)
yields the minimal mse. For higher SNR values, the estimation of 5 cross-terms per
frequency-bin (K = 2) enables a substantial improvement of 10 dB in the mse. Similar

results are obtained for longer signals, with the only difference being that the intersection

2The LMS algorithm is used in Section 5.4 in order to make the mean-square analysis mathematically
tractable. Most adaptive filtering applications, however, employ the NLMS algorithm, and it is used here

for performance demonstration.
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10n
\

g(K) [dB]

SNR [dB]

Figure 5.1: MSE curves as a function of the SNR using LS estimates of the cross-terms (off-line

scheme), for white Gaussian signals of length 3 s.

Table 5.1: Average Running Time in Terms of CPU for Several K Values, Obtained Using LS
Estimates of the Cross-Terms. The Length of the Input Signal is 3 s.

K Running Time [sec]
0 (MTF) 0.1168

1 0.3388

2 0.4073

3 0.5014

4 0.7442

points of the mse curves move toward lower SNR values [as expected from (5.23)]. The
complexity of the proposed approach is evaluated by computing the central processing
unit (CPU) running time® of the LS estimation process for each K. The average running
time in terms of CPU seconds is summarized in Table 5.1. We observe, as expected from
(5.25), that the running time of the proposed approach increases as more cross-terms are
estimated. For instance, the process of estimating 5 cross-terms (K = 2) is approximately

4 times slower than that of the MTF approach.

Figure 5.2 shows the transient mse curves € (p) for frequency bin £ = 1 and SNR of

3The simulations were all performed under MATLAB; v.7.2, on a Pentium IV 2.2 GHz PC with 1 GB
of RAM, running Microsoft Windows XP v.2002.
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Figure 5.2: Transient mse curves, obtained by adaptively updating the cross-terms via (5.50),

for white Gaussian signals of length 12 s and SNR= 30 dB.

30 dB, as obtained by adaptively updating the cross-terms using (5.50). The length of the
signals is 12 s, and the results are averaged over 1000 independent runs. Since the step-
size p should be inversely proportional to K to ensure convergence [see (5.42) and (5.43)],
we choose = 0.1/ (K +1). The results confirm that as more data is employed in the
adaptation process, a lower mse is obtained by estimating additional cross-terms. Clearly,
as K increases, a lower steady-state mse €;(00) is achieved; however, the algorithm then
suffers from slower convergence. The conventional MTF approach yields faster conver-
gence, but higher steady-state mse. Table 5.2 shows the average running times in terms
of CPU seconds, as obtained by the adaptive scheme. Expectedly, higher running time is
obtained by increasing K (see Section 5.4.2). However, in contrast to the off-line scheme
(Table 5.1), the additional computational cost of estimating more cross-terms is small in
the adaptive scheme. Including 5 cross-terms (K = 2), for instance, decreases the steady-
state mse by approximately 11 dB, with only a small increase of 10% in computational

complexity, when compared to the MTF approach (K = 0).

5.5.2 Acoustic echo cancellation application

In the second experiment, we demonstrate the proposed approach in an acoustic echo

cancellation application [1, 2, 89] using real speech signals. The experimental setup
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Table 5.2: Average Running Time in Terms of CPU for Several K Values as Obtained by
Adaptively Updating the Cross-Terms. The Length of the Input Signal is 12 s.

K Running Time [sec]
0 (MTF) 0.1845
1 0.1936
2 0.2042
3 0.2156

is depicted in Fig. 5.3. We use an ordinary office with a reverberation time 7§, of
about 100 ms. The measured acoustic signals are recorded by a DUET conference
speakerphone, Phoenix Audio Technologies, which includes an omnidirectional micro-
phone near the loudspeaker (more features of the DUET product are available at:
http://phnzaudio.com.mytempweb.com/?tabid=62). The far-end signal is played through
the speakerphone’s built-in loudspeaker, and received together with the near-end signal
by the speakerphone’s built-in microphone. The small distance between the loudspeaker
and the microphone yields relatively high SNR values, which may justify the estimation
of more cross-terms. Employing the MTF approximation in this case, and ignoring all
the cross-terms may result in insufficient echo reduction. It is worth noting that estima-
tion of crossband filters [65], rather than CMTF, may be even more advantageous, but
estimation of crossband filters results in a significant increase in computational complex-
ity. In this experiment, the signals are sampled at 16 kHz. A far-end speech signal z(n)
is generated by the loudspeaker and received by the microphone as an echo signal d(n)
together with a near-end speech signal and local noise [collectively denoted by £(n)]. The
distance between the near-end source and the microphone is 1 m. According to the room
reverberation time, the effective length of the echo path is 100 ms, i.e., N, = 1600. We
use a synthesis window of length 200 ms (corresponding to N = 3200), which is twice the
length of the echo path. The influence of the window length on the performance is inves-
tigated in the sequel (see Section 5.5.3). A commonly-used quality measure for evaluating

the performance of acoustic echo cancellers (AECs) is the echo-return loss enhancement
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Figure 5.3: Experimental setup. A speakerphone (Phoenix Audio DUET Executive Conference
Speakerphone) is connected to a laptop using its USB interface. Another speakerphone without

its cover shows the placement of the built-in microphone and loudspeaker.

(ERLE), defined in dB by

ERLE(K) = 101og, % , (5.51)
where
ex(n) = y(n) — dg(n) (5.52)

is the error signal and dg (n) is the inverse STFT of the estimated echo signal using 2K +1
cross-terms in each frequency bin.

Figures 5.4(a)—(c) show the far-end signal, near-end signal, and microphone signal,
respectively. Note that a double-talk situation (simultaneously active far-end and near-
end speakers) occurs between 4.65 s and 6.1 s (indicated by two vertical dotted lines).
Since such a situation may cause divergence of the adaptive algorithm, a double-talk
detector (DTD) is usually employed to detect near-end signal and freeze the adaptation
[105,106]. Since the design of a DTD is beyond the scope of this chapter, we manually
choose the periods where double-talk occurs and freeze the adaptation in these intervals.
Figures 5.4(d)—(g) show the error signal ex(n) obtained by using K = 0,1,2, and 4,
respectively, where the cross-terms are adaptively updated by the NLMS algorithm using
a step-size p = 1/ (K + 1). The performance of a conventional fullband AEC, where the

echo signal is estimated in the time domain [89], is also evaluated [see Fig. 5.4(h)]. The
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Table 5.3: Echo-Return Loss Enhancement (ERLE) for Several K Values and Various Analysis
Window Lengths (N). The Effective Length of the Echo Path is N, = 1600.

ERLE [dB]
" N=4N, N=2N, N=N, N=0.75N,
0 (MTF) | 14.21 9.74 9.72 8.59
1 17.32 14.29 11.9 10.58
2 16.89 16.19  14.03 12.72
4 7.37 1229 1447 12.79
Fullband | 185 18.5 18.5 18.5

NLMS algorithm is used for the fullband approach with a step-size value of 0.01 to insure
stability.

Table 5.3 shows the ERLE values computed after convergence of the adaptive algo-
rithms for various window lengths: N = 4N, 2N;,, Nj, and 0.75N;, (the influence of
the analysis window length N on the performance will be addressed in Section 5.5.3).
Clearly, the proposed CMTF approach is considerably more advantageous, in terms of
ERLE, than the conventional MTF approach. For example when N = 2N}, a substantial
increase of 4.5 dB in the ERLE is obtained by estimating only 3 cross-terms (K = 1),
whereas an additional 1.9 dB increase is achieved by including 5 cross-terms (K = 2).
We observe from Fig. 5.4 that at the beginning of the adaptation, the convergence rate
is slower for larger K, which initially results in higher error. The slower convergence is
attributable to the relatively small step-size forced by estimating more cross-terms [see
(5.42)]. However, as the adaptation proceeds, a smaller error is attained as more cross-
terms are estimated. The results indicate that the optimal number of cross-terms that
should be estimated in order to achieve the maximal ERLE is 5 (K = 2). It is worth
noting, however, that a higher ERLE could be achieved for K = 4, if the adaptation
process was longer. Subjective listening tests confirm that the proposed CMTF approach
achieves a perceptual improvement in speech quality over the conventional MTF approach
(audio files are available on-line [107]).

A comparison of the proposed approach with the fullband approach indicates that the
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Figure 5.4: Speech waveforms and error signals ex(n), obtained by adaptively updating the
cross-terms via (5.50). A double-talk situation is indicated by vertical dotted lines. (a) Far-
end signal (b) Near-end signal (c) Microphone signal. (d)—(h) Error signals for K = 0 (MTF
approximation), K = 1, K = 2, K = 4, and the conventional fullband approach, respectively.
The length of the analysis window is twice the length of the echo path (N = 2Np,).

latter achieves the maximal ERLE value (see Table 5.3), and its convergence rate is inferior
only to the MTF approach. However, the high ERLE value is achieved at the expense of a
substantial increase in computational complexity. Specifically for N = 2N}, running time
measurements indicate that the fullband approach is approximately 33 times slower (233 s)
than the proposed approach (7 s). Moreover, note that the performance improvement
achieved by the fullband approach is not very significant (2.3 dB for N = 2N}, when
compared to K = 2), so that one can alternatively employ the CMTF approach with
5 cross-terms (K = 2) to achieve computational efficiency. It should be noted that the

relatively slow convergence of the proposed CMTF approach is a consequence of using
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a very long analysis window, which reduces the update rate of the adaptive cross-terms
(assuming that the relative overlap between consecutive windows is retained). Due to the
long echo path impulse response, a relatively long window is necessary to maintain the
large support assumption. In fact, the CMTF approach (for any K') would suffer from slow
convergence and bad tracking capabilities whenever the unknown system impulse response
is long. As a result, applications like relative transfer function (RTF) identification [3], in
which the unknown impulse response is much shorter, might be more suitable for using
the CMTF approximation.

It is worthwhile noting that the relatively small ERLE values obtained by both full-
band and subband approaches, may be attributable to the nonlinearity introduced by the
loudspeaker and its amplifier. Estimating the overall nonlinear system by the LTT model
in (5.1) yields a model mismatch that degrades the system estimate accuracy. Several
techniques for nonlinear acoustic echo cancellation have been proposed (e.g., [37,108]).
However, combining such techniques with the CMTF approximation is beyond the scope

of this chapter.

5.5.3 Influence of the analysis window length

Next, we investigate the influence of the STFT analysis window length (N) on the CMTF
performance. We repeated the last experiment with various window lengths and com-
puted the ERLE for each K (see Table 5.3). As expected, the performance of the CMTF
approach can be generally improved by using a longer analysis window. This is be-
cause CMTF heavily relies on the assumption of a long analysis window compared to
the length of the system impulse response. Note that the fullband approach outperforms
the proposed approach in terms of steady-state ERLE, even for a long analysis window
(N = 4Ny). We observe that as the window length increases, fewer cross-terms should be
estimated to achieve the maximal ERLE. For instance, when the length of the window
is equal to that of the impulse response (N = Nj), 9 cross-terms should be estimated
(K = 4), whereas when the window length is increased by a factor of 4 (N = 4N,),
the maximal ERLE is achieved with the estimation of only 3 cross-terms (K = 1). Fur-
ther increasing the window length would ultimately make the MTF approach a preferable

choice, with no cross-terms. This phenomenon is due to the fact that by increasing the
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Table 5.4: Echo-Return Loss Enhancement (ERLE) for Several K Values, in the Presence of

Narrowband Noise under Various SNR Conditions.

ERLE [dB]
" SNR= —5dB SNR=0dB SNR=5dB SNR= 10 dB
0 (MTF) 8.14 9.17 9.56 9.68
1 13.73 14.12 14.25 14.28
2 15.68 16.05 16.16 16.19
4 12.15 12.25 12.28 12.29
Fullband 12.46 15.39 17.09 17.89

analysis window length while retaining the relative overlap between consecutive windows
(i.e., the ratio N/L is fixed), fewer observations in each frequency bin are available, which
increases the variance of the system estimate. Thus, the optimal model order decreases,

and correspondingly fewer cross-terms need to be estimated to achieve higher ERLE.

5.5.4 Performance evaluation under presence of narrowband

noise signal

In the third experiment, we demonstrate the effectiveness of the proposed approach over
the fullband approach in the presence of a narrowband noise signal. The noise signal is
generated using a white Gaussian signal to excite a bandpass filter with bandwidth of
150 Hz and a center frequency of 7.8 kHz. The resulting narrowband noise signal is then
added to the microphone signal y(n), and the experiment described in Section 5.5.2 is
repeated under various SNR conditions. Table 5.4 shows the ERLE obtained for SNR
values of —5, 0, 5, and 10 dB, and for analysis window of length N = 2N,,. Clearly,
as the SNR increases, the performance of the proposed approach, as well as that of the
fullband approach, is generally improved. We observe that the performance degradation
of the proposed CMTF approach, when compared to the noiseless scenario (see Table
5.3), is less substantial than that of the fullband approach. Moreover, when considering

low SNR values, the CMTF approach outperforms the fullband approach. For instance,
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for —5 dB SNR, incorporating 5 cross-terms (K = 2) enables an increase of 3.2 dB in the
ERLE relative to that achieved by the fullband approach. This is attributable to the fact
that the noise is present in only a few frequency bins. By using the proposed approach,
the system estimate is degraded only in these particular frequency bins, and the overall
estimate is less affected by the noise. In the fullband approach, however, the estimation
is carried out in the time domain, so the influence of the noise is much more devastating.
This experiment shows that for narrowband noise, the ERLE and computational efficiency
can be improved by using the proposed CMTF approach, compared to using the fullband

approach.

5.6 Conclusions

We have introduced an CMTF approximation for identifying an LTT system in the STFT
domain. The cross-terms in each frequency bin are estimated either off-line by using the LS
criterion, or adaptively by using the LMS (or NLMS) algorithm. We have derived explicit
relations between the attainable mmse and the power and length of the input signal. We
showed that the number of cross-terms that should be utilized in the system identifier
is larger for stronger and longer input signals. Consequently, for high SNR values and
longer input signals, the proposed CMTF approach outperforms the conventional MTF
approximation. This improvement is due to the fact that data from adjacent frequency-
bins becomes more reliable and may be beneficially utilized for the system identification.
In addition, we have analyzed the transient and steady-state mse performances ob-
tained by adaptively estimating the cross-terms. We showed that the MTF approximation
yields faster convergence, but also results in higher steady-state mse. As the adaptation
process proceeds, more data is employable, and lower mse is achieved by estimating addi-
tional cross-terms. Accordingly, during rapid time variations of the system, fewer cross-
terms are useful. However, when the system time variations become slower, additional
cross-terms can be incorporated into the system identifier and lower mse is attainable.
Experimental results corresponding to an acoustic echo cancellation scenario have
demonstrated the advantage of the proposed approach. It is shown that a substantial

improvement is achieved over the MTF approximation without significantly increasing
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the computational cost. Moreover, compared to the conventional fullband approach, the
proposed approach yields a substantial decrease in computational complexity with only
a slight degradation in performance. Furthermore, for additive narrowband noise, the
CMTF approach outperforms the fullband approach. It should be noted that for reasons
of convergence rate, applications that involve short impulse responses (e.g., identification
of speech source coupling between sensors [109]) are more suitable for using the CMTF
approximation due to the requirement of a large STFT analysis-window support.
Adaptive control of cross-terms is related to filter-length control [110-114]. Filter-
length control algorithms dynamically adjust the number of filter taps and provide a
balance between complexity, convergence rate and steady-state performance. By employ-
ing filter-length control techniques, an algorithm for adaptively controlling the number of
cross-terms may be developed for both faster convergence rate and smaller steady-state
mse. This may further improve the performance in many applications that employ the

MTF approximation.

5.A Derivation of (5.37)

Using the independence assumption of xj(p) and hy(p), the first term on the right of

(5.36) can be expressed as

{10k ()] 2 0)|*}

= E{|g®I’} - 2uE {gf (0)Ar(p)gr(p)}

+1°E {g/ (0)Br(p)gr(p)} . (5.53)
where
Ar(p) = E{x;(p)x; (p)} (5.54)
and
Bi(p) = E{x;(p)x/. (p)xi(p)x} (p) } - (5.55)

Using the whiteness property of x5, Ax(p) reduces to

Ak(p) = 07lokc 11, (5.56)
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where Iyk 1 is the identity matrix of size 2K + 1 x 2K + 1. The (m, {)th term of By (p)

in (5.55) can be written as
[Bk(p)]m,Z
=>,F {xp,k*KH"Z’;,k—K+rxp,ka+€$;,k—K+m} 5 (5.57)

where the index r sums over integer values for which the subscripts of x are defined.
By using the fourth-order moment factoring theorem for zero-mean complex Gaussian

samples [84, p. 90], (5.57) can be rewritten as

[Bk(p)]m,e = ZE{Ip,k—KJrTx;,kaw}

X E{ Zp ekt fym )
+ Z E {l’p,k—K+rx;,k7K+m}
'

X E{@pn-kroT i rcin} s (5.58)
where by using the whiteness property of z, ;, we obtain
Bi(p)le =02 Y 0(L—m)+02> d(r—m)s(r—10). (5.59)
Since r ranges from 0 to 2K + 1, Bi(p) in (5.57) reduces to
Bi(p) = 204 (K + DIyxi . (5.60)

Substituting (5.56) and (5.60) into (5.53) yields (5.37).

5.B Adaptive Control of the Cross-MTF Approxima-

tion*

In this appendix, we extend the cross-multiplicative transfer function (CMTF) approach
for improved system identification in the short-time Fourier transform (STFT) domain.
The proposed algorithm adaptively controls the number of cross-terms in the CMTF

approximation to achieve the minimum mean-square error (mmse) at each iteration. A

4This appendix is based on [115].
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small number of cross-terms is initially used to achieve fast convergence, and as the
adaptation process proceeds, the algorithm gradually increases this number to enhance
the steady-state performance. When compared to the conventional multiplicative transfer
function (MTF) approach, the resulting algorithm achieves a substantial improvement in
steady-state performance, without compromising for slower convergence. Experimental
results validate the theoretical derivations and demonstrate the advantage of the proposed

approach to acoustic echo cancellation.

5.B.1 Introduction

Linear systems in the short-time Fourier transform (STFT) domain are often modeled by
multiplicative transfer functions (MTFs) (e.g., [3,35,65,98]). The MTF approximation
relies on the assumption that the support of the STFT analysis window is sufficiently
large compared to the duration of the system impulse response. Recently, we proposed a
cross-MTF (CMTF) approximation for representing linear systems in the STFT domain
by introducing cross-multiplicative terms between distinct subbands [99]. We showed
that compared to the MTF approximation, the CMTF approximation is associated with
slower convergence, but smaller steady-state mean-square error (mse). However, since
this algorithm employs a fixed number of cross-terms during the adaptation process, it
may suffer from either slow convergence in case the number of cross-terms is large, or
relatively high steady-state mse in case the number of cross-terms is small.

In this appendix, we extend the CMTF approach and propose to adaptively control
the number of cross-terms. The proposed algorithm finds the optimal number of cross
terms and achieves the minimum mse (mmse) at each iteration. At the beginning of
the adaptation process, the proposed algorithm is initialized by a small number of cross-
terms to achieve fast convergence, and as the adaptation process proceeds, it gradually
increases this number to improve the steady-state performance. This is done by simul-
taneously updating three system models, each consisting of different (but consecutive)
number of cross-terms, and determining the optimal number using an appropriate deci-
sion rule. When compared to the conventional MTF approach, the resulting algorithm
achieves a substantial improvement in steady-state performance, without degrading its

convergence rate. Experimental results validate the theoretical derivations and demon-
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strate the advantage of the proposed approach for acoustic echo cancellation.

The appendix is organized as follows. In Section 5.B.2, we introduce the CMTF
approximation for system identification in the STFT domain. In Section 5.B.3, we present
an CMTF adaptation procedure using a fixed number of cross-terms. In Section 5.B.4,
we adaptively control the number of cross-terms. Finally, in Section 5.B.5, we present

experimental results which verify the theoretical derivations.

5.B.2 Cross-MTF approximation

Let an input x(n) and output y(n) of an unknown linear time-invariant (LTI) system be

related by
y(n) = h(n) * z(n) +&£(n) £ d(n) +£(n) (5.61)

where h(n) represents the impulse response of the system, £(n) is an additive noise signal,
d(n) is the signal component in the system output, and * denotes convolution. Applying

the STFT to y(n), we have in the time-frequency domain

Ypk = dpe + Eppi s (5.62)

where p is the frame index and k represents the frequency-bin index (0 < k < N —1).
To perfectly represent an LTI system in the STFT domain, crossband filters between
subbands are generally required [16,65]. The widely-used MTF approximation [98] avoids
these crossband filters by assuming that the STFT analysis window is long and smooth
relative to the impulse response h(n), so that the transfer function is approximated as

multiplicative in the STFT domain:
dpJc ~ hk Tpk (563)

where hy 2 S0 Uh(m) exp (—j2mmk/N) and Ny, is the length of h(n). In case of
finite length input signals, the MTF approximation is insufficient, since a longer analysis
window comes at the expense of fewer observations that become available in each frequency
bin [98].

An CMTF approximation for modeling an LTT system in the STF'T domain is obtained

by including cross-multiplicative terms between distinct subbands. Let hyj denote a
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cross-term from frequency bin &’ to frequency bin k. Then an CMTF approximation of

d,r by 2K + 1 cross-terms around frequency bin & is given by

kK
dp e = E Pk k' mod N Tp,k/ mod N - (5.64)

k'=k—K

Note that for K =0, (5.64) reduces to the MTF approximation (5.63).

5.B.3 Conventional CMTF adaptation

In this section, we present an LMS-based adaptive algorithm for estimating the cross-

terms in each frequency bin. Let afp,k be an estimate of d,; with 2K + 1 cross-terms:

k+K

dp e = Z xp,k’ilk,k’(p); (5.65)

k'=k—K

where ﬁkﬁk/ (p) is an adaptive cross-term that represents an estimate of hy s at frame index
p (recall that due to periodicity of the frequency bins, the summation index £’ is related
to frequency bin k'mod N). Let hy(p) = | M) - heger(p) |7 denote 2K +1
adaptive cross-terms at the kth frequency bin, and let xx(p) = [ 2,4k -+ Tppir |

be the input data vector corresponding to hy(p). Then (5.65) can be rewritten as

A ~

dy . = x5 (p)hi(p) - (5.66)

The 2K + 1 cross-terms are updated using the LMS algorithm by

hi(p + 1) = he(p) + pepaxi (p) (5.67)
where €, = Y, — d,  is the error signal in the kth frequency bin, y,  is defined in (5.62),

and p is a step-size. Let
er(p) = E{lep [’} (5.68)

denote the transient mse in the kth frequency bin. Then, assuming that z,; and &,
are uncorrelated zero-mean white Gaussian signals, the mse can be expressed recursively
as [99]

ex(p+1) = a(K) er(p) + Bu(K), (5.69)
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where «(K) and (i (K) depend on the step-size p and the number of cross-terms K.
Accordingly, it can be shown [99] that the optimal step-size that results in the fastest

convergence for each K is given by

1

,Uopt - m, (570)

2

where o7

is the variance of z, . Equation (5.70) indicates that as the number of cross-
terms increases (K increases), a smaller step-size has to be utilized. Consequently, the
MTF approximation (K = 0) is associated with faster convergence, but suffers from
higher steady-state mse €;(c0). Estimation of additional cross-terms results in a slower
convergence, but improves the steady-state mse. Since the number of cross-terms is fixed
during the adaptation process, this algorithm may suffer from either slow convergence
(typical to large K) or relatively high steady-state mse (typical to small K). To improve

both the convergence rate and the steady-state mse, the number of cross-terms at each

iteration should be adaptively controlled, as discussed in the following section.

5.B.4 Adaptive control of cross-terms

In this section, we adaptively control the number of cross-terms to achieve both faster
convergence and smaller steady-state mse, compared to using a fixed number of cross-
terms. The strategy of controlling the number of cross-terms is related to filter-length
control (e.g., [114,116]). However, existing length-control algorithms operate in the time
domain, focusing on linear FIR adaptive filters. Here, we extend the approach presented
in [116] to construct an adaptive control procedure for CMTF adaptation implemented

in the STFT domain.

Proposed algorithm description

The main objective of the proposed algorithm is to find the optimal number of cross-terms

that achieves the mmse at each iteration. Let

Kopi(p) = arg;ninek(p) . (5.71)

Then, 2K, (p) + 1 denotes the optimal number of cross-terms at iteration p. It was

shown in the previous section that as more data is employable in the adaptation process
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(i.e., the frame index p increases), we expect to attain a lower mse by increasing the
number of cross-terms. Therefore, the proposed algorithm should initially select a small
number of cross-terms (usually K = 0) to achieve initial fast convergence, and then, as
the adaptation process proceeds, it should gradually increase this number to achieve the
desired steady-state performance. This is done by simultaneously updating three system
models, each consists of different number of cross-terms. Specifically, let fllk(p), flgk(p)
and hgy(p) denote three vectors of 2K (p) + 1, 2K»(p) + 1 and 2K5(p) + 1 adaptive cross-
terms, respectively. At the beginning of the adaptation (p = 0), the number of cross-terms
in each vector is initialized to K,(0) = Ko —1, K5(0) = Ky and K3(0) = Ko+ 1, where K
is a constant integer. Then, these vectors are updated simultaneously at each iteration

using the normalized LMS (NLMS) algorithm

- ~ 1i(p)

hi,(p+1) = hy(p) + 26;,kxz<k (p) (5.72)

i (P)

where @ = 1,2,3, xin(p) = [ 2pp ki)~ Tphimir) | o Cok = Upk — x4 (p)hi(p) is
the resulting error signal, and p;(p) is the relative step-size. Since the step-size should
be inversely proportional to the number of cross-terms [see (5.70)], we choose p;(p) =
M/ (K;(p) + 1), with M being a constant parameter. The second adaptive vector hay(p)
is the vector of interest as its coefficients are used for estimating the desired signal d,, ,
ie.,

A ~

dp . = X (p)hor (p) - (5.73)

Therefore, the dimension of fl%(p), 2K5(p) + 1, should represent the optimal number of
cross-terms in each iteration. For this purpose, we define the following averages

p

1 ; ,
ezk(p) = F Z ’ez,k‘27 L= 17273 (574)

q=p—P+1
for the mse estimate at the pth iteration, where P is a constant parameter. These averages
are computed every P frames, and the value of K5(p) is then determined by the following

decision rule:

Ky(p) +1 ;if e1r(p) > ear(p) > €3r(p)
Ky(p+1) = Ks(p) s if ein(p) > ean(p) < €esr(p) : (5.75)
Ky(p) — 1 ; otherwise
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Accordingly, K;(p + 1) and K3(p + 1) are updated by

K1<p+1) = K2 (p+1)—1, (576)

Ki(p+1) = Ky(p+1)+1,

and the adaptation proceeds by updating the resized vectors ﬁlk(p) using (5.72). Note that
the parameter P should be sufficiently small to enable tracking during variations in the
optimal number of cross-terms, and sufficiently large to achieve an efficient approximation
of the mse by (5.74).

The decision rule in (5.75) can be explained as follows. When the optimum number
of cross-terms is equal or larger than Kj3(p), then €1x(p) > €x(p) > e3x(p) and all values
are increased by one. In this case, the vectors are reinitialized by ﬁlk(p +1) = flgk(p),
how(p + 1) = hai(p), and hs(p + 1) = [O hZ (p) O]T. When Ks(p) is the optimum
number, then €15 (p) > € (p) < €3x(p) and the values remain unchanged. Finally, when the
optimum number is equal or smaller than K (p), we have €1;(p) < exr(p) < €3x(p) and all
values are decreased by one. In this case, we reinitialize the vectors by hgy,(p+1) = hay(p),
hop(p+ 1) = hy(p), and hy,(p + 1) is obtained by eliminating the first and last elements
of fllk(p). The decision rule is aimed at reaching the minimal mse for each frequency
bin separately. That is, distinctive frequency bins may have different values of Ky(p) at
each frame index p. Clearly, this decision rule is unsuitable for applications where the
error signal to be minimized is in the time domain. In such cases, the optimal number
of cross-terms is the one that minimizes the time-domain mse E{|e(n)|*} [contrary to

(5.71)]. Therefore, we use the following averages

n

q(n):% S Jem)?, i=1,23 (5.77)

m=n—P+1

for estimating the time-domain mse, where e;(n) is the inverse STFT of e;,k, P £
(P—1)L+ N, and L is the translation factor of the STFT. Then, as in (5.74), these
averages are computed every P frames (corresponding to PL time-domain iterations),
and Ks(n) is determined similarly to (5.75) by substituting €;(n) for €;(p) and n for p.
Note that now all frequency bins have the same number of cross-terms [2K5(p)+1] at each
frame. The two proposed decision rules, for both time and STFT domains adaptation,

will be further demonstrated in the next section.
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Computational complexity

Updating 2K + 1 cross-terms using the NLMS adaptation formula (5.72), requires 8K + 6
arithmetic operations for every L input samples [99]. Therefore, since three vectors of
cross-terms are updated simultaneously in each frame, the adaptation process of the
proposed approach requires 8 [K(p) + Ka(p) + K3(p)] + 6 arithmetic operations. Using
(5.76) and computing the desired signal estimate (5.66), the overall complexity of the
proposed approach is given by 28 K5(p)+ 7 arithmetic operation for every L input samples
and each frequency bin. The computations required for updating Ky (p) [see (5.74)-(5.76)]
are relatively negligible, since they are carried out only once every P iterations. When
compared to the conventional MTF approach (K = 0), the proposed approach involves
an increase of 28 K5(p) + 1 arithmetic operations for every L input samples and every

frequency bin.

5.B.5 Experimental results

In this section, we present experimental results which verify the theoretical analysis and
demonstrate the effectiveness of the proposed approach. In the first experiment, we
examine the proposed approach performance in the STFT domain for white Gaussian
signals. That is, the input signal z(n) and the additive noise signal {(n) are uncorrelated
zero-mean white Gaussian processes with variances 02 = 1 and ag = 0.001, respectively.
We model the impulse response as a stochastic process with an exponential decay envelope,
ie., h(n) = u(n)B(n)e "% where u(n) is the unit step function and 3(n) is a unit-
variance zero-mean white Gaussian noise. The impulse response length is set to N, = 16,
and a Hamming synthesis window of length N = 128 with 50% overlap is employed.
Figure 5.5 shows the transient mse curves €x(p) of both the CMTF approach with fixed
number of cross-terms, and the proposed approach with variable number of cross-terms.
The cross-terms in the first approach are updated by the NLMS adaptation formula (5.72)
using M = 0.1. For the proposed approach, we use Ky =0, P = 30 and M = 0.1. Results
are averaged out over 2000 independent runs. The results confirm that when the number
of cross-terms is fixed during the adaptation process, a lower steady-state mse is achieved

with increasing K, but at the expense of a slower convergence. Contrarily, the proposed
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Figure 5.5: Transient mse curves for white Gaussian signals, obtained by adaptively updating
a fixed number of cross-terms (K = 0, 1,2 and 3), and by using the proposed approach. Ks(p)

and Kopt(p) are compared at the bottom.

algorithm achieves the lowest steady-state mse with a convergence rate comparable to
that of the conventional MTF approach (K = 0). In particular, a decrease of 13 dB in
the mse is obtained by the proposed approach, when compared to the MTF approach.
The bottom of Fig. 5.5 compares Ks(p), which determines the number of cross-terms
selected by the proposed algorithm at iteration p, to the optimal number of cross-terms
Kopi(p) [see (5.71)]. Clearly, the number of estimated cross-terms increases as more data
is available in the adaptation process. The proposed algorithm well predicts the optimal

value K, (p), which enables to achieve the minimal mse at each iteration.

In the second experiment, we demonstrate the proposed approach in an acoustic echo
cancellation application using real speech signals. We use an ordinary office with a re-
verberation time T, of about 100 ms. In this experiment, the signals are sampled at
16 kHz. A far-end speech signal x(n) is generated by a loudspeaker and received by
a microphone as an echo signal d(n) together with a near-end speech signal and local
noise [collectively denoted by &(n)]. The distance between the near-end source and the
microphone is 1 m. The effective length of the echo path is 100 ms (N, = 1600). The
STFT is implemented with a Hamming synthesis window of length N = 3200 and 50%

overlap. The acoustic echo canceller (AEC) performance is evaluated by the echo-return
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loss enhancement (ERLE), defined in dB by

ERLE = 101log;, g{[‘zz—% : (5.78)
where e(n) is the inverse STFT of e, ;. Figures 5.6(a)—(b) show the far-end and micro-
phone signals, respectively, where a double-talk situation (simultaneously active far-end
and near-end speakers) occurs between 3.4 s and 4.4 s (indicated by two vertical dotted
lines). Figures 5.6(c)—(d) show the error signal e(n) obtained by the CMTF approach
with a fixed number of cross-terms (K = 0 and K = 2, respectively), and Fig. 5.6(e)
shows the error signal obtained by the proposed approach. Other simulation parameters
are Ko =0, P=>5 and M = 1. In this case, the time-domain decision rule, based on the
mse estimate in (5.77), is employed. The ERLE values of the corresponding error signals
were computed after convergence of the algorithms, and are given by 12.8 dB (K = 0),
16.5 dB (K = 2), and 18.6 dB (proposed). Clearly, the proposed algorithm achieves both
fast convergence as the MTF approach and high ERLE as the CMTF approach, while

adaptively controlling the number of cross-terms.

5.B.6 Conclusions

We have introduced a new algorithm for system identification in the STFT domain, which
relies on the recently proposed CMTF approximation. Instead of using a fixed number
of cross-terms, the proposed algorithm adaptively controls the number of cross-terms in
each iteration, and enables to achieve faster convergence without compromising for higher

steady-state mse.
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Figure 5.6: Speech waveforms and error signals. A double-talk situation is indicated by vertical
dotted lines. (a) Far-end signal (b) Microphone signal. (c¢)—(d) Error signals obtained by using
the CMTF approach with fixed number of cross-terms: K = 0 and K = 2, respectively. (e)

Error signal obtained by the proposed algorithm.



Chapter 6

Nonlinear Systems in the STFT

Domain — Representation and

Identification!

Identification of linear systems in the short-time Fourier transform (STFT) domain has
been studied extensively, and many efficient algorithms have been proposed for that pur-
pose. These algorithms, however, provide poor performance when estimating real-world
systems that exhibit certain nonlinearities. In this chapter, we introduce a novel ap-
proach for improved nonlinear system identification in the STFT domain. We first derive
an explicit representation of discrete-time Volterra filters in the STF'T domain. Based on
this representation, an approximate nonlinear STFT model, which consists of a parallel
combination of linear and nonlinear components, is developed. The linear component is
represented by crossband filters between the subbands, while the nonlinear component is
modeled by multiplicative cross-terms. We show that a significant reduction in computa-
tional cost as well as a substantial improvement in estimation accuracy can be achieved
over the time-domain Volterra model, particularly when long-memory nonlinear systems
are considered. Experimental results validate the theoretical derivations and demonstrate
the effectiveness of the proposed approach. In Chapter 7, we analyze the performance of
the proposed approach in estimating quadratically nonlinear systems, and derive impor-

tant relations between the noise level, nonlinearity strength, and model parameters.

!This chapter is based on [117].
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6.1 Introduction

Identification of linear systems has been studied extensively and is of major importance
in diverse fields of signal processing [24,118]. However, in many real-world applications,
the considered systems exhibit certain nonlinearities that cannot be sufficiently estimated
by conventional linear models. Examples of such applications include acoustic echo can-
cellation [36-38], channel equalization [39, 40], biological system modeling [41], image
processing [42], and loudspeaker linearization [43]. Volterra filters [44-46] are widely
used for modeling nonlinear physical systems, such as loudspeaker-enclosure-microphone
(LEM) systems in nonlinear acoustic echo cancellation applications [37,47,48], and dig-
ital communication channels [39,49], just to mention a few. An important property of
Volterra filters, which makes them useful in nonlinear estimation problems, is the linear
relation between the system output and the filter coefficients. Many approaches, which
attempt to estimate the Volterra kernels in the time domain, employ conventional linear
estimation methods in batch (e.g., [45,50]) or adaptive forms (e.g., [37,51])%2. A common
difficulty associated with time-domain methods is their high computational cost, which
is attributable to the large number of parameters of the Volterra model. This problem
becomes even more crucial when estimating systems with relatively large memory length,
as in acoustic echo cancellation applications. Another major drawback of the Volterra
model is its severe ill-conditioning [52], which leads to high estimation-error variance and
to slow convergence of the adaptive Volterra filter. To overcome these problems, several
approximations for the time-domain Volterra filter have been proposed, including orthog-
onalized power filters [53], Hammerstein models [54], parallel-cascade structures [55], and

multi-memory decomposition [56].

Alternatively, frequency-domain methods have been introduced for Volterra system
identification, aiming at estimating the so-called Volterra transfer functions [59-61]. Sta-
tistical approaches based on higher order statistics (HOS) of the input signal use cumulants
and polyspectra information [59]. These approaches have relatively low computational

cost, but often assume a Gaussian input signal, which limits their applicability. In [60]

2For a brief review on existing methods for Volterra-based nonlinear system identification see Chap-

ter 2.3.
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and [61], a discrete frequency-domain model is defined, which approximates the Volterra
filter in the frequency domain using multiplicative terms. Although this approach assumes
no particular statistics for the input signal, it requires a long duration of the input sig-
nal to validate the multiplicative approximation and to achieve satisfactory performance.
When the data is of limited size (or when the nonlinear system is not time-invariant), this

long duration assumption is very restrictive.

In this chapter, we introduce a novel approach for improved nonlinear system identi-
fication in the short-time Fourier transform (STFT) domain, which is based on a time-
frequency representation of the Volterra filter. A typical nonlinear system identification
scheme in the STFT domain is illustrated in Fig. 6.1. Similarly to STFT-based linear
identification techniques [21, 22, 65|, representing and identifying nonlinear systems in
the STFT domain is motivated by a reduction in computational cost compared to time-
domain methods, due to processing in distinct subbands. Together with a reduction in
the spectral dynamic range of the input signal, the reduced complexity may also lead to a
faster convergence of nonlinear adaptive algorithms. Consequently, a proper model in the
STFT domain may facilitate a practical alternative for conventional nonlinear models,
especially in estimating nonlinear systems with relatively long memory, which cannot be
practically estimated by existing methods. We show that a homogeneous time-domain
Volterra filter [44] with a certain kernel can be perfectly represented in the STEFT do-
main, at each frequency bin, by a sum of Volterra-like expansions with smaller-sized
kernels. This representation, however, is impractical for identifying nonlinear systems
due to the extremely large complexity of the model. We develop an approximate nonlin-
ear model, which simplifies the STFT representation of Volterra filters and significantly
reduces the model complexity. The resulting model consists of a parallel combination of
linear and nonlinear components. The linear component is represented by crossband filters
between the subbands [16,65], while the nonlinear component is modeled by multiplica-
tive cross-terms, extending the so-called cross-multiplicative transfer function (CMTF)
approximation [99]. It is shown that the proposed STFT model generalizes the conven-
tional discrete frequency-domain model [60], and forms a much reacher representation for
nonlinear systems. Concerning system identification, we employ the proposed model and

introduce an off-line scheme for estimating the model parameters using a least-squares
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(LS) criterion. The proposed approach is more advantageous in terms of computational
complexity than the time-domain Volterra approach. When estimating long-memory sys-
tems, a substantial improvement in estimation accuracy over the Volterra model can be
achieved, especially for high signal-to-noise ratio (SNR) conditions. Experimental results
with white Gaussian signals and real speech signals demonstrate the advantages of the

proposed approach.

The chapter is organized as follows. In Section 6.2, we derive an explicit representa-
tion of discrete-time Volterra filters in the STFT domain. In Section 6.3, we introduce
a simplified model for nonlinear systems in the STFT domain. In Section 6.4, we con-
sider off-line estimation of the proposed-model parameters and compare its complexity to
that of the conventional time-domain approach. Finally, in Section 6.5, we present some

experimental results.

In Chapter 7, we analyze the performance of the proposed approach in estimating
quadratically nonlinear systems in the STFT domain. We derive explicit expressions for
the obtainable mean-square error (mse) in each frequency bin, and reveal important rela-
tions between the noise level, the strength of the nonlinearity, and the model parameters.
We investigate the influence of nonlinear undermodeling (i.e., ignoring the nonlinearity
and employing a purely linear model) and the number of crossband filters of the linear

component on the mse performance.

6.2 Representation of Volterra Filters in the STFT

Domain

In this section, we represent discrete-time Volterra filters in the STFT domain. We first
consider the quadratic case, and subsequently generalize the results to higher orders of
nonlinearity. We show that a time-domain Volterra kernel can be perfectly represented in
the STFT domain by a sum of smaller-sized kernels in each frequency bin. Throughout

this work, unless explicitly noted, the summation indices range from —oo to oc.



6.2. REPRESENTATION OF VOLTERRA FILTERS IN THE STFT DOMAIN 137

Yp,0

Nonlinear System

¢()

Yp,N—1

System

. |Estimate| .

Tp N—1 Yp,N—-1 <+>

STET

ISTFT
l

Figure 6.1: Nonlinear system identification in the STFT domain. The unknown time-domain

nonlinear system ¢(-) is estimated using a given model in the STFT domain.

6.2.1 Quadratically Nonlinear Systems

Consider a quadratically nonlinear system with an input z(n) and an output d(n). One
of the most popular representations of such system is a second-order Volterra filter that

relates z(n) and d(n) as follows:

dn) = Y hi(m)z(n—m)

£ di(n)+ dz(n), (6.1)

where hi(m) and ho(m,{) are the linear and quadratic Volterra kernels, respectively,
and d;(n) and ds(n) denote the corresponding output signals of the linear and quadratic
homogeneous components. The memory length N; of the linear kernel is assumed to
be different in general from the memory length Ny of the quadratic kernel. To find a
representation of d(n) in the STFT domain, let us first briefly review some definitions of
the STFT representation of digital signals (for further details, see e.g., [71]).

The STFT representation of a signal x(n) is given by

pr = x(m)dy(m), (6.2)

m
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where

@/?p,k(n) = @Z)(n — pL)eszwk(”_pL) (6.3)

denotes a translated and modulated window function, (n) is a real-valued analy-
sis window of length N, p is the frame index, k represents the frequency-bin index
(0 <k < N —1), L is the translation factor (or the decimation factor, in filter-bank
interpretation) and * denotes complex conjugation. The inverse STFT, i.e., reconstruc-

tion of z(n) from its STFT representation x,, is given by

o) = 33 apstpa(n). (6.4)

p k=0

where

Yp(n) £ (n — pL)ed Fr=PE). (6.5)

and ¥ (n) denotes a synthesis window of length N. Throughout this chapter, we assume
that ¢(n) and ¢(n) are real functions. Substituting (6.2) into (6.4), we obtain the so-called

completeness condition:

Z Y(n — pL)i(n — pL) = % for all n. (6.6)
p
Given analysis and synthesis windows that satisfy (6.6), a signal xz(n) € (»(Z) is guaran-
teed to be perfectly reconstructed from its STEFT coefficients z, ;. However, for L < N
and for a given synthesis window (n), there might be an infinite number of solutions to
(6.6); therefore, the choice of the analysis window is generally not unique [72,73].
Using the linearity of the STFT, d(n) in (6.1) can be written in the time-frequency
domain as

dp,k = dl;nk + d2;p,k ) (6-7)

where dy,,; and da, . are the STFT representations of d;(n) and da(n), respectively. It
is well known that in order to perfectly represent a linear system in the STFT domain,
crossband filters between subbands are generally required [16,65]. Therefore, the output

of the linear component can be expressed in the STF'T domain as

N—1N;—1

dl;p,k = Z Z xp—p’,k:’hp’,k,k’ y (68)
k

/=0 p'=0
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where hy, ;s denotes a crossband filter of length Ny = [(N; + N —1) /L] + [N/L] — 1
from frequency bin &’ to frequency bin k. These filters are used for canceling the aliasing

effects caused by the subsampling factor L. The crossband filter hy, ;s is related to the
linear kernel hy(n) by [65]

hpkpr = {ha(n) * Grpr (n)} ], (6.9)

where the discrete-time Fourier transform (DTFT) of ¢y 4 (n) with respect to the time

index n is given by
Py pr (w) = E Gr g (n)e ™ = T (w— 2m E)U|lw— 2 K (6.10)
’ — N N ’

where ¥(w) and ¥(w) are the DTFT of ¢)(n) and t(n), respectively. Note that the en-
ergy of the crossband filter from frequency bin &’ to frequency bin k generally decreases as
|k — k'| increases, since the overlap between W (w — (27 /N) k) and ¥ (w — (27 /N) k') be-
comes smaller. Recently, we have investigated the influence of crossband filters on a linear
system identifier implemented in the STFT domain [65]. We showed that increasing the
number of crossband filters not necessarily implies a lower steady-state mse in subbands.
In fact, the inclusion of more crossband filters in the identification process is preferable
only when high SNR or long data are considered. As will be shown later, the same applies
also when an additional nonlinear component is incorporated into the model.

The representation of the quadratic component’s output dy(n) in the STFT domain
can be derived in a similar manner to that of the linear component. Specifically, applying

the STFT to da(n) we may obtain after some manipulations (see Appendix 6.A)

N-1
i, = E , E :xp’7k’xp”7k”Cp—p’,p—p’ﬂhk’,k"

k/7k.//:0 plyp//
N-1
= E , E :xp—p’vk’xp—p”,k‘”Cp’,p”,k,k’,k"- (6.11)
k/7k//:0 plyp//

where ¢,_p ,—p k.1 k» may be interpreted as a response of the quadratic system to a pair of
impulses {8,—p -k, Op—p k—k~ } 0 the time-frequency domain. Equation (6.11) indicates
that for a given frequency-bin index k, the temporal signal ds.,; consists of all possible
interactions between pairs of input frequencies. The contribution of each frequency pair

{K K"K K" € {0,...,N —1}} to the output signal at frequency bin k is given as a
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Volterra-like expansion with ¢,y v i1z being its quadratic kernel. The kernel ¢, pr g k7
in the time-frequency domain is related to the quadratic kernel hy(n,m) in the time

domain by (see Appendix 6.A)
o = Lha(n,m) * G (nem) M r oo (6.12)
where * denotes a 2D convolution and

Grpe ke (n,m) £ DTN (n 4 0T Oy (m 4 I N (6.13)
4

Equation (6.13) implies that for fixed k, &' and k", the quadratic kernel ¢, v g is
noncausal with [N/L] — 1 noncausal coefficients in each variable (p’ and p”). Note that
crossband filters are also noncausal with the same number of noncausal coefficients [65].
Hence, for system identification, an artificial delay of ([N/L] — 1) L can be applied to the
system output signal d(n) in order to consider a noncausal response. It can also be seen
from (6.13) that the memory length of each kernel is given by

N, = [%1 + gw —1, (6.14)

which is approximately L times lower than the memory length of the time-domain
kernel ho(m,?). The support of ¢y pw i is therefore given by D x D where
D=[1-[N/L],....,[(Ny+N—1)/L] —1].

To give further insight into the basic properties of the quadratic STFT kernels
¢y ek ks We apply the 2D DTFT to ¢ i 47 (n,m) with respect to the time indices

n and m, and obtain
- 2 2 2
O o (w,1) = T* (w Y- Nﬁk) v <w - N”k) v (w - F”k) . (6.15)

By taking ¥ (w) and W (w) to be ideal low-pass filters with bandwidths 7/N (i.e.,
U(w) = 0and ¥(w) = 0 for w ¢ [-7/2N,7/2N] ), a perfect STFT representation
of the quadratic time-domain kernel hs(n,m) can be achieved by utilizing only ker-
nels of the form ¢y v ki (k—k)mod N, Since in this case the product of W(w — (27/N) k'),
U(w — (20 /N) k') and ¥* (w +n — (27 /N) k) is identically zero for k" # (k — k') mod N.
Practically, the analysis and synthesis windows are not ideal and their bandwidths are

greater than 7T/N, SO ¢k7k/7(k_k/)modN<n, m), and consequently Cp! p' k' (k—k') mod N s are not
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zero. Nonetheless, one can observe from (6.15) that the energy of ¢y (1, m) decreases
as |k” — (k — k') mod N| increases, since the overlap between the translated window func-
tions becomes smaller. As a result, not all kernels in the STFT domain should be consid-
ered in order to capture most of the energy of the STFT representation of ho(n,m).
This is illustrated in Fig. 6.2, which shows the energy of ¢g i 7 (n,m), defined as
By (k") £ > nm |bppr g (n,m)|?, for k=1, K = 0 and k" € {(k — k' +i)mod N}}2_,,,
as obtained by using rectangular, triangular and Hann synthesis windows of length
N = 256. A corresponding minimum-energy analysis window that satisfies the com-
pleteness condition [72] for L = 128 (50% overlap) is also employed. The results confirm
that the energy of ¢y i xv(n,m), for fixed k and k', is concentrated around the index
E" = (k — k') mod N.

As expected from (6.15), the number of useful quadratic kernels in each frequency
bin is mainly determined by the spectral characteristics of the analysis and synthesis
windows. That is, windows with a narrow mainlobe (e.g., a rectangular window) yield
the sharpest decay, but suffer from wider energy distribution over £” due to relatively
high sidelobes energy. Smoother windows (e.g., Hann window), on the other hand, enable
better energy concentration. For instance, utilizing a Hann window reduces the energy
of ¢p gk (n,m) for k" = (k — k' £8) mod N by approximately 30 dB, when compared to
using a rectangular window. These results will be used in the next section for deriving a

useful model for nonlinear systems in the STFT domain.

6.2.2 High-Order Nonlinear Systems

Let us now consider a generalized gth-order nonlinear system with an input z(n) and
an output d(n). A time-domain gth-order Volterra filter representation of this system is

given by ,
d(n) = dy(n) (6.16)

where dy(n) represents the output of the ¢th-order homogeneous Volterra filter, which is
related to the input z(n) by

No—1 Ne—1 ¢

dy(n) =Y - Y hg(ma,...m) [ Je(n —m) (6.17)

m1=0 =1
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Figure 6.2: Energy of ¢ 7 (n,m) [defined in (6.13)] for & = 1 and k&’ = 0, as obtained for

different synthesis windows of length N = 256.

where hg(my,...m,) is the fth-order Volterra kernel, and N, (1 < ¢ < g) represents its
memory length.
Applying the STFT to dy(n) and following a similar derivation to that made for the

quadratic case [see (6.11)-(6.13), and Appendix 6.A], we obtain after some manipulations

N-1 Y]
dep e = § E Cpiyeepy kforsenk, Hl‘p—pi,ki : (6.18)
=1

k1,..kg=0p1,...p,

Equation (6.18) implies that the output of an ¢th-order homogeneous Volterra filter in
the STFT domain, at a given frequency-bin index k, consists of all possible combinations
of input frequencies taken ¢ at a time. The contribution of each /-fold frequency indices
{k1,...k¢} to the kth frequency bin is expressed in terms of an ¢th-order homogeneous
Volterra expansion with the kernel Cpryoopy skt ke, Similarly to the quadratic case, it can

be shown that the STFT kernel ¢, . - in the time-frequency domain is related to

"pg7

the kernel hy(my,...m,) in the time domain by

(6.19)

Cp1,..py k1, b, = {he(mh Camy) K €Z51c,k1,...kZ (my, .. .m,_,)} mi=piL; i=1,...L.

where * denotes an ¢-D convolution and

4
Bhroode, (1 om,) 23" () I F T To(my + n)ed Fhslmin) (6.20)

1=1
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Equations (6.19)-(6.20) imply that for fixed indices {k;}{_,, the kernel Cpr,eopy ok, ok, 1S
noncausal with [N/L] — 1 noncausal coefficients in each variable {p;}{_,, and its overall

memory length is given by

Ny = [%w + [g —1. (6.21)

Note that for ¢ = 1 and ¢ = 2, (6.18)-(6.20) reduce to the STFT representation of the
linear kernel (6.8) and the quadratic kernel (6.11), respectively. Furthermore, applying
the /-D DTFT to ¢y, k{(ml, L..m

,) with respect to the time indices m4,...m,, we

14 L
-~ 2m 2m
=1 m=1

Then, had both W¥(w) and W(w) been ideal low-pass filters with bandwidth
2/ ([(¢+1) /2] N), the overlap between the translated window functions in (6.22)
would be identically zero for k; # (k: _ et k;) mod N, and thus only kernels of the
form Cpr,py sk ok, where k, = (k‘ - Zf;i k:z> mod N would contribute to the output at
frequency-bin index k. Practically, the energy is distributed over all kernels and particu-
larly concentrated around the index k;, = (k — Ef;i l@) mod NV, as was demonstrated in

Fig. 6.2 for the quadratic case (¢ = 2).

6.3 An Approximate Model for Nonlinear Systems
in the STFT Domain

Representation of Volterra filters in the STFT domain involves a large number of para-
meters and high error variance, particularly when estimating the system from short and
noisy data. In this section, we introduce an approximate model for improved nonlinear
system identification in the STFT domain, which simplifies the STFT representation of
Volterra filters and reduces the model complexity.

We start with an STFT representation of a second-order Volterra filter. Recall that
modeling the linear kernel requires N crossband filters in each frequency bin [see (6.8)],
where the length of each filter is approximately N;/L. For system identification, however,

only a few crossband filters need to be considered [65], which leads to a computationally
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efficient representation of the linear component. The quadratic Volterra kernel represen-
tation, on the other hand, consists of N? kernels in each frequency bin [see (6.11)], where
the size of each kernel in the STFT domain is approximately No/Lx No/L. A perfect
representation of the quadratic kernel is then achieved by employing (N N,/L)* parame-
ters in each frequency bin. Even though it may be reduced by considering the symmetric
properties of the kernels, the complexity of such a model remains extremely large.

To reduce the complexity of the quadratic model in the STFT domain, let us assume
that the analysis and synthesis filters are selective enough with bandwidths of nearly 7 /N.
In this case, according to Fig. 6.2, most of the energy of a quadratic kernel ¢,y , i i 5, for
fixed k and k', is concentrated in a small region around the index k" = (k — k') mod NV,

such that (6.11) can be efficiently approximated by

N-1
dop ke A E : E :xp—p’vk’xp—p”,k”Cp’vp”,k,k’,k” . (6.23)

k’,k”:o p/ 7p//
(k'+k") mod N=k

A further simplification can be made by extending the so-called cross-multiplicative trans-
fer function (CMTF) approximation, which was first introduced in [99,115] for the repre-
sentation of linear systems in the STF'T domain. According to this model, a linear system
is represented in the STFT domain by cross-multiplicative terms, rather than crossband
filters, between distinct subbands. Following a similar reasoning, a kernel ¢y v i g7 in
(6.23) may be approximated as purely multiplicative in the STFT domain, so that (6.23)

degenerates to
N-1

dop % ) TpppprCrg (6.24)
K k=0
(k' +k'") mod N=k
We refer to ¢y as a quadratic cross-term. The constraint (k' + &”)mod N = k on the
summation indices in (6.24) indicates that only frequency indices {k’, "}, whose sum is
k or k4 N3, contribute to the output at frequency bin k. This concept is well illustrated

in Fig. 6.3, which shows the (k’,k”) two-dimensional plane. For calculating dy,j at

frequency bin k, only points on the lines ¥’ + k" = k and ¥ + k" = k + N need to

3Since k and k' range from 0 to NV — 1, the contribution of the difference interaction of two frequencies
to the kth frequency bin corresponds to the sum interaction of the same two frequencies to the (k+ N)th

frequency bin.
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be considered. Moreover, the quadratic cross-terms cj 7 have unique values only at
the upper triangle ACH. Therefore, the intersection between this triangle and the lines
E + k" =k and k' + k" = k + N bounds the range of the summation indices in (6.24),

such that da., ), can be compactly rewritten as

d2;p,k% E Tp k' Tp,(k—k') mod NCE' ,(k—k')mod N » (6-25)
kKeF

where F = {0,1,...k/2] ,k+1,...;k+1+|(N—-k—2)/2]} C [0,N —1]. Conse-
quently, the number of cross-terms at the kth frequency bin has been reduced by a factor
of two to |k/2| + |(N — k — 2) /2] + 2. Note that a further reduction in the model com-
plexity can be achieved if the signals are assumed real-valued, since in this case ¢ must
satisty cp g7 = Cy_p g, and thus, only points in the grey area contribute to the model
output (in this case, it is sufficient to consider only the first | N/2] 4+ 1 output frequency
bins).

It is worthwhile noting the aliasing effects in the model output signal. Aliasing exists
in the output as a consequence of sum and difference interactions that produce frequencies
higher than one-half of the Nyquist frequency. The input frequencies causing these aliasing
effects correspond to the points in the triangles BDO and FGO. To avoid aliasing, one
must require that the value of x,, 2, krcp 1 is zero for all indices &" and k" inside these
triangles.

Finally, using (6.8) and (6.25) for representing the linear and quadratic components
of the system, respectively, we obtain

N—1N;—1

dp ) = E , E :xp—p’vk’hp’,k,k’

k'=0 p/=0

+ Z Zp k! Tp,(k—k') mod NCK/,(k—k') mod N - (6.26)
k'eF

Equation (6.26) represents an explicit model for quadratically nonlinear systems in the
STFT domain. A block diagram of the proposed model is illustrated in Fig. 6.4. Analo-
gously to the time-domain Volterra model, an important property of the proposed model
is the fact that its output depends linearly on the coefficients, which means that con-

ventional linear estimation algorithms can be applied for estimating its parameters (see

Section 6.4).
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Figure 6.3: Two-dimensional (¥, k") plane. Only points on the line ¥’ + k" = k (corresponding
to sum interactions) and the line ¥’ + k” = k + N (corresponding to difference interactions)

contribute to the output at the kth frequency bin.

The proposed STFT-domain model generalizes the conventional discrete frequency-
domain Volterra model [60], where the linear and quadratic components of the system are

modeled in parallel using multiplicative terms:

N-1
D(k) = Hi(k)X(k)+ Y Hy(K,K)XK)X(K"), (6.27)

(474 e

where X (k) and D(k) are the Nth-length discrete Fourier transforms (DFT’s) of the
input z(n) and the output d(n), respectively, and Hy (k) and Hs(k', k") are the linear and
quadratic Volterra transfer functions, respectively. A major limitation of this model is
its underlying assumption that the observation frame (V) is sufficiently large compared
with the memory length of the linear kernel, which enables to approximate the linear
convolution as multiplicative in the frequency domain. Similarly, under this large-frame
assumption, the linear component in the proposed model (6.26) can be approximated as a
multiplicative transfer function (MTF) [98,119]. Accordingly, the STFT model in (6.26)

reduces to

dp e = hixp i + E Tp k! Tp, (k—k') mod NCk',(k—k') mod N » (6.28)
KeF
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Figure 6.4: Block diagram of the proposed model for quadratically nonlinear systems in the
STFT domain. The upper branch represents the linear component of the system, which is
modeled by the crossband filters hy, . The quadratic component is modeled at the lower

branch by using the quadratic cross-terms cy, j.

which is in one-to-one correspondence with the frequency-domain model (6.27). There-
fore, the frequency-domain model can be regarded as a special case of the proposed model
for relatively large observation frames. In practice, a large observation frame may be very
restrictive, especially when long and time-varying impulse responses are considered (as
in acoustic echo cancellation applications [89]). A long frame restricts the capability to
identify and track time variations in the system, since the system is assumed constant dur-
ing the observation frame. Additionally, as indicated in [98], increasing the frame length
(while retaining the relative overlap between consecutive frames), reduces the number of
available observations in each frequency bin, which increases the variance of the system
estimate. Attempting to identify the system using the models (6.27) or (6.28) yields
a model mismatch that degrades the accuracy of the linear-component estimate. The
crossband filters representation, on the other hand, outperforms the MTF approach and
achieves a substantially lower mse value, even when relatively long frames are consid-

ered [65]. Clearly, the proposed model forms a much reacher representation than that
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offered by the frequency-domain model, and may correspondingly be useful for a larger
variety of applications.

In this context, it should be emphasized that the quadratic-component representation
provided by the proposed time-frequency model (6.26) (and certainly by the frequency-
domain model) may not exactly represent a second-order Volterra filter in the time do-
main, due to the approximations made in (6.23) and (6.24). Nevertheless, the proposed
STFT model forms a new class of nonlinear models that may represent certain nonlinear
systems more efficiently than the conventional time-domain Volterra model. In fact, as
will be shown in Section 6.5, the proposed model may be more advantageous than the
latter in representing nonlinear systems with relatively long memory due to its computa-
tional efficiency.

For completeness of discussion, let us extend the STFT model to the general case of a
gth-order nonlinear system. Following a similar derivation to that made for the quadratic
case [see (6.23)-(6.24)], the output of a gth-order nonlinear system is modeled in the STFT

domain as

q
dpJf = dl;p,k‘ + Z df;p,k s (629)

=2
where the linear component dy., ;, is given by (6.8), and the ¢th-order homogeneous com-

ponent dy., i, is given by

N-1 ¢
d(;p7k = E Ckl,...kZHl‘p,kji . <630)
k1,..k,=0 i=1

Py
( =1 kz) mod N=k

Clearly, only (-fold frequencies {k;}{_,, whose sum is k or k + N, contribute to the
output dy, . at frequency bin k. Consequently, the number of cross-terms cx, _x, .k, (£ =
2,...,q) involved in representing a gth-order nonlinear system is given by > 7_, N°! =
(N?—N) /(N —1). Note that this number can be further reduced by exploiting the

symmetry property of the cross-terms, as was done for the quadratic case.

6.4 Quadratically Nonlinear System Identification

In this section, we consider the problem of identifying quadratically nonlinear systems us-

ing the proposed STFT model, and formulate an LS optimization criterion for estimating
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the model parameters in each frequency bin. The conventional time-domain Volterra filter
identification is also described, and a comparison between the STFT- and time-domain
models is carried out in terms of computational complexity. Without loss of general-
ity, we consider here only the quadratic model due its relatively simpler structure. The
quadratic model is appropriate for representing the nonlinear behavior of many real world

systems [75]. An extension to higher nonlinearity orders is straightforward.

Let an input z(n) and output y(n) of an unknown (quadratically) nonlinear system

be related by

y(n) = {¢x} (n) +&(n) = d(n) +£(n), (6.31)

where ¢(-) denotes a discrete-time nonlinear time-invariant system, £(n) is a corrupting
additive noise signal, and d(n) is the clean output signal. Note that the "noise” signal
¢(n) may sometimes include a useful signal, e.g., the local speaker signal in acoustic echo
cancellation. The problem of system identification can be formulated as follows: Given
an input signal z(n) and noisy observation y(n), construct a model for describing the
input-output relationship, and select its parameters so that the model output g(n) best
estimates (or predicts) the measured output signal. We denote by NN, the time-domain
observable data length, and by P ~ N, /L the number of samples in a time-trajectory of
the STFT representation (i.e., length of z,, for a given k).

6.4.1 Identification in the STFT domain

A system identifier operating in the STFT domain is illustrated in Fig. 6.1. In the

time-frequency domain, equation (6.31) may be written as

yp7k = dp,k -+ prg . (632)

To derive an estimator g, for the system output in the STFT domain, we employ the
quadratic STFT model proposed in the previous section [see (6.26)]. Utilizing only 2K

crossband filters around each frequency bin for the estimation of the linear component,



150 CHAPTER 6. IDENTIFICATION OF NONLINEAR SYSTEMS

the resulting estimate 7, can be written as

k+K lel

Ypk = E E Tp—p' k' mod th’,k,k/ mod N

k'=k—K p'=0

+ Z Tp,k! Tp,(k—k") mod NCk/,(k—k') mod N - (6.33)
K'eF

The influence of the number of estimated crossband filters (2K 41) on the system identifier
performance is investigated in Chapter 7. We implicitly assume here that an artificial
delay of (|N/L] — 1) L samples has been introduced into the system output signal y(n)
so that the crossband filters can be considered causal.

Let hy be the 2K + 1 filters at frequency bin £

T

hk = |: hg,(k—K)modN hg,(k—K-i-l)modN oo e h{,(k—i—K)modN , (634)

T
where hy, j» = [ hokr higw -+ hy,_1pw | 18 the crossband filter from frequency bin

k' to frequency bin k. Let X denote an P x M Toeplitz matrix whose (m, ¢)th term is
given by (Xk)m,z = Tm—ok, and let Ay be a concatenation of { X ,(lei(],?_r?gdi 4 along the

column dimension

A= [ X(k—K)modN X(k—K+1)modN *** ' X(ktK)modN | - (6.35)

For notational simplicity, let us assume that £ and N are both even, such that according
to (6.25), the number of quadratic cross-terms in each frequency bin is N/2 4+ 1. Then,
let

T
Ck:[co,k "t CEk ChpiN-1 ccc CNgh N+k} (6.36)

denote the quadratic cross-terms at the kth frequency bin, and let

Ay = [ Xon o Xes Xeriwoi oo Xagk s } (6.37)
’ 2 7 2
T
be an P x (N/2+ 1) matrix, where xj, = [ TopTop TipTig - - Tp_iplp_ip | IS

a term-by-term multiplication of the time-trajectories of x, at frequency bins k and &/,

respectively. Then, the output signal estimate (6.33) can be written in a vector form as

Vi = Arhy + Ayey,
2 R0, (6.38)
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T
where 95 = | Gox Gk -+ Gp-ix | - Be=[Ar Ag],and 6, = [hf cf }T is the model

parameter vector. The dimension of 8y is given by

dp, = dim @), = (2K + 1) Ny + N/2+ 1. (6.39)

T
Denoting the observable data vector by yx = | yo v1x -+ yp_14 | » and using the

above notations, the LS estimate of the model parameters at the kth frequency bin is

given by

ék = argI%in Iy — Rk9k||2
k

— (RFR:) ' Rl (6.40)

where we assume that R Ry, is not singular. Note that both 6), and Vi depend on the
parameter K, but for notational simplicity K has been omitted. Substituting (6.40)
into (6.38), we obtain an estimate of the system output in the STFT domain at the kth
frequency bin. Repeating this estimation process for each frequency bin and returning to
the time-domain using the inverse STFT (6.4), we obtain the system output estimator
Us(n). The subscript s is to distinguish the subband-approach estimate from the fullband-
approach estimate g¢(n) [derived in Section 6.4.2].

Next, we evaluate the computational complexity of the proposed approach. Com-
puting the parameter vector estimate 0, requires a solution of the LS normal equations
(RIR;) 6, = Rily,, for each frequency bin. This results in Pdj + dj /3 arithmetic
operations when using the Cholesky decomposition [85], where dg, is defined in (6.39).
Computation of the desired signal estimate (6.38) requires additional 2Pdg, arithmetic
operations. Assuming P is sufficiently large, the complexity associated with the proposed

model is

O, ~ O {NP [(2K + 1) Ny + N/2 + 1}2} . (6.41)

Expectedly, we observe that the computational complexity increases as K increases. How-
ever, analogously to linear system identification [65], incorporating crossband filters into
the model may yield lower mse for stronger and longer input signals, as demonstrated in

Section 6.5.
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6.4.2 Identification in the time domain

For time-domain system identification, we utilize the second-order Volterra model, de-

scribed in (6.1). Accordingly, an estimator for the system output can be expressed as

Ni—1

giln) = Y h(m)a(n—m)

Na—1 Na—1

+ ) Y ha(m O)a(n —m)z(n — ), (6.42)

m=0 ¢=m

where for the quadratic kernel, the triangular Volterra representation is used [44,45].

Let h; = [h1 (0) hy(1) -+ hy(Ny—1) }T denote the linear kernel, and let
x1(n) = [ z(n) z(n—-1) -+ z(n—N+1) }T. The quadratic kernel can be written
in a vector notation as

By = | 52(0,0) ho(0,1) -+ ho(0, Ny — 1)
ho(1,1) hy(1,2) -+ hg(1, Ny — 1) (6.43)
T

h2(N2 — 1,N2 — ].)
where similarly we define
Xa(n) = [ 2(n) z(n)x(n—-1) -+ z(n)x(n— Ny+1)
rn—1zn-1) -+ z(n—1)x(n—Ny+1) (6.44)
T
2 (n— Ny +1) ] .
Then, the system output estimate (6.42) can be written in a vector form as
gi(n) = x"(n)@, (6.45)
where x (n) = [x](n) x}(n)] and 8 £ [h] hg]T is the model parameter vector. Note

that the dimension of @, which determines the model complexity, is

Ny (Ny+1
dg £ dim@ = Ny + % . (6.46)
T
Let y = [ y(0) y(1) - y(N,—1) } , and let X be an N, X dg matrix defined as
XT = [ x(0) x(1) -+ x(N,—1) ] Then, the LS estimate of @ is given by

0 = argmein ly — X0H2

— (X1X) " X"y (6.47)
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Substituting (6.47) into (6.45), we obtain an estimate of the system output in the time
domain ¢(n) using a second-order Volterra model.

As in the subband approach, forming the normal equations, solving them using the
Cholesky decomposition and calculating the desired signal estimate, require N,d3+d3/3+
2N,dg arithmetic operations. For sufficiently large N,, the computational complexity of
the fullband approach can be expressed as

ormo (. [ 200} o5

It is worth noting that the complexity of the fullband approach can be generally reduced
by using efficient algorithms that exploit the special structure of the corresponding matrix

in the LS normal equations [120,121].

6.4.3 Comparison and Discussion

Let r = L/N denote the relative overlap between consecutive analysis windows (this
overlap determines the redundancy of the STFT representation). Then, rewriting the
subband approach complexity (6.41) in terms of the fullband parameters (by using the
relations P ~ N,/L and N; ~ N;/L), the ratio between the fullband and subband

complexities can be written as

2N, + N2)°
Q ~T ( Lt 2> 5 - (6.49)
Oq 2N, (21:;1) LN

Expectedly, we observe that the computational gain achieved by the proposed subband
approach is mainly determined by the STFT analysis window length N, which repre-
sents the trade-off between the linear- and nonlinear-component complexities. Specifi-
cally, using a longer analysis window yields shorter crossband filters (~ N;/N), which
reduces the computational cost of the linear component, but at the same time increases
the nonlinear-component complexity by increasing the number of quadratic cross-terms
(~ N). Nonetheless, according to (6.49), the complexity of the proposed subband ap-
proach would typically be lower than that of the conventional fullband approach. For
instance, for N = 256, r = 0.5 (i.e., L = 128), N; = 1024, N, = 80 and K = 2 the

proposed approach complexity is reduced by approximately 300, when compared to the
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fullband-approach complexity. The computational efficiency obtained by the proposed
approach becomes even more significant when systems with relatively large second-order
memory length are considered. This is because these systems necessitate an extremely
large memory length N, for the quadratic kernel, when using the time-domain Volterra
model, such that N2 >> N and consequently O; >> O,.

An example of a long-memory system is an LEM system in nonlinear acoustic echo
cancellation applications [36-38]. The nonlinear behavior of this system is mainly in-
troduced by the loudspeakers and their amplifiers, especially when small loudspeakers
are driven at high volume. When parallel models are considered for modeling the LEM
system, the memory length of the nonlinear component will also be determined by the
acoustic enclosure, which typically consists of several thousands taps [89]. Consequently,
attempting to estimate the LEM system with the time-domain Volterra model involves
high computational cost, which makes it impractical in real applications. To reduce the
model complexity, the Volterra filters can be truncated in time [48], but then the system
estimate is less accurate. Other time-domain approximations for Volterra filters employed
for acoustic echo cancellation, such as the Hammerstein model (i.e., a static nonlinearity
followed by a dynamic linear block, as in [36, 38]), suggest a less general structure than
the Volterra filter. On the other hand, the proposed STFT model offers both structural
generality and computational efficiency, which facilitate a practical alternative for the

time-domain Volterra approach, especially in representing systems with long memory.

6.5 Experimental Results

In this section, we present experimental results that demonstrate the effectiveness of the
proposed subband approach in estimating and modeling quadratically nonlinear systems.
A comparison to the conventional time-domain Volterra approach is carried out in terms
of mse performance for both synthetic white Gaussian signals and real speech signals. The
evaluation includes objective quality measures, a subjective study of temporal waveforms,
and informal listening tests. For the STFT, we use half overlapping Hamming analysis
windows of N = 256 samples length (i.e., L = 0.5N). The inverse STFT is implemented

with a minimum-energy synthesis window that satisfies the completeness condition [72].
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6.5.1 Performance Evaluation for White Gaussian Input Signals

In the first experiment, we examine the performances of the Volterra and proposed models
under the assumption of white Gaussian signals. The system to be identified is formed as
a parallel combination of linear and quadratic components as follows:

Ny—1

y(n) =Y gu(m)z(n —m) + {Lx} (n) +&(n), (6.50)

m=0
where g1(n) is the true linear kernel and {Lx} (n) denotes the output of the quadratic
component. The input signal z(n) and the additive noise signal £(n) are uncorrelated
zero-mean white Gaussian processes with variances o2 and ag, respectively. We model
the linear kernel as a nonstationary stochastic process with an exponential decay envelope,
e, g1(n) = u(n)B(n)e”*", where u(n) is the unit step function, F(n) is a unit-variance
zero-mean white Gaussian noise, and « is the decay exponent. In the following, we use
Ny = 768, a = 0.009, and an observable data length of N, = 24000 samples. For
evaluating the quality of the system estimate, the normalized mse is defined as

_E{ldm — 5 )
T E{dWP)

(6.51)

where d(n) is the clean output signal [i.e., d(n) = y(n) — &(n)], v € {s,f}, and gs(n) and
gr(n) are the system output estimates obtained by the proposed subband approach and
the fullband Volterra approach, respectively (see Section 6.4).

In the first experiment, we assume that the output signal of the true-system’s quadratic
component {Lz} (n) is generated according to the quadratic model proposed in (6.25).

That is, denoting by S~ the inverse STFT operator, {Lz} (n) can be expressed as

{Lx}(n)=85"" Z Lp k' Tp, (k—k') mod NGk’ ,(k—k’) mod N (6.52)
Y

where { Gk (k—k') mod N‘ k' € F} are the true quadratic cross-terms. These terms are mod-
eled here as a unit-variance zero-mean white Gaussian process. For both models, a mem-
ory length of N; = 768 is employed for the linear kernel, where the memory length N, of
the quadratic kernel in the Volterra model is set to 30. Figure 6.5 shows the resulting mse
curves as a function of the SNR [the SNR is defined as the power ratio between the clean

output signal d(n) and the additive noise signal £(n)], as obtained for a nonlinear-to-linear
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ratio (NLR) of 0 dB [Fig. 6.5(a)] and —20 dB [Fig. 6.5(b)]. The NLR represents the
power ratio between the output signals of the quadratic and linear components of the true
system. For the proposed model, several values of K are employed in order to determine
the influence of the number of estimated crossband filters on the mse performance, and
the optimal value that achieves the minimal mse (mmse) is indicated above the mse curve.
Note that a transition in the value of K is indicated by a variation in the width of the
curve. Figure 6.5(a) implies that for relatively low SNR values, a lower mse is achieved
by the conventional Volterra model. For instance, for an SNR of —20 dB, employing the
Volterra model reduces the mse by approximately 10 dB, when compared to that achieved
by the proposed model. However, for higher SNR conditions, the proposed model is con-
siderably more advantageous. For an SNR of 20 dB, for instance, the proposed model
enables a decrease of 17 dB in the mse using K = 4 (i.e., by incorporating 9 crossband
filters into the model). Table 6.1 specifies the mse values obtained by each value of K for
various SNR conditions. We observe that for high SNR values a significant improvement
over the Volterra model can also be attained by using only the band-to-band filters (i.e.,
K = 0), which further reduces the computational cost of the proposed model. Clearly,
as the SNR increases, a larger number of crossband filters should be utilized to attain
the mmse, which is similar to what has been shown in the identification of purely linear
systems [65]. An analytical proof of this result for the nonlinear case is given in Chapter
7. Note that similar results are obtained for a larger NLR value [Fig. 6.5(b)], with the
only difference is that the two curves intersect at a higher SNR value.

Next, we compare the Volterra and proposed models for a quadratically nonlinear
system with a relatively large memory length. We assume that the quadratic component

of the true system {Lz} (n) is given by

2

-1

Lat(n) = 3 g(m)a*(n—m). (6.53)

m=0
where g1(n) is similar to that used in the previous experiment. A system represented by
(6.50) and (6.53) can be viewed as a memoryless polynomial of the form z(n) + z%(n)
followed by the linear kernel g;(n). Such a representation has been employed in acoustic
echo cancellation applications, where memoryless nonlinearities occur in the power ampli-

fier of the loudspeaker [38,53]. Note that the memory length of the quadratic component
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Figure 6.5: MSE curves as a function of the SNR for white Gaussian signals, as obtained by
the proposed STFT model (6.33) and the conventional time-domain Volterra model (6.42). The
optimal value of K is indicated above the corresponding mse curve. The true system is formed
as a combination of linear and quadratic components, where the latter is modeled according to

(6.52). (a) Nonlinear-to-linear ratio (NLR) of 0 dB (b) NLR of —20 dB.

is now equal to that of the linear component, and therefore, large values of Ny should be
used in the Volterra model in order to achieve satisfactory results. Figure 6.6 shows the
resulting mse curves as a function of the SNR, where for the Volterra model, a relatively
small memory length (Ny = 40) and a large one (Ny = 80) are used. Clearly, as the SNR
increases, the proposed model outperforms the Volterra model (even for long kernels) and
yields the mmse. For instance, for an SNR of 25 dB, an improvement of 16 dB can be

achieved by using the proposed model rather than the Volterra model with Ny = 80.

We observe that as the SNR increases, the mse performance of the Volterra model can
be generally improved by using a longer memory for the quadratic kernel [at the expense
of a considerable increase in computational complexity, as indicated by (6.48)]. This
phenomenon is related to the problem of model-order selection, a fundamental problem
in many system identification applications [24-30], where in our case the model order
is determined by the memory length of the quadratic Volterra kernel. Generally, the
optimal model order is affected by the level of noise in the data and the length of the
observable data. As the SNR increases or as more data is employable, the optimal model

complexity increases, and correspondingly longer quadratic kernels can be utilized to
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Table 6.1: MSE Obtained by the Proposed Model for Several K Values and by the Volterra
Model, Under Various SNR Conditions. The Nonlinear-to-Linear Ratio (NLR) is 0 dB.

MSE [dB]|

" SNR= —10dB SNR=20dB SNR=35dB

0 8.08 -15.12 -16.05

1 8.75 -16.91 -18.8

2 9.31 -18.17 -21.55

3 9.82 -19.67 -28.67

4 10.04 -19.97 -34.97
Volterra 0.42 -3.25 -3.58

achieve lower mse. The same reasoning is also relevant to explaining why the number
of estimated crossband filter in the proposed subband model increases for larger SNRs.
The experimental results show that a Volterra model in the time domain is not sufficient
for identification of nonlinear systems with relatively long memory. The advantage of the

proposed model is demonstrated in estimation accuracy and computational efficiency.

6.5.2 Acoustic Echo Cancellation Scenario

In the second experiment, we demonstrate the application of the proposed approach to
acoustic echo cancellation using real speech signals. We use an ordinary office with a
reverberation time Ty of about 100 ms. A far-end speech signal x(n) is fed into a loud-
speaker at high volume, thus introducing non-negligible nonlinear distortion. The signal
x(n) propagates through the enclosure and received by a microphone as an echo signal
together with a local noise £(n). The resulting noisy signal is denoted by y(n). In this ex-
periment, the signals are sampled at 16 kHz. Note that the acoustic echo canceller (AEC)
performance is evaluated in the absence of near-end speech, since a double-talk detector
(DTD) is usually employed for detecting the near-end signal and freezing the estimation

process [105,106]. A commonly-used quality measure for evaluating the performance of
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Figure 6.6: MSE curves as a function of the SNR for white Gaussian signals, as obtained by
the proposed STFT model (6.33) and the conventional time-domain Volterra model (6.42). The
true system is formed as a memoryless polynomial of the form z(n) + 2%(n) followed by a linear

block.

AECs is the echo-return loss enhancement (ERLE), defined in dB by

E{y*(n)}

ERLE, = 10log,, -\
Y 0810 E{e?}/(n)}

(6.54)

where
() = y(n) — G (n) (6.55)
is the error signal (or residual echo signal) and g, (n) is defined in (6.51).

Figures 6.7(a) and (b) show the far-end signal and the microphone signal, respectively.
Figures 6.7(c)—(e) show the error signals as obtained by using a purely linear model in
the time domain, a Volterra model with Ny = 90, and the proposed model with K = 1,
respectively. For all models, a length of N; = 768 is employed for the linear kernel. The
ERLE values of the corresponding error signals were computed by (6.54), and are given
by 14.56 dB (linear), 19.14 dB (Volterra), and 29.54 dB (proposed). Clearly, the proposed
approach achieves a significant improvement over a time domain approach. This may be
attributable to the long memory of the system’s nonlinear components which necessitate
long kernels for sufficient modeling of the acoustic path. Furthermore, a purely linear

model does not provide a sufficient echo attenuation due to nonlinear undermodeling
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Figure 6.7: Speech waveforms and residual echo signals, obtained by the time-domain Volterra
approach and the proposed subband approach. (a) Far-end signal (b) Microphone signal. (c¢)—(e)
Error signals obtained by a purely linear model in the time domain, the Volterra model with
Ny = 90, and the proposed model with K = 1, respectively. For all models, a length of N1 = 768

is assumed in the linear kernel.

[64,122-124]. Subjective listening tests confirm that the proposed approach achieves a
perceptual improvement in speech quality over the conventional Volterra approach (audio

files are available on-line [107]).

6.6 Conclusions

Motivated by the common drawbacks of conventional time- and frequency-domain meth-
ods, we have introduced a novel approach for identifying nonlinear systems in the STF'T

domain. We have derived an explicit nonlinear model, based on an efficient approximation
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of Volterra-filters representation in the time-frequency domain. The proposed model con-
sists of a parallel combination of a linear component, which is represented by crossband
filters between subbands, and a nonlinear component, modeled by multiplicative cross-
terms. We showed that the conventional discrete frequency-domain model is a special case
of the proposed model for relatively long observation frames. Furthermore, we showed
that a significant reduction in computational cost can be achieved over the time-domain
Volterra model by the proposed approach. Experimental results have demonstrated the
advantage of the proposed STFT model in estimating nonlinear systems with relatively
large memory length. The time-domain Volterra model fails to estimate such systems due
to its high complexity. The proposed model, on the other hand, achieves a significant
improvement in mse performance, particularly for high SNR conditions. Overall, the re-
sults have met the expectations originally put into STFT-based estimation techniques.
The proposed approach in the STFT domain offers both structural generality and com-
putational efficiency, and consequently facilitates a practical alternative for conventional
methods.

A detailed mean-square analysis of the proposed model is presented in Chapter 7,
showing important relations between the noise level, nonlinearity strength and the model
parameters. The problem of employing either a linear or a nonlinear model for the es-
timation process, as well as determining the optimal number of crossband filters is also
considered in Chapter 7.

Since practically many real-world systems are time-varying, the approach proposed in
this chapter can be made adaptive in order to track these variations. Future research will
concentrate on constructing a fully adaptive scheme, which exploits the attractive prop-
erties of the proposed model to achieve fast convergence and sufficient tracking capability

of a nonlinear adaptive algorithm.

6.A Derivation of (6.11)

Using (6.2) and (6.1), the STFT of da(n) can be written as

dypr = Y ha(m, Ox(n —m)z(n — £) % 4 (n) (6.56)

n,m.l
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Substituting (6.4) into (6.56), we obtain

dopr = th m, () Zzl‘p'k'%'k' n—m)

n,m,l

3 S s — 354(n)

k"=0 p"
N-1
= Z Z :Up’,k/xp”,k”Cp,p’,p”,k,k/,k” (657)
k' k'"=0p' p"
where
Cot kb = Y o (1, €ty g (0= )by por (0 = £)y (1) (6.58)
n,m,l

Substituting (6.3) and (6.5) into (6.58), we obtain

ot R = Z ha(m, )(n — m — p'L)e/FE (-ms'L)

27 K

(£ L) T D o)

= " halm, 09 ((p = P') L+ — m) SR (@) Ln=m)
n,m,f
X ((p— p") L +n — €) & FH (@) Ltn=0) ] () =3 Fbn
= Aha(n,m) « Gepep (. m)}‘n:(p—p’)L, m=(p—p")L Cp oo Jo b J6.59)
where * denotes a 2D convolution with respect to the time indices n and m, and

Orose g (1, m0) Z@b )e I KLY (n + 0)ed FH Oy - 0) e TR0 (6.60)

JFrom (6.59), ¢ 7 ki g depends on (p — p’) and (p — p”) rather than on p, p’ and p”
separately. Substituting (6.59) into (6.57), we obtain (6.11).

6.B Nonlinear acoustic echo cancellation based on an

MTF approximation*

In this appendix, a new nonlinear model for improved acoustic echo cancellation in the
short-time Fourier transform domain is introduced. The model consists of a parallel com-

bination of linear and quadratic components. The linear component is represented by

4This appendix is based on [119].
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multiplicative terms, while the quadratic component is modeled by multiplicative cross-
terms. We show that for low signal-to-noise ratio (SNR) conditions, a lower mean-square
error is achieved by allowing for nonlinear undermodeling and employing only the lin-
ear multiplicative transfer function (MTF) model. However, as the SNR increases, the
performance can be generally improved by the proposed nonlinear model. A significant
reduction in computational cost as well as an improvement in estimation accuracy is
achieved over the time-domain Volterra approach. Experimental results demonstrate the

advantage of the proposed model for nonlinear acoustic echo cancellation.

6.B.1 Introduction

Loudspeaker-enclosure-microphone (LEM) system modeling in the short-time Fourier
transform (STFT) domain is of major importance in many acoustic echo cancellation
applications, especially when long echo paths are considered [21]. The multiplicative
transfer function (MTF) approximation [98], which relies on the assumption of a large
analysis window length, is widely-used in such applications due to computational effi-
ciency (e.g., [22,99]). However, in many cases, particularly when small loudspeakers are
driven at high volumes, the LEM system often exhibits certain nonlinearities that cannot
be sufficiently estimated by the linear MTF model. Volterra filters used for modeling the
nonlinear LEM system [37,48] often suffer from extremely high computational cost due to
a large number of parameters. This problem becomes even more crucial when estimating
systems with relatively large memory length, which is often the case in acoustic echo
cancellation applications.

In this appendix, we extend the MTF approximation and introduce a new nonlin-
ear model for improved acoustic echo cancellation in the STFT domain. The proposed
model consists of a parallel combination of linear and quadratic components. The linear
component is represented by the MTF approximation, while the quadratic component is
modeled by multiplicative cross-terms. The quadratic-component model has been intro-
duced in Section 6.3, and is based on a time-frequency representation of a homogeneous
second-order Volterra filter. We consider an off-line echo cancellation scheme based on a
least-squares (LS) criterion, and analyze the obtainable mean-square error (mse) in each

frequency bin. We mainly concentrate on the error arises due to nonlinear undermodeling;
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that is, when the linear MTF model is utilized for estimating the nonlinear LEM system.
We show that for low signal-to-noise ratio (SNR) conditions, a lower mse is achieved
by using the MTF model and allowing for nonlinear undermodeling. However, as the
SNR increases, the acoustic echo canceller (AEC) performance can be generally improved
by employing the proposed nonlinear model. When compared to the conventional time-
domain Volterra approach, a significant reduction in computational complexity is achieved
by the proposed approach, especially when long-memory systems are considered. Experi-
mental results demonstrate the advantage of the proposed approach for nonlinear acoustic
echo cancellation.

The appendix is organized as follows. In Section 6.B.2, we introduce a new nonlinear
STFT model that is based on the MTF approximation. In Section 6.B.3, we present an
off-line echo cancellation scheme for estimating the model parameters. In Section 6.B.4,
we derive expressions for the obtainable mse, and investigate the influence of nonlinear un-
dermodeling on the AEC performance. Finally, in Section 6.B.5, we present experimental

results which support the theoretical derivations.

6.B.2 Modeling the LEM system

A typical acoustic echo cancellation scheme in the STFT domain is illustrated in Fig.
3.11. The far-end signal x(n) is emitted by a loudspeaker, then propagates through the
enclosure and received in the microphone as an echo signal d(n). Together with a near-end
speech signal and local noise [collectively denoted by £(n)], the microphone signal can be
written as y(n) = d(n)+£(n). Applying the STEFT to y(n), we have in the time-frequency

domain

Yk = dpe + Eppi (6.61)

where p is the frame index and k represents the frequency-bin index (0 <k < N —1). To
produce an echo estimate CZM in the time-frequency domain, a proper STFT model for the
LEM system is needed. The widely-used MTF approximation [98] assumes a relatively
large analysis-window length to approximate the system as multiplicative in the STFT
domain, i.e.,

A

dp,k = hk Lpk - (662)
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The effectiveness of the MTF approximation in estimating linear systems has been demon-
strated in [99]. However, in many acoustic echo cancellation applications, particularly
when small loudspeakers are driven at high volumes, the LEM system often exhibits cer-
tain nonlinearities that cannot be sufficiently estimated by the conventional MTF model.

For improved nonlinear echo cancellation, we may extend the MTF approximation by
incorporating a nonlinear component into the model. To do so, we employ the nonlinear
model defined in Section 6.3, which is based on the time-frequency representation of
homogeneous Volterra filters. Since the nonlinearity of loudspeakers can be assumed to be
limited up to the second order [48], we consider here only the quadratic case. Accordingly,
the output of the proposed nonlinear AEC is given as a parallel combination of linear and

quadratic components in the time-frequency domain as follows:

~

dp e =hy Tp i

+ Z Zp k' Tp,(k—k') mod NCk’,(k—k’) mod N (6.63)
KeF

where v € {0, 1}, Ci (k—k)mod N 18 referred to as a quadratic cross-term, and F =
{0,1,... [k/2] ,k+1,....,k+ 1+ [(N—k—2)/2]}. The conventional MTF approxi-
mation is used in (6.63) for representing the linear component of the system. The cross-
terms {Ck/7(k_k/)m0d N! k' € F}, on the other hand, are used for modeling the quadratic
component of the system using a sum over all possible interactions between pairs of input
frequencies x, ) and x,x, such that only frequency indices {¥’, K"}, whose sum is k or
k + N, contribute to the output at frequency bin k. Note that + controls the nonlinear
undermodeling as it determines whether a linear or a nonlinear model is considered. By
setting v = 0, the nonlinearity is ignored and the linear MTF model is fitted to the data,
which may degrade the system estimate accuracy. The influence of the parameter v on

the mean-square performance is investigated in Section 6.B.4.

6.B.3 Off-line cancellation scheme

In this section, we introduce an LS-based off-line algorithm for echo cancellation using

the proposed nonlinear STFT model. We denote by P the number of samples in a time-
T

trajectory of xp . Let Xp = | zop x1x -+ xp_1y | denote a time-trajectory of @y

at frequency bin k, and let the vectors dg, & and y, be defined similarly. For notational
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simplicity, let us assume that k£ and N are both even, such that according to (6.63), the

number of quadratic cross-terms in each frequency bin is N/2 + 1. Then, let

cp = | Cok **° Ckk CkylN—1 *°° CNtk Ntk ]T (6.64)
272 2 7 2
denote the quadratic cross-terms at the kth frequency bin, and let A, =

[Xﬂ,k X%7§ Xpt1,N=1 *°° XN;—I@7¥ ] be aHPX(N/2+1) Hlatrix, where Xk =

X ® X, and @ denotes a term-by-term multiplication. Then, the AEC output signal

(6.63) can be written in a vector form as
Elvk (Ok) = thk + ")/Aka £ Rvké’k (665)

where R, = [x; YAy, and 6, = [hk cﬂT is the model parameters vector. The subscript
v in (Aiyk (6y) indicates the dependence of the echo estimate on the model structure, which
can be either linear or nonlinear. Finally, using the above notations, the LS estimate of

the model parameters at the kth frequency bin is given by
0. = arg min [y, — R.0:]”* = RI,yx (6.66)

where R,Tyk = (R R,;) 'R is the Moore-Penrose pseudo inverse matrix of R.. Sub-
stituting (6.66) into (6.65), we obtain the best estimate of the echo signal in the STFT

domain d.(@,;) in the LS sense, for a given + value.

6.B.4 MSE analysis

In this section, we derive expressions for the mse obtainable in the kth frequency bin,
and investigate the influence of nonlinear undermodeling (controlled by «) on the AEC
performance. For a tractable analysis, we assume that z,; and &, are zero-mean white
Gaussian signals with variances 2 and 02, respectively, and that they are statistically

independent.

Relations between MSE and SNR

The (normalized) mse is defined by

€k = mE {Hdk - avk(éwk)‘r} (6.67)
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where E{-} denotes expectation. Recall that ey, denotes the mse obtained by using only
the linear MTF model, and €;; is the mse achieved by incorporating also a quadratic
component into the model [see (6.63)]. Substituting (6.65) and (6.66) into (6.67), the mse

can be expressed as
€1 — €

E {||dx*}
where € = E{EvakRLkEk} and ey = E{dkHRkaLkdk}. Using the whiteness assumption

for &, and the property that af’b = tr(abH )* for any two vectors a and b, ¢ can be

expressed as

S (E (6.6 E{RkaLk}> '
= 025 {tr (RER (RER,) )}
=o¢ [L+7(N/2+1)]. (6.69)

For evaluating e, let us assume that z,; is ergodic and that the data length P is suffi-

ciently large. From (6.65), the inverse of R%Rvk can be expressed as

-1

H H
Xy X vX, Ag

(6.70)
YA YA Ay

(R%Rvk)_l =

where from the ergodicity, the ¢th term of Affx; may be approximated as (AkH xk) , R
PE{x}, 0, % (h—t,) moa NTmk} Where € = £ if £ < k/2, and {, = { + k/2 otherwise.
Since odd-order moments of a zero-mean complex Gaussian process are zero [10], we get

(Af'x1), ~ 0, and (6.70) reduces to

(xf ) - 01xn/2+1

(Rh;fR k)il ~ _
R Onjorixt 7Y (AkHAk)

(6.71)

1

where Oy is a zero vector of size N x 1. Substituting (6.71) into the expression for ey,
we obtain

€2 = €12 + Y€z (6.72)
where €, = E{dx;x}d;} and ey = E{dfA;Ald:}. Finally, denoting the SNR by
n = o3/0¢, where o] = E{|d, |}, and substituting (6.69) and (6.72) into (6.68), we
obtain

(6
e = T”’f + B (6.73)
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where ap = 1/P +~[N/2 + 1]/P and B, = 1 — €12/(P0o3) — vean/(Po3). We observe
from (6.73) that the mse €., for fixed values of v and k, is a monotonically decreasing

function of 7. Note that €55 can be rewritten as

2
- E{HAkA,tdkH } >0, (6.74)

Then, following the nonnegativity of €y, it can be verified that oy, > agr and F1p <
Bok, which implies that e, > e for low SNR (n << 1), and €1, < €y for high SNR
(n >> 1). Accordingly, for low SNR conditions, a lower mse is achieved by allowing
for nonlinear undermodeling and employing the conventional linear MTF model in the
estimation process. On the other hand, as the SNR increases, the mse performance can be
generally improved by incorporating also the nonlinear component into the AEC (v = 1).

These points will be further demonstrated in Section 6.B.5.

Computational complexity

H

1Yk in (6.66), solving them using the

Forming the normal equations (R%R,yk)évk =R
Cholesky decomposition and calculating the desired signal estimate (6.65) for each fre-
quency bin, require NP[1 + v(N/2 + 1)]* arithmetic operations, where P is assumed
sufficiently large, and the computations required for the forward and inverse STFTs and
neglected. The computational cost of the proposed approach is therefore (N/2 + 1)2
times larger than that of the conventional MTF approach (7 = 0). It should be noted
here that a time-domain off-line estimation process with a second-order Volterra filter
requires PL [Ny + Ny (Ny 4 1) /2] arithmetic operations [see (6.48)], where N; and N,
are the memory length of the linear and quadratic Volterra kernels, respectively, and L
is the translation factor of the STFT. For typical values of N = 256, L = 128 (i.e., 50%
overlap between consecutive windows), N; = 1024 and N, = 60, the complexity of the

proposed approach is reduced by approximately 250, when compared to the complexity

of the time-domain Volterra approach.
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6.B.5 Experimental results

In this section, we present experimental results that demonstrate the effectiveness of the
proposed approach. In the first experiment, we examine the proposed AEC performance
for white Gaussian signals, and demonstrate the influence of nonlinear undermodeling
by fitting both linear and nonlinear models to the data. The input signal z(n) and the
additive noise signal £(n) are uncorrelated zero-mean white Gaussian processes. The LEM
system is assumed to be represented by a second-order Volterra filter, which relates the

input z(n) and output y(n) as follows:

y(n) = i hi(m)x(n —m) (6.75)
+ i i ho(m, )x(n —m)x(n — L) + &(n)

where hy(m) and he(m, ) are the linear and quadratic Volterra kernels, respectively, and
N; and N, are their corresponding memory lengths. The quadratic kernel is modeled as
a unit variance zero-mean white Gaussian process, whereas the linear kernel is modeled
as a stochastic process with an exponential decay envelope, i.e., h(n) = u(n)3(n)e %009
[where u(n) is the unit step function and (n) is a unit-variance zero-mean white Gaussian
process|]. The memory lengths are set to N; = 50 and Ny = 40. To maintain the large
analysis-window support assumption, a Hamming analysis window of length N = 8V,

with 50% overlap is employed. The AEC performance is evaluated by the time-domain
mse, defined by

1 2
e, = WE{)CM) —d, (n) } (6.76)

where d(n) is the clean output signal [i.e., d(n) = y(n) — £(n)], and d,(n) is the inverse
STFT of the AEC output signal CZM [see (6.63)], as obtained for a given v value. Fig-
ure 6.8 shows the resulting mse curves ¢; and €; as a function of the SNR, as obtained for
nonlinear-to-linear ratios (NLRs) of 10 dB and —10 dB. The NLR represents the power ra-
tio between the output signals of the quadratic and linear components of the true system.
The results confirm that for relatively low SNR values, a lower mse is achieved by using
the linear MTF model (7 = 0) and allowing for nonlinear undermodeling. For instance,

Fig. 6.8(a) shows that for a —20 dB SNR, employing only a linear model reduces the
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Figure 6.8: MSE curves as a function of the SNR for white Gaussian signals, as obtained by
the MTF approach (ep) and the proposed approach (e;1). (a) Nonlinear-to-linear ratio (NLR) of
10 dB (b) NLR of —10 dB.

mse by approximately 18 dB, compared to that achieved by the nonlinear model (v = 1).
However, for high SNR values, the proposed model is considerably more advantageous,
as it enables a substantial decrease of 20 dB in the mse for an SNR of 20 dB. A compar-
ison of Figs. 6.8(a) and (b) indicates that as the NLR decreases, the two curves intersect
at a higher NLR value. This implies that when the nonlinearity of the LEM system be-
comes weaker (i.e., the NLR decreases), higher SNR, values should be considered to justify
the estimation of the nonlinear component. Moreover, one can observe that the relative
improvement achieved by the proposed model at high SNR values becomes larger when
increasing the NLR. Specifically for an SNR of 30 dB, the proposed model improves the
mse of the linear MTF model by 13 dB for a —10 dB NLR [Fig. 6.8(b)]; whereas a larger
improvement of 21 dB is achieved for a 10 dB NLR [Fig. 6.8(a)].

In the second experiment, we demonstrate the proposed approach in a real acoustic
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echo cancellation scenario using speech signals. We use an ordinary office with a rever-
beration time Tjy of about 100 ms. The far-end speech signal is fed into a loudspeaker
at high volume (thus introducing non-negligible nonlinear distortion), and received in a
microphone, which is located 10 cm away from the loudspeaker. The effective length of
the echo path is 100 ms, and the signals are sampled at 16 kHz. In this experiment, we
compare the performance of the subband models (both linear and nonlinear) to that of
the fullband (second-order) Volterra model, where the parameters of the latter are also es-
timated off-line. The performance is evaluated in the absence of near-end speech, since in
such case a double-talk detector (DTD) is often employed to freeze the estimation process.
We use an analysis window length of N = 1024 for the linear MTF model in order to val-
idate the large window support assumption. For the proposed model, on the other hand,
a smaller length of NV = 256 is employed in order to maintain a reasonable computational
complexity (see Section 6.B.4). In addition, for the Volterra model, the memory lengths
of the linear and quadratic kernels are set to 768 and 60, respectively. Figures 6.9(a)—(b)
show the far-end signal and the microphone signal, respectively. Figures 6.9(c)—(e) show
the residual echo signal e(n) [= y(n) —d(n)] obtained by the time-domain Volterra model,
the MTF model and the proposed model, respectively. The values of the resulting echo-
return loss enhancement (ERLE), defined as E{y?*(n)}/E{e*(n)}, were also computed,
and are given by 18.1 dB (Volterra), 12.6 dB (MTF), and 20.5 dB (proposed). Clearly,
the linear MTF model does not provide a sufficient echo attenuation, mainly due to the
significant nonlinearity of the echo path. The proposed model, on the other hand, achieves
an improvement of 2.4 dB in the ERLE with a lower computational complexity, compared

to using the time-domain Volterra model.

6.B.6 Conclusions

Based on the MTF approximation, we have introduced a new nonlinear model for im-
proved acoustic echo cancellation in the STFT domain. The proposed model achieves a
significant improvement in mse performance over the linear MTF model. Compared to
the Volterra approach, the proposed approach provides better estimation accuracy, with a
substantially lower computational cost. Future research will concentrate on constructing

an adaptive AEC by exploiting the attractive properties of the proposed model.
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Figure 6.9: Temporal waveforms. (a) Far-end signal (b) Microphone signal. (c)—(e) Error signals

obtained by a time-domain Volterra model, linear MTF model, and the proposed nonlinear

model, respectively.



Chapter 7

Nonlinear Systems in the STFT

Domain — Estimation Error Analysis!

Identification of nonlinear systems is of major importance in many real-world applica-
tions. In Chapter 6, we introduced a nonlinear model in the short-time Fourier transform
(STFT) domain for system identification. The model consists of a parallel combination of
a linear component, represented by crossband filters between subbands, and a nonlinear
component, which is modeled by multiplicative cross-terms. The advantage of the pro-
posed model over the Volterra approach is demonstrated in Chapter 6. In this chapter,
we analyze the performance of the proposed model in estimating quadratically nonlinear
systems in the STFT domain. We derive analytical relations between the noise level, non-
linearity strength, and the obtainable mean-square error (mse) in subbands. We mainly
concentrate on two types of undermodeling errors. The first is caused by employing a
purely linear model in the estimation process (i.e., nonlinear undermodeling), and the
second is a consequence of restricting the number of estimated crossband filters in the
linear component. We show that for low signal-to-noise ratio (SNR) conditions, a lower
mse is achieved by allowing for nonlinear undermodeling and utilizing a purely linear
model. However, as the SNR increases, the performance can be generally improved by
incorporating a nonlinear component into the model. The stronger the nonlinearity of
the system, the larger the improvement achieved by using the complete nonlinear model.

We further show that as the SNR increases, a larger number of crossband filters should

!This chapter is based on [122].
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be estimated to attain a lower mse, whether a linear or nonlinear model is employed.

Experimental results support the theoretical derivations.

7.1 Introduction

Nonlinear system identification has recently attracted great interest in many applications,
including acoustic echo cancellation [36-38], channel equalization [39,40], biological sys-
tem modeling [41] and image processing [42]. Volterra filters [44-46] have been applied
for representing a wide range of real-world systems due to their structural generality and
versatile modeling capabilities (e.g., [48,49]). Traditionally, Volterra-based approaches
have been carried out in the time or frequency domains. Time-domain approaches em-
ploy conventional linear estimation methods in batch or adaptive forms in order to esti-
mate the Volterra kernels. These approaches, however, often suffer from extremely high
computational cost due to the large number of parameters of the Volterra model, es-
pecially for long-memory systems [45,50]. The high complexity of the model together
with its severe ill-conditioning, lead to a slow convergence of the adaptive Volterra fil-
ter [37,48]. To ease the computational burden, frequency-domain methods have been
introduced [59-61]. A discrete frequency-domain model, which approximates the Volterra
filter using multiplicative terms, is defined in [60,61]. A major limitation of this model is
its underlying assumption that the observation data length is relatively large. When the
data is of limited size (or when the nonlinear system is not time-invariant), this long du-
ration assumption is very restrictive. Other frequency-domain approaches use cumulants
and polyspectra information to estimate the Volterra transfer functions [59]. Although
computationally efficient, these approaches often assume a Gaussian input signal, which
limits their applicability.

The aforementioned drawbacks of the conventional time- and frequency-domain meth-
ods motivate the use of subband (multirate) techniques [11] for improved nonlinear system
identification. Such techniques have been successfully applied for identifying linear sys-
tems with relatively long impulse responses [13,16-18,65,98,99]. Computational efficiency
as well as improved convergence rate can then be achieved due to processing in distinct

subbands. In Chapter 6 we have proposed nonlinear system identification in the short-time
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Fourier transform (STFT) domain, based on a time-frequency representation of Volterra
filters. We introduced approximate nonlinear STFT models, which consist of a parallel
combination of linear and nonlinear components. The linear component is represented by
crossband filters between the subbands [16,65], while the nonlinear component is modeled
by multiplicative cross-terms. We showed that a significant reduction in computational
cost as well as a substantial improvement in estimation accuracy can be achieved over

time-domain Volterra filters, particularly for long-memory nonlinear systems.

In this chapter, we analyze the performance of the proposed model in estimating
quadratically nonlinear systems in the STFT domain. We consider an off-line scheme
based on a least-squares (LS) criterion, and derive explicit expressions for the obtainable
mean-square error (mse) in each frequency bin. We mainly concentrate on the error that
arises due to undermodeling; that is, when the proposed model does not admit an exact
description of the true system. Two types of undermodeling errors are considered. The
first is attributable to employing a purely linear model for nonlinear system estimation,
which is generally referred to as nonlinear undermodeling. This undermodeling has been
examined recently in time and frequency domains [64,123,124]. The quantification of this
error is of major importance since in many cases a purely linear model is fitted to the data,
even though the system is nonlinear (e.g., employing a linear adaptive filter in acoustic
echo cancellation applications [89]). The second undermodeling considered in this chapter
is a consequence of restricting the number of crossband filters in the linear component of
the model, such that not all the filters are estimated in each frequency bin. The influence
of this undermodeling has been recently investigated for linear system identification in
the STFT domain [65]. It was shown that the inclusion of more crossband filters in the
identification process is preferable only when high signal-to-noise ratio (SNR) or long data

are considered.

The analysis in this chapter reveals important relations between the undermodeling
errors, the noise level and the nonlinear-to-linear ratio (NLR), which represents the power
ratio of nonlinear to linear components of the system. Specifically, we show that the
inclusion of a nonlinear component in the model is not always preferable. The choice
of the model structure (either linear or nonlinear) depends on the noise level and the

observable data length. The data length is restricted to enable tracking capability during
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time variations in the system. We show that for low SNR conditions and rapidly time-
varying systems (which restricts the length of the data), a lower mse can be achieved
by allowing for nonlinear undermodeling and employing a purely linear model in the
estimation process. On the other hand, as the SNR increases or as the time variations
in the system become slower (which enables to use longer data), the performance can
be generally improved by incorporating a nonlinear component into the model. This
improvement in performance becomes larger when increasing the NLR. Moreover, we
show that as the nonlinearity becomes weaker (i.e., the NLR decreases), higher SNR
should be considered to justify the inclusion of the nonlinear component in the model.
Concerning undermodeling in the linear component, we show that similarly to linear
system identification [65], the number of crossband filters that should be estimated to
attain the minimal mse (mmse) increases as the SNR increases, whether a linear or a
nonlinear model is employed. For every noise level there exists an optimal number of
useful crossband filters, so increasing the number of estimated crossband filters does not
necessarily imply a lower mse. Experimental results demonstrate the theoretical results

derived in this chapter.

The chapter is organized as follows. In Section 7.2, we consider the identification of
quadratically nonlinear systems in the STFT domain and formulate an LS optimization
criterion for estimating the parameters of the nonlinear STFT model. In Section 7.3, we
derive explicit expressions for the mse in subbands using either a linear or a nonlinear
model. In Section 7.4, we analyze the error expressions and investigate the influence
of nonlinear undermodeling and the number of estimated crossband filters on the mse
performance. Finally, in Section 7.5, we present some experimental results to support the

theoretical derivations.

7.2 Nonlinear system identification in the STFT do-
main

In this section, we consider an off-line scheme for the identification of quadratically non-

linear systems in the STF'T domain using an LS optimization criterion for each frequency
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bin. We assume that the system to be identified can be represented by a nonlinear STFT
model proposed in Chapter 6. Throughout this chapter, scalar variables are written with
lowercase letters and vectors are indicated with lowercase boldface letters. Capital bold-
face letters are used for matrices and norms are always ¢ norms.

Consider the STFT-based system identification scheme as illustrated in Fig. 6.1.
The input signal z(n) passes through an unknown quadratic time-invariant system ¢(-),
yielding the clean output signal d(n). Together with a corrupting noise signal £(n), the

system output signal is given by

y(n) = {¢x} (n) +&(n) = d(n) +£(n). (7.1)

The STFT of y(n) is given by [71]

=dpk + gp,k ’ (72)

where 1, 4 (n) = 1h(n — pL) &l ¥+=PL) denotes a translated and modulated window func-
tion, 1/?(71) is a real-valued analysis window of length N, p is the frame index, k represents
the frequency-bin index (0 < k < N—1), L is the translation factor and * denotes complex
conjugation. According to the model proposed in Chapter 6, the true system is formed as

a parallel combination of linear and quadratic components in the time-frequency domain

as follows:
N-1M-1
E E Qj'p p/ k/h‘ / k k!
=0 p'=0
+ E Tp k' Tp, (k—k') mod NCK,(k—k') mod N 5 (7.3)
k' €F

where hyp i denotes the true crossband filter of length A from frequency bin
k" to frequency bin K, ¢y (i—rymoan 1S the true quadratic cross-term, and F =
{0,1,...|k/2] ,k+1,....,k+1+ |(N—k—2)/2]|}. The crossband filters are required
to perfectly represent the linear component of the system in the STFT domain, and
are used for canceling the aliasing effects caused by the subsampling factor L [16, 65].
The cross-terms {Ck/7(k_k/)m0d N| k' € F}, on the other hand, are used for modeling the

quadratic component of the system using a sum over all possible interactions between
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pairs of input frequencies z, s and x, s, where k" = (k — k') mod N. That is, only fre-
quency indices {k’, K"}, whose sum is k or k + N, contribute to the output at frequency
bin k. The range of the summation index &" in the quadratic component is bounded to
k' € F C [0, N — 1] since the quadratic cross-terms have unique values only in this range.
In Chapter 6, we showed that the nonlinear model in (7.3) is more advantageous than
the time-domain Volterra model in representing nonlinear systems with relatively long
memory (such as in nonlinear acoustic echo cancellation applications). In particular, for
relatively high SNR conditions, a substantial improvement of approximately 15 — 20 dB
in the mse is achieved by the proposed model relative to that obtained by the Volterra
model.

Let h; be the N crossband filters of the true system at frequency bin k
T

where hy, jy = [ horr hikw - Ra—1pw ]T is the crossband filter from frequency bin
k' to frequency bin k. Let Xy denote an P x M Toeplitz matrix whose (m, ¢)th term is
given by

(Xt e = Tm—tk (7.5)

where P is the observable data length in the STFT domain (i.e., the length of a time-
trajectory of y, ; at frequency bin k), and let A be a concatenation of {Xk}ZkV;O1 along the

column dimension

A:[Xo X, e o XN_l}- (7.6)

For notational simplicity, let us assume that £ and N are both even, such that according

to (7.3), the number of quadratic cross-terms in each frequency bin is N/2 4 1. Let

T
Ck:[co,k "t Chk CpylN-1 ccc CNtk +k} (7.7)

denote the quadratic cross-terms at the kth frequency bin, and let

Ay = [Xo,k v Xk ko Xpp1,N-1 ccc XNik Ntk } (7.8)
T
be an P x (N/2 + 1) matmx, where Xk k! = [ TokTok T1rT1ik *°° TP_1kTP_1k 1S

a term-by-term multiplication of the time-trajectories of x, at frequency bins k and &/,
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respectively. Then, (7.2)-(7.3) can be written in a vector form as

yi =di + & (7.9a)
T
where yr = | yo y1x -+ yp_14 | 18 the observable data vector, and dy and & are

defined similarly.

Given an input signal z(n) and noisy observation y(n), the goal in system identification
in the STFT domain is to construct a model for describing the input-output relationship,
and to select its parameters so that the model output ¢, best estimates (or predicts) the
measured output signal in the STFT domain. To do so, we employ the model in (7.3)
for the estimation process, but with the use of only 2K + 1 crossband filters. The value
of K controls the undermodeling in the linear component of the model by restricting the
number of crossband filters. Denoting by l_zp’k,k/ and Cp (k—k)moa N the crossband filters

and quadratic cross-terms of the model, the resulting estimate 9, 5 can be written as

k+K  M-1
?)p,k = E E Tp—p' k' mod th’,k,k’ mod N
k'=k—K p/=0
+y Z Zp, k' Tp,(k—k') mod NCk/ ,(k—k') mod N (7.10)
k'eF

where the parameter v € {0,1} controls the nonlinear undermodeling by determining
whether the nonlinear component is included in the model. By setting v = 0, the nonlin-
earity is ignored and a purely linear model is fitted to the data, which may degrade the
system estimate accuracy. The error caused by nonlinear undermodeling has been studied
recently [64,123,124], assuming a certain model for nonlinearity (in the time or frequency
domains). In this chapter, this error is evaluated in the STFT domain by controlling the
value of 7. The influence of the parameters K and v on the mean-square performance is
investigated in Section 7.4.

Let hy, be the 2K + 1 filters of the model at frequency bin &k

h T
h, = [ hg}(ka)modN hgy(k*KJrl)modN hg,(k+K)modN :| , (7.11)

where hy,/ is the crossband filter from frequency bin & to frequency bin k, and let Ay

. k+K)mod N : .
be a concatenation of {Xj ](c,i(k)_n;(o) mod ' along the column dimension, i.e.,

Ak = |: X(k—K)modN X(k—K+1)m0dN ce X(k+K)HlOdN ] . (7]_2)
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Denoting the vector of the model’s cross-terms by €, similarly to (7.7), the output signal

estimate (7.10) can be written in a vector form as

Yk (0r) = Aghy + AT,
= R0y, (7.13)

where Ay was defined in (7.8), 6 = [I_lf EﬂT is the model parameters vector, ¥, (6x) =
Yok Uik - Up_1k }T is the resulting estimate associated with the parameter vector

01, and R is defined by
R, =[Ar YAy . (7.14)

The subscript v in ¥4 (0)) indicates the dependence of the output signal estimate on
the model structure, which can be either linear or nonlinear. Finally, using the above

notations, the LS estimate of the model parameters at the kth frequency bin is given by
é’yk = arg H;Hl Hyk - R'ykokH2
k
—1
= (RER) Rlys, (7.15)

where we assume that R%ka is not singular. Note that both évk and y. (0x) depend
also on the parameter K, but for notational simplicity K has been omitted. Substituting
the optimal estimate (7.15) into (7.13), we obtain the best estimate of the system output
signal in the STFT domain §. (éyk> in the LS sense, for given v and k& values. Our
objective is to analyze the mse attainable in each frequency bin, and investigate the

influence of the parameters K and v on the mse performance.

7.3 MSE analysis

In this section, we derive explicit expressions for the mse obtainable in the kth frequency
bin using either a linear (7 = 0) or a nonlinear (y = 1) model. To make the follow-
ing analysis mathematically tractable we assume that z,; and £, are zero-mean white
Gaussian signals with variances o2 and O'g, respectively. We also assume that ), is statis-
tically independent of £, ;. The Gaussian assumption of the corresponding STFT signals is
often justified by a version of the central limit theorem for correlated signals [82, Theorem

4.4.2], and it underlies the design of many speech-enhancement systems [31,32].
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The (normalized) mse is defined by?
1 RN
E'yk<K) = EE { Hdk — Yk <07k> } y (716)

where E; = E {HdkH2} Recall that €y (K) denotes the mse obtained by using only a

linear model, and €5 (K) is the mse achieved by incorporating also a quadratic component
into the model [see (7.10)]. Substituting (7.13) and (7.15) into (7.16), the mse can be

expressed as

1 ~1 2
en(K) = EdE{HR,y,C (R R, Rfkng}

1 .
t gk {H T — Ry (RER,) T RY | d

2} | (7.17)

where Ip is the identity matrix of size P x P. Equation (7.17) can be rewritten as

€1 — €2

ew(K) =14+ —p—, (7.18)
where
6 =F {Ewak (Rﬁngk)_l Rﬁgfk} (7.19)
and
&= E {df R, (RAR.,) ™ Rfkdk} . (7.20)

To proceed with the mean-square analysis, we derive simplified expressions for €; and e,.
Recall that for any two vectors a and b we have a’b = tr(ab”)*, where the operator

tr(-) denotes the trace of a matrix. Then €; can be expressed as
-1 *
e = tr (E{&&l} E{Ryx (RER,) T REY) (7.21)

The whiteness assumption for &, yields E {Skﬁf } = ang. Then, using the property
that tr(AB) = tr(BA) for any two matrices A and B, we have

e = 0B {tr (R%Rvk (R%RW)A)*}
= J?E {t?‘ (I(2K+1)M+~/(N/2+1))*}

= o} {(2K+1)M—|—fy(g+1)} : (7.22)

2To avoid the well-known overfitting problem [24], the mse defined in (7.16) measures the fit of the
optimal estimate . (éwk) to the clean output signal dy, rather than to the measured (noisy) signal
yk. Consequently, the growing model variability caused by increasing the number of model parameters

is compensated, and a more reliable measure for the model estimation quality is achieved.
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To evaluate €3, let us assume that z,; is ergodic and that the observable data length P

is sufficiently large. From (7.14), the inverse of R R,y in (7.20) can be expressed as

—1
| ara, qara
(RAR,) = | “F7F 7oA (7.23)
TAL AR YA Ay

where the ergodicity of x,, implies that the (m, £)th term of A A may be approximated
by

H _
(Ak Ak>m,€ - Z x:;fm mod M,(k7K+ L%J ) mod N:L‘"»ekxn:(kfék) mod N
n

~PE {xzfmmodM,(kaJrL%J)mode"vka”v(k*fk)mOdN} ’ (7.24)

where ¢, = ¢ if ¢ < k/2, and ¢, = ¢ + k/2 otherwise. Since odd-order moments of a

zero-mean complex Gaussian process are zero [10], we get (AkH Ak) , ~ 0, and (7.23)

m7
reduces to

. APA)T 0
(R’I\/{]CR,YIC) 1% ( k k‘) (2K+1)M><N/2+1 ’ (725)

-1
ON/2+1><(2K+1)M Y (AkHAk)
where Oy is a zero matrix of size N x M. Substituting (7.25) and (7.14) into (7.20),

we obtain
€2 = €12 + V€2 (7.26)
where
- {dek (Afa,)™ Afdk} (7.27)
€2s = E {dek (AFAL)™ Afdk} . (7.28)

We proceed with evaluating €15 and e55. Using the ergodicity and whiteness properties of

Tpk, the (m, £)th term of A Ay can be approximated by (see Appendix 7.A.1)

ATAL)  ~ P25, ., (7.29)
¢

m,

where 0, denotes the Kronecker delta function. Substituting (7.29), and the definition of
dj, from (7.9b) into (7.27), we obtain

1

€ =
12 Pg?

[ththk + 2Re {thQng} + CkHQng] 5 (730)
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where ; £ E{AHAkAkHA}, Q, £ E{AHAkAkHAk}, Qs 2 E{AkHAkA,IjAk}, and
the operator Re{-} takes the real part of its argument. An explicit expression for ; was
derived in [65] using the Gaussian fourth-order moment-factoring theorem [10], and its

(m, €)th term is given by [65, eq. (41)]
(1), = 0aPOm—e [M (2K + 1) + Pbper,] (7.31)

where Lo = {[(k— K +ny)modN|M +ny | ny € {0,...,2K} ,ny €{0,..., M — 1}}.

In addition, the (m,¢)th term of €5 can be written as

(Q2),,, = ZE{xifmmodM,L%Jx;fnmodM,(kaJrl_%J)modN

n7,rl7q

X Ly nmod M,(k—K+ L%J ) mod NTa.t,Lq,(k—£y) modN}

= 0, (7.32)

where ¢y is defined in (7.24), and the last equation is due to the definition of odd-order
moments of Gaussian process. Furthermore, using the Gaussian sixth-order moment-

factoring theorem [10], the (m, £)th term of €23 can be expressed as (see Appendix 7.A.2)

, (7.33)

4
(), = 0o POy [M (2K + 1) (1 + 5mk€{g,@}> + Zémkeﬁi
=1

where my, is defined similarly to ¢ in (7.24), and £, = BN A, Lo = BN Ay,
L3 =CNA, and Ly = CN Ay, with A, = {[(k — K +n;)mod N] M| n; € {0,...,2K}},
B={k/2,(k+ N)/2}, and C={[0,k/2]U[k+1,(k+ N)/2]}. Substituting (7.31),
(7.32) and (7.33) into (7.30), we obtain

2K
= 02M 2K + 1) [Iy]* + 02P 3 || B mpmonr||

m=0
2

k

2

4
+ U;l Z Z ‘Cm,(k—m) rnodN‘2 . (734)

i=1 meL;

2
+0oiM (2K +1) <|yck||2+ +

Ck Ck+N k+N
2 2 72

An expression for ey is obtained by substituting dy from (7.9b) into (7.28):

es» = hy!©1hy, + 2Re {h}'Osc;.} + ¢} Oz, (7.35)



184 CHAPTER 7. ERROR ANALYSIS FOR NONLINEAR SYSTEMS

where ©, 2 B {AFA, (AfA) ' AfA}, ©, 2 E{A"A} and ©; 2 E{Af/A,}.
Finding an explicit expression for ®; is not straightforward. Nonetheless, using the
ergodicity of z,; and the Gaussian sixth-order moment-factoring theorem, we obtain

after some mathematical manipulations (see Appendix 7.B.1)

N
(Gl)m,f - O'z(;m—é |:|. + 5 + 5m€{§,NT+k}M+6me{o ..... N—l}M:| . (736)

The (m, £)th term of @, consists of a third-order moment of x,, and as such is equal to

zero. The (m, ¢)th term of @3 can be expressed as (see Appendix 7.B.2)
(©3),0 = T4 PO [1 + 5m€{§,%}} . (7.37)

Substituting (7.36) and (7.37) into (7.35), we obtain

2
+ ’ho,k,’“‘;N

N
(1 + 5) Iell® + [ 8

+ﬁPO%W+

_ 2
€2 = O,

9 N—-1
+ \ho,k,k/!2]
k'=0

2 2
C + C@M > . (7.38)

k k
272 )

Finally, substituting (7.34) and (7.38) into (7.26), we obtain an explicit expression for €y,

which together with ¢; from (7.22) is substituted into (7.18) to yield
ag N
en(K) = 1+ = |MQ2K+1)+~(=+1
E,y 2

[ hy|? [M (2K +1) + 7 <g + 1)}

@%W+
d

1 2K 4 4
- Edaipn;) Hhk,(kaer)modNH2 - 2_:; Z Z |Cm,(kfm)modN|2

=1 mE,Ci

2
— -

C

SIENSINY

2
& 6@7# ) [M (2K+ 1) —l—’}/P]

k
2

)

2
+ ‘h E4+N
Ed 0,k, 5=

9 N—-1
+> |h0,k,k,|2] . (7.39)

k'=0

hyo ok
s

Equation (7.39) provides an explicit expression for the mse obtained in the kth frequency
bin as a function of 7, using LS estimates of 2K +1 crossband filters and N/2+1 quadratic
cross-terms. Next, we analyze this error expression in order to provide important insights

into the system identifier performance.
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7.4 Discussion

In this section, we investigate the influence of nonlinear undermodeling (controlled by )
and the number of crossband filters (controlled by K') on the mse performance, and derive
explicit relations in terms of the SNR and the NLR.

Let 03 = E {|dp7k\2} denote the power of the system output signal in the STFT

domain. Using (7.3) and the whiteness property of x,x, o3 can be written as

o; =05 + U(%Q (7.40)

2 2
where 02, = 02 ||| and T, =04 <||ck|]2 + |erpansa|” + | Cer 2 teen 2] ) are the pow-

ers of the output signals of the linear and quadratic components, respectively. Note that
the separable notation in (7.40) is possible since the linear and quadratic components of a
system represented by (7.3) are orthogonal to each other for Gaussian inputs (analogously
to the first- and second-order Volterra operators [44]). Since o3 is independent of p, we
can express Fy from (7.16) as Ey; = 25;01 E{|d k|2} = Po?. Then, denoting the SNR
by n = 03/0¢ and the NLR by ¢ = 07 /07, , (7.39) can be rewritten as’®

en(K) = O‘”’“T(K) + Bou(K) (7.41)

where

QK+1)M  N/2+1

an(K) = 5 +1—p (7.42a)
2K +1) M L o2(K)] 1
K) 2 1_—( —||h hi(K L
s A [ + 2|
1+ N/2+ by A 1
TN/2 el The y o L (7.42D)
P 1+
2 2
and oy (K) £ 32 | hy b—k-tmymod v | ‘hy 2 hogs| + ‘ho,k,@’ + 3w [hosw|? and

Cm,(k—m) mOdN‘Z. Note that both n and ¢ depend on the powers

c(K) 2 3L Y e,

of the linear and quadratic components, and as such they may have mutual influence

on each other. However, to properly analyze the error, we will assume in the following

3In general, n and ¢ depend on the frequency-bin index k since the input-signal energy (or the true-
system energy) may often not be uniformly distributed in frequency (e.g., speech signals [125]). However,

for notational simplicity k& has been omitted.
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that variations in the SNR value 7 does not influence the value of . We observe from
(7.41) that the mse €4 (K), for fixed values of v, k and K, is a monotonically decreasing
function of 1, which expectedly indicates that a better estimation of the model parameters
is enabled by increasing the SNR. Moreover, substituting v = 0, ¢ = 0 and ¢(K) = 0 into
(7.41)-(7.42b), the mse degenerates to that derived in [65]:

2K +1)M 1
ptinear(K) = 22
 Jinear (1) 7 .
QK +1)M  h(K)
Tl - , (7.43)
P [y ||

which represents the mse achieved by estimating a linear system with a purely linear

model.

7.4.1 Influence of nonlinear undermodeling

¢From (7.42a) and (7.42b), it can be verified that ay,(K) > ao(K) and B1x(K) < Box(K),
which implies that €1,(K) > € (K) for low SNR (n << 1), and €1,(K) < €op(K) for
high SNR (n >> 1). As a result, since ¢15(K) and €y (K) are monotonically decreasing
functions of 7, they must intersect at a certain SNR value, denoted by 7. Accordingly,
for SNR values lower than 77, we get e, (K) < €1,(K), and correspondingly a lower mse is
achieved by allowing for nonlinear undermodeling (i.e., employing only a linear model).
On the other hand, as the SNR increases, the mse performance can be generally improved
by incorporating also the nonlinear component into the model (y = 1).

The SNR intersection point 7 is obtained by requiring that e, (K) = eo(K), which

yields
1+
1+ 2|hg| 2 ho (N +2)" 4+ 2P (N +2)" ¢’

Equation (7.44) implies that 77 is a monotonically decreasing function of the observable

(7.44)

'F]:

data length in the STFT domain (P). Therefore, for a fixed SNR value, as more data
is available in the identification process, a lower mse is achieved by estimating also the
parameters of the nonlinear component. Recall that the system is assumed time invariant
during P frames (its estimate is updated every P frames), in case the time variations in the
system are relatively fast, we should decrease P and correspondingly allow for nonlinear

undermodeling to achieve lower mse. Another interesting point that can be concluded
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from (7.44) is that 7 is a monotonically decreasing function of ¢ (assuming P > N/2+1,
which holds in our case due to the ergodicity assumption made in the previous section).
Consequently, as the nonlinearity becomes weaker (i.e., ¢ decreases), higher SNR values
should be considered to justify the estimation of the nonlinear component.

Equations (7.41)-(7.42b) also provide an insight into the mutual influence of ¢ and
~v on the mse performance. Specifically for high SNR conditions, it can be verified that
when a purely linear model is employed (v = 0), the mse increases with increasing ¢
[since for(K) increases|. On the other hand, including a nonlinear component into the
model (v = 1) decreases the mse for high SNR values, and improves the accuracy of the
system estimate. This improvement in performance becomes larger as ¢ increases, as the
last term in (1, (K) increases with increasing . This stems from the fact that the error
induced by the undermodeling in the linear component (i.e., by not considering all of the
crossband filters) is less substantial as the nonlinearity strength increases, such that the
true system can be more accurately estimated by the full model. To summarize the above
discussion, Fig. 7.1 shows typical mse curves of €1;(K) and o (K) as a function of the
SNR, obtained for a high NLR ¢, [Fig. 7.1(a)] and a lower one 0.2¢; [Fig. 7.1(b)], where
|Ae (n)| denotes the nonlinear undermodeling error. Note that as the NLR ¢ increases,
the intersection point 77 decreases, while the undermodeling error |Ae ()| increases (for

high SNR conditions).

7.4.2 Influence of the number of crossband filters

The number of estimated crossband filters in the linear component also influences the
system identifier performance. It was shown in [65] that when a linear model is employed
for estimating a purely linear system, the mse in subbands not necessarily decreases by
increasing the number of crossband filters. The inclusion of more crossband filters in the
identification process is preferable only when high SNR or long data are considered. The
same applies also in our case, when the system to be identified is nonlinear. This can
easily be verified from (7.41)-(7.42b), which indicate that e,;(K + 1) > €, (K) for low
SNR (n << 1), and e, (K + 1) < e (K) for high SNR (n >> 1). Therefore, for every
noise level there exists an optimal number of crossband filters, which increases as the SNR

increases. In the limit, for a sufficiently large SNR value and infinitly long data, we would
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cor(K)
- = —e(K - - -ew(K)

[Ae(n) |

Figure 7.1: Illustration of typical mse curves as a function of the SNR, showing the relation
between €g,(K) (solid) and €15 (K) (dashed) for (a) high NLR ¢; and (b) low NLR 0.2¢;.

|A€ (n)| denotes the nonlinear undermodeling error.

prefer to employ a nonlinear model and to estimate all the crossband filters. This can be

shown from (7.41)-(7.42b) by taking n and P to infinity, obtaining

e () = LU el (=)

7.45
n,P—o00 1 + Y2 1 —+ ) ( )

Equation (7.45) represents the bias error of the model, which can be decomposed into
two terms. The first term is attributable to the undermodeling caused by restricting the
number of crossband filters. It reduces to zero when K = N/2 [since then hy (K) = ||hy||*],
and is monotonically decreasing as a function of ¢. On the other hand, the second term is
due to nonlinear undermodeling, and vanishes when v = 1. This term is a monotonically
decreasing function of . Clearly, the asymptotic error in (7.45) reduces to zero when
employing a nonlinear model and estimating all the crossband filters.

It is worthwhile noting that the results in this section are closely related to model-
structure selection and model-order selection, which are fundamental problems in many
system identification applications [24-30]. In our case, the model structure may be either
linear (7 = 0) or nonlinear (y = 1), where a richer and larger structure is provided by
the latter. The larger the model structure, the better the model fits to the data, at the
expense of an increased variance of parametric estimates [24]. Generally, the structure to

be chosen is affected by the level of noise in the data and the length of the observable
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data. As the SNR increases or as more data is employable, a richer structure can be used,
and correspondingly a better estimation can be achieved by incorporating a nonlinear
model rather than a linear one. Once a model structure has been chosen, its optimal
order (i.e., the number of estimated parameters) should be selected, where in our case
the model order is determined by the number of crossband filters. Accordingly, as the
SNR increases, whether a linear or a nonlinear model is employed, more crossband filters
should be utilized to achieve a lower mse. These points will be further demonstrated in

the next section.

7.5 Experimental results

In this section, we present experimental results which support the theoretical derivations.
The influence of nonlinear undermodeling on the mse performance is demonstrated by
fitting both linear and nonlinear models to the observable data and comparing the re-
sulting mse values. The comparison is evaluated for several SNR and NLR values, and
under the assumption of white Gaussian signals. We use a Hamming analysis window of
length N = 256 with 50% overlap (i.e., L = 0.5N), and a corresponding minimum-energy
synthesis window that satisfies the completeness condition [72].
Consider a quadratically nonlinear system of the following form:

Nj,—1

y(n) =Y h(m)a(n —m) +{Lz} (n) +&(n), (7.46)

where h(n) is the impulse response of the linear component, and {Lxz} (n) denotes the
output of the quadratic component. The latter is generated according to the quadratic
model (7.3), i.e.,

{Lz} (n) =51 Z Tp k' Tp, (k—k') mod NCK,(k—k') mod N (7.47)

k'eF

where S~! denotes the inverse STFT operator and { e (k—k) mod N| k' € F} are the true
quadratic cross-terms of the system. These terms are modeled here as a unit-variance
zero-mean white Gaussian process. In addition, we model the linear impulse response
as a nonstationary stochastic process with an exponential decay envelope, i.e., h(n) =

u(n)B(n)e=*, where u(n) is the unit step function, 3(n) is a unit-variance zero-mean
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white Gaussian noise, and « is the decay exponent. In the following, the length of the
impulse response is N, = 768, a = 0.009, and the data contains N, = 24000 samples.
The input signal z(n) and the additive noise signal £(n) are uncorrelated zero-mean white
Gaussian processes with variances o2 and ag, respectively.

For evaluating the quality of the system estimate, we define the time-domain mse as

_ E{ld(n) -, (K;n)[*}
E{ldm)P}

where d(n) is the clean output signal [i.e., d(n) = y(n) —&(n)], and g, (K;n) is the inverse

& (K)

(7.48)

STFT of the model output signal g, [see (7.10)], as obtained for a given v value, and by
estimating 2K + 1 crossband filters. Initially, a fixed value of K = 0 is assumed (i.e., the
crossband filters are ignored and only the band-to-band filters of the model {Bp,kyk}g:ol
are estimated). Figure 7.2 shows the resulting mse curves €,(0) and €;(0) as a function
of the SNR, as obtained for an NLR of 0 dB [Fig. 7.2(a)] and —20 dB [Fig. 7.2(b)]. The
results confirm that for relatively low SNR values, a lower mse is achieved by estimating
the system using a purely linear model (7 = 0) and allowing for nonlinear undermodeling.
For instance, Fig. 7.2(a) shows that for a —20 dB SNR, employing only a linear model
reduces the mse by approximately 11 dB, when compared to that achieved by using a
nonlinear model (v = 1). On the other hand, when considering high SNR values, the
performance can be generally improved by incorporating a nonlinear component into the
model, as expected from (7.41)-(7.42b). For an SNR of 20 dB, for instance, a nonlinear
model enables a decrease of 13 dB in the mse. Furthermore, a comparison of Figs.
7.2(a) and (b) indicates that the SNR intersection point between the corresponding mse
curves increases as we decrease the NLR [as expected from (7.44)]. Clearly, for high SNR
conditions, as the NLR increases, the mse associated with the linear model increases,
while the relative improvement achieved by the nonlinear model becomes larger. This
was accurately described by the theoretical error analysis in Section 7.4 [see Fig. 7.1]. It
should be noted that similar results are obtained for other (fixed) values of K.

Next, in order to determine the influence of the number of estimated crossband filters
on the mse performance, we employ several values of K and seek for the optimal one that
achieves the mmse for every SNR value. Figure 7.3 shows the resulting mse curves ¢(K)

and €;(K) as a function of the SNR, as obtained for an NLR of 0 dB [Fig. 7.3(a)] and
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Figure 7.2: MSE curves as a function of the SNR for white Gaussian signals, as obtained by the
STFT model (7.10) using a purely linear model [¢y(0); solid] and a nonlinear one [¢1(0); dashed].
For both models, a fixed value of K = 0 is assumed for the linear component (i.e., only the
band-to-band filters are estimated). The true system is formed as a combination of linear and
quadratic components, where the latter is modeled according to (7.47). (a) Nonlinear-to-linear

ratio (NLR) of 0 dB (b) NLR of —20 dB.

—20 dB [Fig. 7.3(b)]. The optimal value of K is indicated above the corresponding mse
curves. Expectedly, Fig. 7.3 confirms that as the SNR increases, the optimal K increases,
and consequently a larger number of crossband filters should be estimated to attain the
mmse, both for the linear [¢y(K)] and nonlinear [e; (/)] models. Clearly, for high SNR
conditions, the nonlinear model is considerably more advantageous. Specifically for a
30 dB SNR, Fig. 7.3(a) shows that a substantial decrease of 25 dB is achieved by the
nonlinear model, relative to that obtained by the linear one. The mse values obtained by
each value of K for a 0 dB NLR and for various SNR conditions are specified in Table 7.1.
One can observe that for an SNR value of 35 dB, for instance, a significant improvement
of approximately 11 dB over a linear model with K = 4 is achieved by a nonlinear model
with only K = 0, which substantially reduces the complexity of the model. Note that
similar results are obtained for a smaller NLR value [Fig. 7.3(b)], with the only difference
is that the two curves intersect at a higher SNR value. Decreasing the NLR expectedly

improves the mse achieved by the linear model at high SNR values, and correspondingly

decreases the nonlinear undermodeling error.
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Figure 7.3: MSE curves as a function of the SNR for white Gaussian signals, as obtained by
the STFT model (7.10) using a purely linear model [eo(K); solid] and a nonlinear one [e; (K);
dashed]. The optimal value of K is indicated above the corresponding mse curves (light and
dark fonts, respectively). The true system is formed as a combination of linear and quadratic
components, where the latter is modeled according to (7.47). (a) Nonlinear-to-linear ratio (NLR)

of 0 dB (b) NLR of —20 dB.

7.6 Conclusions

We have provided an explicit estimation-error analysis for quadratically nonlinear system
identification in the STFT domain. We assumed that the system to be identified can be
represented by the nonlinear STFT model proposed in Chapter 6. The proposed model
consists of a parallel combination of a linear component, which is represented by crossband
filters between subbands, and a quadratic component, modeled by multiplicative cross-
terms. We showed that the inclusion of the quadratic component in the model is preferable
only for high SNR conditions and slowly time-varying systems (which enables to use
longer observable data). A significant improvement in mse performance is then achieved
compared to using a purely linear model. This improvement in performance becomes
larger as the nonlinearity becomes stronger. On the other hand, as the SNR decreases or
as the time variations in the system become faster, a lower mse is attained by allowing
for nonlinear undermodeling and employing only the linear component in the estimation

process. Furthermore, we showed that increasing the number of crossband filters in the
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Table 7.1: MSE Obtained by a Linear Model [eo(K')] and a Nonlinear Model [¢; (K)] for Several
K Values, and Under Various SNR Conditions. The Nonlinear-to-Linear Ratio (NLR) is 0 dB.

B co(K) [dB] 1 (K) [dB]
SNR= —-10dB SNR=35dB | SNR= —-10dB SNR= 35 dB

0 -0.42 -3.17 8.08 -16.06

1 2.41 -3.82 8.75 18.78

2 3.98 -4.29 9.35 -21.54

3 5.36 -4.91 9.89 -28.59

4 6.36 -5.51 10.03 -34.96

linear component does not necessarily imply a lower mse. For every noise level, whether
a linear or a nonlinear model is employed, there exists an optimal number of crossband
filters, which increases as the SNR increases. Experimental results have supported the

theoretical derivations.

The reduced complexity of the proposed model (see Chapter 6), compared to the
time-domain Volterra model, may lead to a faster convergence of a nonlinear adaptive
algorithm implemented in the STFT domain. The insights provided in this chapter may
further enhance the performance of such algorithm. Specifically, by adaptively controlling
the model structure (employing either a linear or a nonlinear model) and the model order
(determining the number of crossband filters), the adaptive algorithm may result in a
faster convergence without compromising for higher steady-state mse. Constructing an
adaptive-control algorithm for improved nonlinear system identification is a topic for

future research.
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7.A Evaluation of €9

7.A.1 Derivation of (7.29)

Using the ergodicity property of z,, the (m,£)th term of A¥ Ay can be approximated
by

H *
(AA) an tmod M, (k=K-+| 5 | Ymod N¥n—mmod M, (k—K+| 2 | ) mod N

~ PE{, pmoann e+ 4 1) mod N mod M, (K + | 2 J)modN}. (7.49)

Then, the whiteness property of x,, implies

H ~ 2
(Ak Ak’)mg ~ Pax(sﬂmodM—mmodM

X 5(k E+| 4 |)mod N—(k—K+| 2 | )mod N - (7.50)

where 9,, denotes the Kronecker delta function. Consequently, (AkH Ak)m , 1s nonzero

only if fmod M = mmod M and (k — K + |+;])modN = (k — K + | %|) mod N. Those

conditions can be rewritten as
C=m+rM forr =0,+£1,42,... (7.51)

and

=K+ |5 =k—K+[5]+qN forg=0,%1,+2,.... (7.52)

Substituting (7.51) into (7.52), we obtain
r=qN ; q¢=0,%+1,£2,.... (7.53)

However, recall that 0 < ¢,m < (2K +1)M — 1 < NM — 1, then it can be verified from
(7.51) that

max {|r|} =N —1. (7.54)

From (7.53) and (7.54) we conclude that r = 0, so (7.51) reduces to m = ¢ and we obtain
(7.29).
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7.A.2 Derivation of (7.33)

The (m, ¢)th term of Q3 from (7.30) can be written as

ZE{ Loy T nmodM(k‘—K—‘,—L%J)mode:,(kfmk)modN'rq,fk

n,r,q

x x;fnmodM,(kaJr[ﬁJ)modefI»(’f*fk)modN} ) (7.55)

where my, = m if m < k/2, and my = m + k/2 otherwise, and ¢ is defined similarly.
By using the sixth-order moment factoring theorem for zero-mean complex Gaussian
samples [10, p. 68], (7.55) reduces to products of different combinations of second-order

moments, as follows

ZE{ Ly Ly nmodM(k—K—&—LﬁJ)modN}E{m (k— mk)modzvxq,ék}

n,r,q

X E{ g—mmod M, (k—K—l—L%J)modNIq’(kfgk)mOdN}

+ Z E{ LrmiLr—nmod M (k—K—i—LﬁJ)modN} E {ziv(k_mk)mOdeq’(kfék)mOdN}

n,r,q
X E{ q— nmodM(k K—l—LﬁJ)modeq’zk}

+ ZE{JZkaZquk}E{ J(k—my,) mOder nmodM(k K+|J%J)modN}

n,r,q

X E{ q— nmodM(k—K—l—I_%J)modeq,(k—fk)modN}

+ Z E {xr,mkx%gk} E {x;,(k‘—mk) mod qu,(kffk) mOdN}

n,r,q
X E{ q— nmodM(k—K-{—LlJ)mOderfnmodM(k K+|J%J)modN}

+ ZE{xrmk (k— fk)mOdN}E{ r,(k— mk)moder nmodM(k K+|_%J)m0dN}

n,r,q

X E{ q— nmodM(k—K-i—LlJ)modN‘rq,ek}
+ ZE {xrmk J(k— Zk)modN} E {37 (k— mk)modN:Eq,ﬁk}

n,r,q

X E{ g—nmod M, (k—K—i—L%J)modeT*andM,(ka+|_%J)modN} : (756)

Using the whiteness property of x,, we can write (7.56) as

(Qs),,, = Zw (7.57)
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where
Wi = 0-2 Z Onmod Mémk—(k—K—l- L%J ) mod N5T—q5£k*(k7mk) mod N
n,r,q
X 0k _g) mod N—(k=K+| 2 |) mod N (7.58a)
Wy = 0'2 Z (5nmod Mémk—(k—K—i- Lﬁj ) modNéT*qé(k—fk) mod N—(k—my) mod N
n,r,q
x (5€k—(k—K+ | 2 ])mod N (7.58Db)
6
w3 = 0, Z 5T_q5mk_€k5andM5(k7mk)mOdN7<k7K+ L%J ) mod N
n,r,q
X et mod N—(k=K+| 2 |) mod N (7.58¢)
Wy = 02 Z Or—qOmy—2, O (k—my ) mod N—(k—£y ) mod N (7.58d)
n,r,q
6
Wws = 0y Z 5T—q5mk*(kf€k)mod Nénmod Ma(k—mk)mod N—(k:—K+ L%J ) mod N
n,r,q
X 6fk7(k7K+ Lﬁj)modN (7586)
We = 0'5 Z 5qu5mk—(k—€k)mod N5zk—(k—mk)modzv . (7.58f)
n,r,q

Each term w; in (7.58) consists of delta-functions products, which impose certain condi-
tions on both the matrix indices m and ¢, and the summation indices n, r and ¢. Note
that since the dependence of each term on r and ¢ is only via d,_,, and since r and ¢ range
from 0 to P — 1, the double summation over r» and ¢ may be replaced by a multiplication
of each term by P. Moreover, it is easy to verify from the conditions imposed on m and
¢ that the condition m = ¢ must be satisfied for each w;, which implies that the matrix
(23 is diagonal. Nonetheless, due to the conditions imposed on the index n, not all the
diagonal elements are nonzero. Specifically for wy, n should satisfy nmod M = 0 [recall

that n ranges from 0 to (2K + 1)M — 1], and m satisfies the following

my = (k: - K+ {%D mod N (7.59a)
my = (k — ) mod N (7.59Db)
U, = (k—mg) mod N . (7.59¢)

Using the definitions of my and ¢y, it can be shown that the last two conditions reduce to
my = U, € {k/2,(k+ N) /2}. Also, since n € {0,1,...,(2K +1)M — 1}, (7.59a) implies

that my, € A, where

A 2 {[(k = K +ny)modN] M| n; € {0,...,2K}} . (7.60)
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Then, from the above discussion, wy from (7.58a) may be written as

w1 = ngdm,g&nkegl (761)
where
k k+ N

Following a similar analysis, it can be verified that

Wi = 0P8y _Opmycri ; fori=2,3,5 (7.63)
where
Lo = { [0, g} U {k +1, #] } N Ag (7.64)
to= {[o ] ufes B0 Y o
and
A (R SV N o0

Finally, since wy and wg do not depend on n, the summation over n in (7.58d) and (7.58f)

can be replaced by a multiplication by (2K + 1)M, obtaining
wy =0P (2K + 1) M, (7.67)

wg = 09 P (2K + 1) M6y,—46,,_ {

w2

) (7.68)

k
2

Substituting (7.61)-(7.68) into (7.57) yields (7.33).

7.B Evaluation of ¢y

7.B.1 Derivation of (7.36)

Using the ergodicity property of z,x, the (m, £)th term of A A, can be approximated by

H _ * *
(Ak Ak)m,f - § :xn,mkxn,ékxn,(kfmk)modN'rn,(k:—fk)modN
n

~ PE {I;’;ymk xn’ekx’lﬂ;,(k*mk) mod an,(k—fk) InOdN} . (769)



198 CHAPTER 7. ERROR ANALYSIS FOR NONLINEAR SYSTEMS

By using the fourth-order moment factoring theorem for zero-mean complex Gaussian

samples [10, p. 68], (7.69) can be rewritten as

(AkHAk) = PE {xz’mk«rn,ék} E {xz,(kfmk)modeny(k—ek)mOdN}

m,l

+ PE {x;,mkxnv(k—ek)mOdN} E {x;kz,(kfmk)moden,fk} ) (770)
which reduces to

(AkHAk) = Paiémk—ﬂk(s(k—mk)mod N—(k—{;) mod N

m,l

+ P00y — (k) mod N0ty — (k—my) mod N s (7.71)

due to the whiteness property of x, ;. The first term in (7.71) is nonzero only if my, = ¢y,
and the second term is nonzeros only if my = (k — ¢;) mod N and ¢, = (k — my) mod N.
Recall that my = m if m < k/2, and my = m + k/2 otherwise (¢4 is defined similarly),
then (7.71) reduces to

(AFAL), = Pots, [1 O (s } . (7.72)

m,

Let Ty/211 denote an (N/2 + 1) x (N/2 + 1) diagonal matrix whose (m,m)th term satisfies

- 05, me{t X
(IN/Q—H) = 153 : (7.73)
m,m 1, otherwise

Then, substituting (7.72) into ©; from (7.35), we obtain

@i = por 2 E{(A, (M) (AD (A),.]

n,r,q
1 . 1 i
= Po-g %E {xr_mmodM7LX’}J |:mr,nkmr,(k—nk)modN - 5[['7_7%5 (TL — 5)
1 N .
N §x”7¥6 (n N E)] mq,nkxq,(kfnk)modeq_gmodM7L%J } , (7.74)

which can be expressed as

(©1),,0 =01 — % {92 (%) + 6, (N; k)} (7.75)

where

1
_ * *
91 - Pot Z K {xrfm mod M, L%J LrngLqmny, Tr,(k—ny) mod N
z n7r7q

X x;,(k—nk)modeqfémodM,L%J} (7.76)
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and

6)2 (l{?) = Pot E {J]:_m mod M, L%J xr,kx;er,kxz,k

X Ty ot | 4]} (7.77)

Equations (7.76) and (7.77) may be evaluated by using the Gaussian sixth-order moment
factoring theorem, as applied in (7.33) for deriving the (m, £)th term of Q3 (see Appendix
7.A.2). Then, following a similar analysis to that given in Appendix 7.A.2, we obtain
explicit expressions for both #; and 65 (k):

N
01 = 0200 |36, (&) 0y + Omefo,. N-1pm + o + 3 (7.78)

and

02 (k) = O'gém_g [45m—kM + 2] . (779)

Substituting (7.78) and (7.79) into (7.75) yields (7.36).

7.B.2 Derivation of (7.37)

The (m, £)th term of ®3 from (7.35) can be written as

(@3)m,£ = Z E {x;,mkxnyekx;,(kfmk)modem(k—ek)mOdN} . (780)

The forth-order moment in (7.80) was already derived in Appendix 7.B.1, and is given by
[see (7.69)-(7.71)]

* *
E {xn7mk ‘/’C’I'L,Ekmn’(kfmk) mod an,(k—fk) modN}
4
= Ox(smk—fké(kfmk)mode(kuk)modN

4
+ O-a;(smk—(k—ék) mod Néfk.—(k—mk) mod N

— 16 [1+5me{§% } , (7.81)

where the last equation follows from (7.72). Since (7.81) does not depend on n, and n
ranges from 0 to P — 1, the summation in (7.80) can be replaced by multiplication by P,
which yields (7.37).



200 CHAPTER 7. ERROR ANALYSIS FOR NONLINEAR SYSTEMS



Chapter 8

Adaptive Nonlinear System
Identification in the STFT Domain!

In this chapter, we introduce an adaptive algorithm for the estimation of quadratically
nonlinear systems in the short-time Fourier transform (STFT) domain. Based on the
recently-proposed nonlinear STFT model, the adaptive scheme consists of a parallel com-
bination of a linear component, represented by crossband filters between subbands, and
a quadratic component, which is modeled by multiplicative cross-terms. We adaptively
update the model parameters using the least-mean-square (LMS) algorithm, and derive
explicit expressions for the transient and steady-state mse in frequency bins for white
Gaussian inputs. We mainly concentrate on the influence of nonlinear undermodeling
(i.e., employing a purely linear model in the estimation process) and the number of es-
timated crossband filters on the transient and steady-state performances. We show that
incorporating the nonlinear component into the model may not necessarily imply a lower
steady-state mse in subbands. In fact, the estimation of the nonlinear component im-
proves the mse performance only when the power ratio of nonlinear to linear components
of the system is relatively high. As the nonlinearity becomes weaker, the steady-state mse
associated with the linear model decreases, while the relative improvement achieved by
the nonlinear model becomes smaller. We further show that as the number of crossband
filters increases, a lower steady-state mse is achieved, whether a linear or a nonlinear

model is employed; however, the algorithm then suffers from a slower convergence. The

!This chapter is based on [126].
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proposed algorithm results in reduced computational complexity compared to the time-

domain Volterra model. Experimental results support the theoretical derivations.

8.1 Introduction

Identification of nonlinear systems has recently attracted great interest in many applica-
tions, including acoustic echo cancellation [36-38], channel equalization [39,40], biological
system modeling [41] and image processing [42]. A popular approach for modeling non-
linear systems is using Volterra filters [44-46], which are attractive due to their structural
generality and versatile modeling capabilities (e.g., [48,49]). An important property of
Volterra filters is the linear relation between the system output and the filter coeffi-
cients, which enables to employ algorithms from linear estimation theory for estimating
the Volterra model parameters. Adaptation algorithms used for this purpose often em-
ploy the least-mean-square (LMS) algorithm [10] due to its robustness and simplicity
(e.g., [37,46,48]). However, the LMS algorithm suffers from slow convergence when the
input signal to the adaptive filter is correlated, which is extremely problematic when ap-
plied to Volterra filters [46]. Another major drawback of the adaptive Volterra filter is
the high computational cost caused by the large number of model parameters, especially
for long-memory systems [45,50]. To speed-up convergence, the affine projection (AP) al-
gorithm and the recursive least-squares (RLS) algorithm were employed for updating the
adaptive Volterra filters [45,47]. These approaches, however, substantially increase the
computational complexity of the estimation process. Alternatively, several time-domain
approximations, which suggest a less general structure than the Volterra filter, have been
proposed, including orthogonalized power filters [53], Hammerstein models [54], parallel-
cascade structures [55], and multi-memory decomposition [56]. Other adaptive algorithms,
which operate in the frequency domain, have been proposed to ease the computational
burden [61,77]. These approaches are based on the discrete frequency-domain model [60],
which approximates the Volterra filter using multiplicative terms. Nonetheless, a major
limitation of this model is its underlying assumption that the observation frame is suffi-
ciently large compared with the memory length of the system. This assumption may be

very restrictive, especially when long and time-varying impulse responses are considered



8.1. INTRODUCTION 203

(as in acoustic echo cancellation applications [89)]).

The drawbacks of the conventional time- and frequency-domain methods have mo-
tivated the use of subband (multirate) techniques [11] for improved nonlinear sys-
tem identification (see Chapters 6 and 7). As in subband linear system identifica-
tion [13,16-18,65,98,99], such techniques may achieve computational efficiency as well as
improved convergence rate due to processing in distinct subbands. In Chapter 6, a novel
approach for improved nonlinear system identification in the short-time Fourier trans-
form (STFT) domain have been introduced. Based on a time-frequency representation of
Volterra filters, an approximate nonlinear STF'T model, which consists of a parallel com-
bination of linear and nonlinear components, was developed. According to this model,
the linear component is represented by crossband filters between the subbands [16,65],
while the nonlinear component is modeled by multiplicative cross-terms. The parameters
of the proposed model were estimated off-line using a least-squares (LS) criterion, and it
was shown that a significant reduction in computational cost as well as a substantial im-
provement in estimation accuracy can be achieved over the time-domain Volterra model,
particularly when long-memory nonlinear systems are considered. The performance of
this off-line scheme has been analyzed in Chapter 7 for the quadratic case. A detailed
mean-square analysis was presented, and the problem of employing either a linear or a
nonlinear model for the estimation process, as well as determining the optimal number of

crossband filters was considered.

In this chapter, we introduce an adaptive algorithm for the estimation of quadrati-
cally nonlinear systems in the STFT domain. The quadratic model proposed in Chapter
6 is employed, and its parameters are adaptively updated using the LMS algorithm. We
derive explicit expressions for the transient and steady-state mean-square error (mse) in
frequency bins for white Gaussian processes, using different step-sizes for the linear and
quadratic components of the model. The analysis provides important insights into the in-
fluence of nonlinear undermodeling (i.e., employing a purely linear model in the estimation
process) and the number of estimated crossband filters on the transient and steady-state
performances. We show that as the number of crossband filters increases, a lower steady-
state mse is achieved, whether a linear or a nonlinear model is employed; however, the

algorithm then suffers from a slower convergence. Accordingly, as more data is employed
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in the adaptation process, additional crossband filters should be estimated to achieve the
minimal mse (mmse) at each iteration. Moreover, we show that the choice of the model
structure (either linear or nonlinear) is mainly influenced by the nonlinear-to-linear ratio
(NLR), which represents the power ratio of nonlinear to linear components of the system.
Specifically for high NLR conditions, a lower steady-state mse can be achieved by incor-
porating a nonlinear component into the model. On the other hand, as the nonlinearity
becomes weaker (i.e., the NLR decreases), the steady-state mse associated with the linear
model decreases, while the relative improvement achieved by the nonlinear model becomes
smaller. Consequently, for relatively low NLR values, utilizing the nonlinear component
in the estimation process may not necessarily imply a lower steady-state mse in subbands.
Experimental results demonstrate the theoretical results derived in this chapter.

The chapter is organized as follows. In Section 8.2, we formulate the quadratic STFT
model and introduce an adaptive scheme for updating the model parameters. In Section
8.3, we derive explicit expressions for the transient and steady-state mse in subbands.
In Section 8.4, we address the computational complexity of the proposed algorithm and
compare it to that of the conventional time-domain Volterra approach. Finally, in Section

8.5, we present some experimental results to support the theoretical derivations.

8.2 Model formulation and identification

In this section, we introduce an LMS-based adaptive scheme for the identification of
quadratically nonlinear systems in the STFT domain. We assume that the system to
be identified can be represented by the nonlinear STF'T model proposed in Chapter 6.
Throughout this chapter, scalar variables are written with lowercase letters and vectors
are indicated with lowercase boldface letters. Capital boldface letters are used for matrices
and norms are always {5 norms.

Let an input z(n) and output y(n) of an unknown (quadratically) nonlinear system

be related by
y(n) = {oz} (n) +&{(n) = d(n) +£(n) (8.1)

where ¢(-) denotes a discrete-time nonlinear time-invariant system, £(n) is a corrupting

additive noise signal, and d(n) is the clean output signal. Note that the "noise” signal
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¢(n) may sometimes include a useful signal, e.g., the local speaker signal in acoustic echo

cancellation [36-38]. The STFT of y(n) is given by [71]
Yok = Y y(n) ;. (n)
=dpk+ Epk (8:2)

where 9, x(n) = ¥(n — pL) & N km=pL) denotes a translated and modulated window func-
tion, QZJ(TL) is a real-valued analysis window of length N, p is the frame index, k represents
the frequency-bin index (0 < k < N —1), L is the translation factor and * denotes complex
conjugation. A nonlinear system identification scheme in the STF'T domain is illustrated
in Fig. 6.1. We assume that the system output signal d(n) arises from the nonlinear
STFT model proposed in Chapter 6. Accordingly, the true system is formed as a parallel

combination of linear and quadratic components in the time-frequency domain as follows:

N—1M-1
dpr = E § Tppt kP ke b
k=0 p/=0
+ E Tp k' T, (k—k') mod NCk/,(k—k') mod N (8.3)
KeF

where h, ;. denotes the true crossband filter of length M from frequency bin
k" to frequency bin k, Gy (h—r)moan is the true quadratic cross-term, and F =
{0,1,... |k/2] ,k+1,...,k+1+ [(N—Fk—2)/2]}. The crossband filters are necessary
for perfectly representing the linear component of the system in the STFT domain, and
are used for canceling the aliasing effects caused by the subsampling factor L [16, 65].
The cross-terms { Cp/,(k—r') mod N| k' € F}, on the other hand, are used for modeling the
quadratic component of the system using a sum over all possible interactions between
pairs of input frequencies z, s and z, », where k" = (k — k') mod N.

The goal in adaptive system identification is to define a model for describing the input-
output relationship of the true system, and to adaptively update its parameters according
to a given criterion. To do so, let us employ the model in (8.3) for the adaptive estimation
process, using only 2K + 1 crossband filters. The value of K controls the undermodeling
in the linear component of the model by restricting the number of estimated crossband
filters. Denoting by Ay i (p) and cp (k—r)moan(p) the adaptive crossband filters and

adaptive cross-terms of the model at frame index p, the resulting estimate ¢, can be
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written as
k+K M1
gp,k - Z Z Tp—p' k' mod th’,k,k/ modN(p>
k'=k—K p'=0
+ Z T,k T, (k—k') mod NCk/,(k—k") mod N (D) - (8.4)
k'E€F
T
Let hyp(p) = [ horw(p) higw(®) - hy-1pr(p) denote an adaptive crossband

filter from frequency bin k" to frequency bin k, and let hy(p) denote a column-stack

concatenation of the 2K + 1 estimated filters around the kth frequency bin, i.e.,

T
hi(p) = [ hgﬂ(k—K)mOdN(p) hi(’f—KH)modN(p) hg,(kJrK)modN(p) } ' (8.5)
T
Let x4(p) = [ Tpk Tp—ik *°° Tp—M+1k ] and let
T
X1k(p) = [ Xa—K)modN(p) X%kaKJrl)modN(p) X%;ﬁ+K)modN(p) ] (8.6)

be the input data vector to the linear component of the model hy(p). For notational
simplicity, let us assume that k is odd and N is even, such that according to (8.3), the

number of quadratic cross-terms in each frequency bin is N/2. Accordingly, let

T
ci(p) = [ cop(p) - Cb7%(p) ckrin-1(p) - CNth=1 N+htl () ] (8.7)

2

denote the quadratic cross-terms at the kth frequency bin, and let

XQk(p):[xp,Oxp,k T T iy kel Tpk1lp N—1 T xp,%xn%] (8.:8)

be the input data vector to the quadratic component of the model ci(p). Then, the output

signal estimate ¢, from (8.4) can be rewritten as

Upk = XL (0)hie(p) + xGp (D) er(p) - (8.9)

The 2K + 1 adaptive crossband filters and the N/2 adaptive cross-terms are updated
using the LMS algorithm as

hy(p+1) = hi(p) + pre, Xz, (p) (8.10)

and

ck(p+1) = cr(p) + poeprXor(p) (8.11)
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Tp,k—K

v

Tp,k

Tp,k+K

Figure 8.1: Block diagram of the proposed adaptive scheme for identifying quadratically nonlin-
ear systems in the STFT domain. The block hy(p) models the linear component of the system,
and it is updated by (8.10) with a step-size pr. The block ci(p) models the quadratic component
of the system, and it is updated by (8.11) with a step-size uq.

where

6p,k = yp,k — ﬂnk (812)

is the error signal in the kth frequency bin, y, is defined in (8.2)-(8.3), and py and
g are the step-sizes of the linear and quadratic components of the model, respectively.
The separated update equations for hy(p) and ci(p) enable one to use different step-
sizes for the adaptation of the linear and quadratic components of the model. In case
one component varies slower than the other, such adaptation may enhance the tracking
capability of the algorithm by utilizing a proper step-size for each component. A block
diagram of this parallel adaptive scheme is illustrated in Fig. 8.1. Our objective is to
analyze the error attainable in each frequency bin and derive explicit expressions for the

transient and steady-state mse.
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8.3 MSE analysis

In this section, we derive explicit expressions for the transient and steady-state mse obtain-
able in the kth frequency bin. To make the following analysis mathematically tractable, we
use the common independence assumption which states that the current input data vector
is statistically independent of the currently updated parameters vector (e.g., [91], [69]).
Specifically, the vector | xT, (p) ng(p) ] is independent of [ h7(p) <F(p) | - In ad-
dition, we assume that z,; and &, are zero-mean white complex Gaussian signals with
variances o2 and Jg, respectively, and that x,, is statistically independent of &, . The
Gaussian assumption of the corresponding STFT signals is often justified by a version of

the central limit theorem for correlated signals [82, Theorem 4.4.2], and it underlies the

design of many speech-enhancement systems [31,32].

8.3.1 Transient Performance

The transient mse is defined by

er(p) = E{lepnl’} . (8.13)

Let us define the misalignment vectors of the linear and quadratic components, respec-

tively, as

grx(p) = hi(p) — hy (8.14)
and

gok(p) = ci(p) — T (8.15)

where hy, and € are the 2K + 1 crossband filters and the N /2 cross-terms of the true
system, respectively [defined similarly to (8.5) and (8.7)]. Then, substituting (8.9) and
the definition of vy, from (8.2)-(8.3) into (8.12), the error signal can be written as

e = X1 (P)By + X1 ()&Lr(P) + X0 (P) 8ok (D) + Epik (8.16)

where hy, and %7, (p) are the column-stack concatenations of {hpw}, e and {xx(p) byeps

respectively, and £ = {K|k € [0,N — 1] and k¥’ ¢ [k — K,k + K]}. Substituting (8.16)
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into (8.13) and using our assumptions, the mse can be expressed as (see Appendix 8.A)

|+ 02 { (o)}

+ 03B {llgor(®)]*} - (8.17)

ex(p) = U§+U§

In order to find an explicit expression for the transient mse, recursive formulas for
E {||ng(p)||2} and E {||ng(p)||2} are required. By substituting (8.16) into (8.10)-(8.11),

the LMS update equations for the misalignment vectors can be written as

g +1) = [Loxsnym—pXi,(0)X0(0)] 8r(p) — neXiy(P)x0(P) ok (D)
1z [ R (0B | X34 (p) + X1 (D) (8.18)
gor(p+1) = [Inp—1oxoe(p)x0e ()] 8ar(p) — noxHr(P)X 1k (P)8Lr(D)
+ 1 | RE(P)Bw] X0up) + QG k% () (8.19)

where Ip is the identity matrix of size P x P. We proceed with evaluating a recursion
for E {||gzr(p + 1)||*}. Taking the norm on both sides of (8.18), and using the fact that

odd-order moments of a zero-mean complex Gaussian process are zero [10], we obtain

E{Hng(p‘H)HZ} = {”[ (2K+1)M — MLXLk(p)XLk }ng H}

+NLE{HX21§ p) XQk )8k (p ” }

+uiE {H [ifk(p)flk] X}Ek(p)H }

+ g E{16uxie ()P} - (8.20)

Using the independence assumption, we obtain after some mathematical manipulations

(see Appendix 8.B.1)

E{|[Xexsnm—rnxi®)xEm)] g’}

= [1—2u,02 + pioy 2K + 1) M] E {|lgwe(p)|*} - (8.21)

Furthermore, using the Gaussian sixth-order moment-factoring theorem [10], the second

term on the right of (8.20) can be approximated by (see Appendix 8.B.2)

i B { x5 0)xb(P)gar®)[|*} ~ (1308 2K + 1) M] E {llgas®) I’} . (8:22)
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The evaluation of the last two terms in (8.20) is straightforward, and they can be expressed

as

{H |:XLk hk} XLk; H } = ,ULO H 2K+ 1)M (8.23a)

1B {|6uxss ()2} = 1020% (2K +1) M. (8.23)

Substituting (8.21)-(8.23) into (8.20), we have an explicit recursive expression for
E{llgex(p+ DII*}:

E{llgwe(p+ DI*} = or E {llgc®)*} + B E {llgae @)} + 7z (8.24)
where

ap 21— 2upo? +uior (2K +1) M (8.25)

Br 2 puiob 2K +1)M (8.26)

h m . (8.27)

v = prot (2K +1) M |:U§+O'§

A recursive expression for E {||gok(p + 1)||2} is obtained by taking the norm on both

sides of (8.19) and using the Gaussian odd-order moment-factoring theorem:

E{lgaep+ DI} = E{||Tvo—noxiu®)xbu(p)] gas )] }

+ 13 B { [ o) p)ens )| |

()
+ ,UQE {H [XLk ﬁk} X7 k }
+ 203 Re { B { gl ()1 (0)x6(p) [ R (0) B | x5 (0) } }
+ gk {Hép,kngk(p) H2} (8.28)

where the operator Re{-} takes the real part of its argument. Finding an explicit expres-
sion for the first term on the right of (8.28) is not straightforward; however, using the
independence assumption and the Gaussian eighth-order moment-factoring theorem [10],

it can be expressed as (see Appendix 8.C.1)

E {||[IN/2—ungk(p)ka )| gax(p H}

= [1- 200t + 025 | Elsat} (3.29)
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In addition, using the Gaussian sixth-order moment-factoring theorem, the second term

on the right of (8.28) is approximated by (see Appendix 8.C.2)

i { [xen D D)} ~ 108 E {ls()|} (8.30)

where similarly we get

2

2 N
i { | [5hutoi] )| = oty [ (5.31)
The fourth term on the right of (8.28) is derived in Appendix 8.C.3 as
20 Re { g1 ()%, (D)X (1) | KL (0)B | x5 p) | = 0. (8.32)

Moreover, the evaluation of the last term in (8.28) is straightforward, and it can be

expressed as

o N
Nng{prykak )l } HGIL0E - (8.33)

Finally, substituting (8.29)-(8.33) into (8.28), we have an explicit recursive expression for

E {llgar(p+ 1)II*}:

E{llgar(p + DI} = ag E {llgar®)II*} + Bo E {llgex (@)1} + ¢ (8.34)

where
ag £ 1= 2u00, + pHosN/2 (8.35)
Bq £ 0.5u500N (8.36)

~ |12
Yo £ 05504 N [ag + o2 [ ] . (8.37)

Equations (8.17), (8.24)-(8.27) and (8.34)-(8.37) represent the mse transient behavior of
the proposed adaptive algorithm in the kth frequency bin, using 2K + 1 crossband filters
and N/2 quadratic cross-terms. As expected from the parallel structure of the model, one
can observe the coupling between the recursive equations (8.24) and (8.34). Accordingly,
the convergence rate of the linear component of the model depends on that of its quadratic
counterpart, and vice versa. This dependency, however, may be controlled by the step-size
value of each component.

In this context, it should be noted that the transient behavior of a purely linear model

can be achieved as a special case of the above analysis by substituting pg = 0 into
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equations (8.34)-(8.37), which yields ag = 1 and Bg = g = 0. Therefore, assuming
the adaptive vectors are initialized with zeros, we have E {||gow(p)||*} = ||€k||%, and the

resulting mse is given by

~ 2
6l~c,linear(p) - 0—2 + 0—3 th + U;l HEkH2 +
+02E{|lgu(p) ]} (8.38)
where
E {Hng<p + 1)"2} = QlinearE {”ng(p)HQ} + 5linear (839)

and Qjipear = oz [see (8.25)] and Binear = p202 (2K + 1) M [ag + 02 ||y,

2

"+ ot
The error induced by employing a purely linear model for the estimation of nonlinear
systems is generally referred to as nonlinear undermodeling error [64,123,124]. The
quantification of this error is of major importance since in many cases a purely linear model
is fitted to the data, even though the system is nonlinear (e.g., employing a linear adaptive
filter in acoustic echo cancellation applications [89]). In 7, the influence of nonlinear
undermodeling in the STFT domain for an off-line estimation scheme was investigated.
Next, we analyze the convergence properties of the proposed adaptive algorithm and
investigate the influence of the parameter K and the nonlinear undermodeling error on

the steady-state mse in each frequency bin.

8.3.2 Steady-State Performance

Let us first consider the mean convergence of the misalignment vectors grx(p) and gox(p)-
By taking the expected value of both sides of (8.18) and (8.19), and by using the Gaussian

odd-order moment-factoring theorem, we obtain

E{gu(p+1) Torksym—pRi] E{gre(p)} (8.40)

} =
E{gor(p+1)} = Injp—poRo] E{ger(p)} (8.41)

where Rpe = E {x0c(p)xf}(p)} and Row = E {xqr(p)x{;(p)} are the corresponding
correlation matrices. Using (8.66) and (8.74) from Appendix 8.A, it can be verified that
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equations (8.40) and (8.41) are convergent if the corresponding step-sizes satisfy

2

0< nr < 0_—% (842)
2

0< o < 0'_;1 (843)

and their steady-state solution is £ {grx(00)} = E {ggr(c0)} = 0. Consequently, we get

B {hy(0)} = by (8.44)
E{ck(c0)} =T (8.45)

which indicates that the LMS adaptive vectors hy(p) and ci(p) converge in the mean to
the linear and quadratic components of the true system, respectively. Substituting (8.44)
for hi(p) and (8.45) for cx(p) into (8.17) we find the minimum mse obtainable in the kth

frequency bin
2

min Bk

_ 2 2
€ = O¢ T 0,

(8.46)

Note that the unbiased property of the estimators hy(p) and ci(p) are a consequence of
employing a white input signal. However, had the input signal x,, ;, been correlated, a bias
phenomenon could appear, and the adaptive vectors would not converge in the mean to
the true parameters [79].

We proceed with the mean-square convergence of the adaptive algorithm. Defining
alp) £ [ B {||ng(P)||2} E {||ng(p)||2} }T, we combine equations (8.24) and (8.34) and

rewrite them in a vector form as

qa(p+1) = Aq(p) +~ (8.47)
where
Aol P (8.48)
Bo aq

is an 2 X 2 matrix, and v = [ YL Yo }T. Equation (8.47) is convergent if and only if the
eigenvalues of A are all within the unit circle. Finding explicit conditions on the step-sizes
pr, and po that imposed by this demand is tedious and not straightforward. However,
sufficient conditions on the step-sizes may be derived by assuming that the adaptive

vectors hy(p) and cx(p) are not updated simultaneously. More specifically, assuming that
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ci(p) is constant during the adaptation of hy(p) (i.e., ug < 1), a sufficient condition for
the convergence of (8.24) is |ay| < 1, which yields

2

0<piy < .
HLS 520K + )M

(8.49)

Note that since the upper bound of puj, is inversely proportional to K, a lower step-size
value should be utilized with increasing the number of crossband filters, which may result
in a slower convergence of the algorithm. An optimal step-size that results in the fastest
convergence of the linear component is then obtained by differentiating o, with respect to
por, which yields prope = 1/ [02(2K + 1)M]. For the quadratic component, we similarly
assume that hy(p) is constant during the adaptation of ci(p) (i.e., pr < pg), which

results in the following condition on the step-size pg:

0 < pg < (8.50)

2
giN/2°
The optimal step-size for the quadratic component is obtained by differentiating ag [see
(8.35)] with respect to pig, which yields pgopt = 1/ [02N/2]. Tt should be noted that when
the assumption of the separated adaptation of the adaptive vectors does not hold (that
is, hy(p) and ci(p) are updated simultaneously), the convergence of the algorithm is no
longer guaranteed by using the derived optimal step-sizes. This can easily be shown by
substituting pirept and pgopt, respectively, for py and pg in (8.48), which results in an
eigenvalue on the unit circle. Practically, though, the stability of the algorithm can be
guaranteed by using the so-called normalized LMS (NLMS) algorithm [10], which also
leads to a faster convergence of the adaptive algorithm.

Provided that 7, and pg satisfy the convergence conditions of the LMS algorithm,

the steady-state mse can be expressed as
ex(00) = "™ + oo E {[|grr(00)[|”} + o2 E {llgon(o0)|I*} (8.51)

where e is defined in (8.46), and F {Hng(oo)HZ} and F {Hng(oo)HQ} are the steady-
state solutions of (8.24) and (8.34), which can be derived using (8.47) as

o0) — E{”ng(OO)Hz} :[I—A]_ly. (8.52)

E {llgor(0)I”}
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Finally, substituting (8.48), (8.25)-(8.27), and (8.35)-(8.37) into (8.52), we obtain explicit
expressions for F {||ng(oo)||2} and E {Hng(oo)HQ}, which we substitute into (8.51) to

obtain after some manipulations

er(00) = f (pr; pq) g™ (8.53)

where

2

) ' 8.54
f (e, 1) 2 — 022K + 1)M — pooiN/2 &

Equations (8.46) and (8.53)-(8.54) provide an explicit expression for the steady-state mse

in the kth frequency bin. Note that since p, is inversely proportional to K [see (8.49)], we
expect f (ur,pg) to be independent of K. Consequently, based on the definition of "
from (8.46), a lower steady-state mse is expected by increasing the number of estimated
crossband filters, as will be further demonstrated in Section 8.5.

Following a similar analysis, the steady-state mse of a purely linear model can be

derived by finding the steady-state solution of (8.38)-(8.39), which yields

€k,linear(oo> = f (,uLu O) elkﬂﬁlear (855)

where et ., = 07407

2
=~ — 2 N .
o o = h; H +02||Sk||” represents the minimum mse that can be obtained

by employing a linear model in the estimation process. It can be verified from (8.46)
and (8.54) that e < et . and f (ur, pug) > f (pr,0), which implies that in some
cases, a lower steady-state mse might be achieved by using a linear model, rather than a
nonlinear one. A similar phenomenon was also indicated in Chapter 7 in the context of
off-line system identification, where it was shown that the nonlinear undermodeling error
is mainly influenced by the NLR. Specifically in our case, let ¢ = 03@ / O'gL denote the

NLR, where 03 = 02 ||h||* and 0h, = Os |G||* are the powers of the output signals of

the linear and quadratic components, respectively, and hy is a vector that consists of all

the crossband filters at the kth frequency bin. Then, the ratio between e .,. and €™
can be written as .
Shliness _ ) d -~ (8.56)
e’f Il (o202 + [ )

Equation (8.56) indicates that as the nonlinearity becomes stronger (i.e., ¢ increases), the

min

minimum mse attainable by the full nonlinear model (™) would be much lower than



216 CHAPTER 8. ADAPTIVE NONLINEAR SYSTEM IDENTIFICATION

that obtained by the purely linear model (e ), such that €(00) < € jinear(00). On the

€k linear
other hand, the purely linear model may achieve a lower steady-state mse when low NLR
values are considered. In the limit, for ¢ — 0, we get €™ = " ., and consequently
€k linear (00) < €(00). Note, however, that since more parameters need to be estimated in
the nonlinear model, we expect to obtain (for any NLR value) a slower convergence than
that of a linear model.

In this context, the close relation to the problems of model-structure selection and
model-order selection [24-30] should be mentioned. In our case, the model structure is
determined by pg , the step-size of the nonlinear component of the model. By setting
fto = 0, the nonlinearity is ignored and a purely linear model is fitted to the data; whereas
for g # 0 the vector ci(p) is also updated and a full nonlinear model is employed.
Generally (for sufficiently high NLR), as more data is available in the estimation process,
a richer structure can be used, and correspondingly a better estimation can be achieved
by incorporating a nonlinear model rather than a linear one. Therefore, the purely linear
model is associated with faster convergence, but suffers from higher steady-state mse,
compared to using a nonlinear model. Once a model structure has been chosen, its
optimal order (i.e., the number of estimated parameters) should be selected, where in our
case the model order is determined by the number of crossband filters. Accordingly, at
the beginning of the adaptation process, the length of the data is short, and only a few
crossband filters are estimated, whether a linear or a nonlinear model is employed. As the
adaptation process proceeds, more data can be used, additional crossband filters can be

estimated, and lower mse can be achieved. These points will be demonstrated in Section

8.5.

8.4 Computational complexity

In this section, we consider the computational complexity of the proposed subband ap-
proach, and compare it to that of the conventional time-domain Volterra approach.

For subband system identification, the adaptation formulas given in (8.10) and (8.11)
requires (2K + 1) M + N/2 + 2 complex multiplications, (2K + 1) M + N/2 complex ad-

ditions, and one complex substraction to compute the error signal. Moreover, computing
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the desired signal estimate in (8.9) results in an additional 2 (2K +1) M + 2N/2 — 2
arithmetic operations. Note that each arithmetic operation is not carried out every input
sample, but once for every L input samples, where L denotes the decimation factor of the
STFT representation. Thus, the adaptation process requires 4(2K + 1)M + 2N + 1 arith-
metic operations for every L input samples and each frequency bin. Finally, repeating the
process for each frequency bin, and neglecting the computations required for the forward
and inverse STFTs, the complexity associated with the proposed subband approach is
given by

OSNO{%(4[(2K+1)M+N/2]+1)}. (8.57)

Expectedly, we observe that the computational complexity increases as K increases. Note
that the complexity of the proposed approach may be further reduced if the signals are
assumed real valued in the time domain, since in this case it is sufficient to consider only
the first N/2 + 1 frequency bins.

For time-domain system identification, we apply a second-order Volterra model [44] for
estimating the quadratically nonlinear system. Accordingly, an estimator for the system

output signal in the time domain can be expressed as

N1—1

gn) = Y h(m)z(n —m)

No—1 No—1

+ 37> ha(m, Ox(n — m)z(n — 1) (8.58)

m=0 ¢=m

where hq(m) and hy(m, £) are the linear and quadratic Volterra kernels, respectively, with
N7 and Ny being their corresponding memory lengths. Note that for the quadratic kernel,
the triangular Volterra representation is used [44,45]. Since the model output depends

linearly on the filter coefficients, it can be written in a vector form as

j(n) = x{ (n)hy(n) + x; (n)hs(n) (8.59)
where  hy(n) = hy (0) hy(1) --- hl(Nl—l)]T and  hy(n) =
ho(0,0) -+ hg(0,Noy—1) ho(1,1) -+ ho(l,Ny—1) -+ ho(Ny—1,Ny—1) !

are the coefficient vectors of the adaptive linear and quadratic kernels, respectively, and

x1(n) and x9(n) are their corresponding input data vectors. The adaptive vectors are
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updated using the LMS algorithm as

hy (n +1) = h(p) + pe(n)xi(p) (8.60)
and

ho(n + 1) = ba(p) + poe(n)x3(p) (3.61)
where e(n) = y(n) — gy(n) is the error signal, y(n) is the system output in the time

domain, and p; and psy are the step-sizes of the linear and quadratic components of the
Volterra model, respectively. Similarly to the subband approach, updating the vectors
h;(p) and hy(p) using (8.60)-(8.61), and computing the output signal estimate (8.59), the

computational complexity of the fullband approach can be expressed as
Or~ O {4 (N1 4 Np) +1} . (8.62)

where Ny = Ny (N; + 1) /2 is the dimension of the vector hy(p). Rewriting the subband
approach complexity (8.57) in terms of the fullband parameters (by using the relation
M ~ N;/L [65]), the ratio between the fullband and subband complexities can be written

as

O L 2N+ N2
Os  Non,@EH | N~

(8.63)

According to (8.63), the complexity of the proposed subband approach would typically
be lower than that of the conventional fullband approach. This computational efficiency
becomes even more significant when systems with relatively large second-order memory
length are considered (e.g., nonlinear acoustic echo cancellation applications [36-38]).
This is because these systems necessitate an extremely large memory length N, for the
quadratic kernel of the time-domain Volterra model, such that N2 > N and consequently
O¢ > Og. For instance, for N = 128, L = 64 (i.e., 50% overlap), N; = 1024, N, = 80
and K = 2 the proposed approach complexity is reduced by approximately 15, when
compared to the fullband-approach complexity. Note that the computational efficiency
of the proposed approach was proved also in the context of off-line nonlinear system

identification (see Chapter 6).
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8.5 Experimental results

In this section, we present experimental results which verify the mean-square theoretical
derivations. The influence of nonlinear undermodeling and the number of crossband
filters on the mse performance is demonstrated. The adaptive algorithm performance is
evaluated under the assumption of white Gaussian signals in the STF'T domain, for given
SNR and NLR values, where the SNR is defined by 03/0?, and 03 = E {|d,x|*} denote
the power of the system output signal in the STFT domain. Results are obtained by
averaging over 1000 independent runs.

The system to be identified is formed as a parallel combination of linear and quadratic
components as described in (8.2)-(8.3). The input signal z, j is a zero-mean white complex
Gaussian process with variance o2. Note that x, is not necessarily a valid STFT signal,
as not always a sequence whose STFT is given by x,, may exist [88]. Similarly, the
corrupting noise signal &, is also a zero-mean white Gaussian process with variance ag,
which is uncorrelated with z,;. We use a Hamming analysis window of length N =
128 with 50% overlap (i.e., L = 0.5N), and a corresponding minimum-energy synthesis
window that satisfies the completeness condition [72]. Note that the true crossband filters

of the system h,, ;.4 are related to the time-domain linear impulse response h(n) by [65]

Ry = {1(n) * G (n) }],_ ., (8.64)

where the function ¢y (n) depends on the analysis and synthesis windows. Here, we
model the linear impulse response h(n) as a nonstationary stochastic process with an
exponential decay envelope, i.e., h(n) = u(n)3(n)e %" where u(n) is the unit step
function and (n) is a unit-variance zero-mean white Gaussian noise. The length of the
impulse response is set to 768 samples. For the quadratic component, the cross-terms of
the system {Ek/,(k,k/)mod N‘ k' € F} are modeled here as a unit-variance zero-mean white
Gaussian process.

First, we employ several values of K in order to determine the influence of the
number of estimated crossband filters on the mse performance. Since the step-size
of the linear kernel p; should be inversely proportional to K [see (8.49)], we choose
pr = 0.25/ [02(2K + 1)M], which ensures convergence. Similarly, the nonlinear compo-

nent of the model is estimated with a step-size of ug = 0.25/ (02N /2) [see (8.50)]. Figure



220 CHAPTER 8. ADAPTIVE NONLINEAR SYSTEM IDENTIFICATION

—— Simulation
Theory

K=0

ex(p) [dB]

Il Il Il Il Il _
500 1000 1500 2000 2500 3000 3500
p — Iteration number

Figure 8.2: Comparison of simulation and theoretical curves of the transient mse (8.13) for white
Gaussian signals, as obtained for an SNR of 40 dB, and a nonlinear-to-linear ratio (NLR) of

—10 dB.

8.2 shows the resulting (normalized) mse curves e;(p) for frequency bin k£ = 11, an SNR
of 40 dB, and an NLR of —10 dB, as obtained from simulation results and from the
theoretical derivations [see (8.17), (8.24)-(8.27) and (8.34)-(8.37)]. Clearly, the theoreti-
cal analysis accurately describes both the transient and steady-state performance of the
adaptive algorithm. The results confirm that as more data is employed in the adaptation
process, a lower mse is obtained by estimating additional crossband filters. As expected
from (8.53)-(8.54), as K increases, a lower steady-state mse €;(00) is achieved; however,
the algorithm then suffers from a slower convergence. For instance, ignoring the crossband
filters and estimating only the band-to-band filters (K = 0) yields the fastest convergence,
but also results in the highest steady-state mse. Including 5 crossband filters (K = 2), on
the other hand, enables a decrease of approximately 16 dB in the steady-state mse, but
at the expense of a slower convergence of the adaptive algorithm. It should be noted that

similar results are obtained for the other frequency bins.

Next, we examine the influence of nonlinear undermodeling on the mse performance.
A purely linear model is fitted to the data by setting the step-size of the quadratic com-

ponent to zero (i.e., g = 0); whereas a full nonlinear model is employed by updating
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the quadratic component with a step-size of ug = 0.25/ (¢2N/2). For both cases, the
linear kernel is updated with a step-size up = 0.25/ [02(2K + 1)M] for two different val-
ues of K (K =1 and 3). Figure 8.3 shows the resulting transient mse curves ¢ (p) and
€k linear (P), @s obtained from simulation results and from the theoretical derivations [see
(8.17), (8.24)-(8.27) and (8.34)-(8.37) for the full nonlinear model; and (8.38)-(8.39) for
the purely linear model]. The results are obtained for frequency bin & = 11, an SNR
of 40 dB, and an NLR of —10 dB [Fig. 8.3(a)] and —30 dB [Fig. 8.3(b)]. It can be
seen that the experimental results are accurately described by the theoretical mse curves.
We observe from 8.3(a) that for a —10 dB NLR, a lower steady-state mse is achieved by
using the nonlinear model. Specifically for K = 3, a significant improvement of 12 dB
can be achieved over a purely linear model. On the contrary, Fig. 8.3(b) shows that for
a lower NLR value (—30 dB), the inclusion of the nonlinear component in the model is
not necessarily preferable. For example when K = 1, the linear model achieves the lowest
steady-state mse, while for K = 3, the improvement achieved by the nonlinear model is
insignificant, and apparently does not justify the substantial increase in model complex-
ity. In general, by further decreasing the NLR, the steady-state mse associated with the
linear model decreases, while the relative improvement achieved by the nonlinear model
becomes smaller. These results, which were accurately described by the theoretical error
analysis in Section 8.3.2 [see (8.53)-(8.56)], are attributable to the fact the linear model
becomes more accurate as the nonlinearity strength decreases. As a result, the advantage
of the nonlinear model due to its improved modeling capabilities becomes insignificant
(ie., en ~ e,r:{{;ear), and therefore cannot compensate for the additional adaptation noise
caused by updating also the nonlinear component of the model. Another interesting point
that can be concluded from the comparison of Figs. 8.3(a) and (b) is the strategy of con-
trolling the model structure and the model order. Specifically for high NLR conditions
[Fig. 8.3(a)], a linear model with a small K should be used at the beginning of the adap-
tation. Then, the model structure should be changed to a nonlinear one at a very initial
stage of the adaptation, and the number of estimated crossband filters should increase as
the adaptation process proceeds in order to achieve the mmse at each iteration. On the
other hand, for low NLR conditions [Fig. 8.3(b)], one would prefer to initially update a

purely linear model in order to achieve faster convergence, and then to gradually increase
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Figure 8.3: Comparison of simulation and theoretical curves of the transient mse (8.13) for white
Gaussian signals, as obtained by using a purely linear model (g = 0; light) and a nonlinear

one (pg # 0; dark). (a) Nonlinear-to-linear ratio (NLR) of —10 dB (b) NLR of —30 dB.

the number of crossband filters. In this case, switching to a different model structure and
incorporating also the nonlinear component into the model would be preferable only at

an advanced stage of the adaptation process.

8.6 Conclusions

We have proposed an adaptive scheme for the estimation of quadratically nonlinear sys-
tems in the STFT domain, based on the quadratic model proposed in Chapter 6. The
proposed model consists of a parallel combination of a linear component, which is repre-
sented by crossband filters between subbands, and a quadratic component, modeled by
multiplicative cross-terms. We adaptively updated the model parameters using the LMS
algorithm and derived explicit expressions for the transient and steady-state mse in fre-
quency bins for white Gaussian inputs. We showed that as more data is employed in the
adaptation process, whether a purely-linear or a nonlinear model is employed, additional
crossband filters should be estimated to achieve the mmse at each iteration. We further
showed that incorporating the nonlinear component into the model may not necessarily

imply a lower steady-state mse in subbands. In fact, the estimation of the nonlinear com-
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ponent improves the mse performance only for high NLR conditions. This improvement
in performance becomes smaller as the nonlinearity becomes weaker. It was also shown
that the proposed adaptive algorithm is more advantageous in terms of computational
complexity than the conventional time-domain Volterra approach.

The adaptive algorithm presented in this chapter may be further improved by incor-
porating adaptive control methods [110-114], which dynamically adjust the number of
model parameters to provide a balance between complexity, convergence rate and steady-
state performance. Accordingly, by adaptively controlling the model structure (employing
either a linear or a nonlinear model) and the model order (determining the number of
crossband filters), a full adaptive-control scheme may be constructed to achieve a faster

convergence without compromising for higher steady-state mse.

8.A Derivation of (8.17)

Substituting (8.16) into (8.13), and using the independence assumption and the whiteness

property of the input signal, the mse can be expressed as

- 2
th + E{gl,(n)Rergir(p)}
+2Re {E {gfk (p)RLngng(p)} + BZRLngék(M}

+ E {gbi(p)Rorgin(p) } (8.65)

e(p) = UE‘HE%

where Ry = E {x0x(p)x[i(p) }, Ror = E {xqr(0)x5.(0)}, Rigr = E {x0x(p)x5(p) }
and Ryor = F {xpk (D)X (p)} are correlation matrices, and the operator Re{-} takes the
real part of its argument. From (8.6), the (m, ¢)th term of Ry is given by

*

(RLk)m,ﬁ =FE {IpfmmodM,(kaJr\_%J)mOdep—fmod M,(k—Kﬂﬁj)modN}

= 0261 (8.66)

where the last equation is due to the whiteness property of z,; (see [65, Appendix I-AJ).
In addition, from (8.8), the (m, ¢)th term of Ryg; can be written as

(RLQk)m,e =L {xpfmmodM,(kaJerJ)mode;,ekx;,(k—ﬂk)modN} (8.67)

M
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where {, = 0if ¢ < (k—1) /2, and ¢, = {4+ (k + 1) /2 otherwise. Since odd-order moments

of a zero-mean complex Gaussian process are zero [10, p. 68|, we get

(RLQk)m,g = (RLQk> =0. (8.68)

m. L

The (m, £)th term of Ry can be written as

(RQk)m,e =E {wp,mkxp,(k—mk)mode;g,ekx;,(k—ek)modN} (8.69)

where my, is defined similarly to ¢ in (8.67). By using the fourth-order moment factoring
theorem for zero-mean complex Gaussian samples [10, p. 68], (8.69) reduces to products

of second-order moments as follows:

(Ror)pe = EA%5 0 %pmi } EA{T) 50,y mod NTpi(k—mi) mod N |

+E {x;lkxp,(k*mk)mOdN} E {$;,(k—€k)mod N$P7mk} (8'70)

Using the whiteness property of x,x, we can write (8.70) as

(Rak)pe =11 +12 (8.71)
where
T = O-ifsmk—éké(k—mk)modN—(k—Ek)modN (8.72)
and
o = Uié(k—mk)modN—Kk(smk—(k—Ek)modN . (873)

Clearly, 7 is nonzero only if my = ¢, and (k —m;)mod N = (k—{;)modN. Us-
ing the definitions of my and /¢, it is easy to verify that these conditions reduce
to m = /¢, and therefore r; = 026,,_,. In addition, ry is nonzero only if ¢, =
(k—mg)mod N and my = (k—{¢;)modN. Note, however, that since my € T3 =
{[0,(k —=1) /2]U [k + 1,(N + k — 1) /2]}, the possible values of (k —my)mod N belong
to the set 7o = {[(k+ 1) /2, k] U[(N + k +1) /2, N — 1]}. Therefore, since 71 N T = ()
(an empty set), the conditions imposed in 79 cannot be satisfied, and we get ro = 0.

Consequently, (8.71) reduces to
(RQk) 0 = O2Om—t - (8.74)

Substituting (8.66), (8.68), and (8.74) into (8.65) yields (8.17).
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8.B Evaluation of (8.24)

8.B.1 Derivation of (8.21)

Using the independence assumption of x7.(p) and hy(p), the first term on the right of

(8.20) can be expressed as

{”[ (2K+1)M — uLXLk(p)ka(Pﬂ ng(p)HQ}
= E{lgu®)’} — 2. {gf' () Ar(p)gLr(p) }

+ 17 E {8 (0)Br(p)grr(p) } (8.75)
where
Ax(p) = E {x1x(p)x1x(p) } (8.76)
and
By (p) = B {Xp.(0)x L. (0)X 1 (0)X Lk (0) } - (8.77)

Using the whiteness property of z,, Ax(p) reduces to [see (8.66)]

Ai(p) = 07l orym (8.78)

where Iox41)a is the identity matrix of size (2K +1)M x (2K +1)M. The (m, {)th term
of Bi(p) from (8.77) can be written as

[Bk (P)]m,e

Z E {x;—mmodM,(k—K+ | & | )modep—émodM,(k—K-',- | % | ymodN

n

y (8.79)

Ip andM(k K+L J)mod]\f p— nmodM(k K+L%J)modN}

where the index n sums over integer values for which the subscripts of x are defined.
By using the fourth-order moment factoring theorem for zero-mean complex Gaussian

samples, (8.79) can be rewritten as
[Bk(p)] ZE{ p—mmodM, (k— K+Lhﬂj)modN‘rpfémodM,(kaqLL%J)modN}
X FE { X }
p—nmodM (k K+LMJ)m0dN p—nmodM (’f K+L J)modN

T ZE{ p—mmodM, (k— K+LAﬂJ)modep—nmodM,(k—KJrLﬁJ)modN}

% E{ p—nmodM (k K+|_MJ)modN p—Lmod M, (k K_A,_L 4 J)modN} (880)
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where by using the whiteness property of x,, we obtain [see (8.66)]
Bi(P)ly =02 Y Ot + 08> Omnin - (8.81)
Since n ranges from 0 to (2K + 1) M — 1, (8.81) reduces to
Bi(p) = 02 [(2K + )M + 1] Lo 11y - (8.82)

Assuming (2K + 1)M > 1, and substituting (8.78) and (8.82) into (8.75) yields (8.21).

8.B.2 Derivation of (8.22)

Using the independence assumption, the second term on the right of (8.20) can be ex-

pressed as

1 (0)x6k(0)8ar(p H} 11 E {5, (p)Cr(p)gor(p) } (8.83)

uiE{|
where
Cr(p) = E {5 (0)x1: ()X (0)x5i(p) } - (8.84)

The (m, £)th term of Cg(p) can be written as

[ ZE{ Pmk p nmodM(k K+|_I%J)mode;,(k—mk)modep,Ek

xp—nmod M,(k—K—i— Lﬁj)modep’(kfgk)mOdN} (885)

where /;; is defined in (8.67), and my, is defined similarly. A similar expression to (8.85)
was derived in Chapter 7 using the sixth-order moment factoring theorem for zero-mean
complex Gaussian samples [10, p. 68]. Then, following the analysis given in Appendix
7.A.2, we obtain

[Cr(P)]e = 02 [(2K + 1) M + by, 5] s (8.86)
where S = AN {B, U By}, with A ={[0,(k—1)/2]U[k+1,(N +k—1)/2]} and By, =
{[(k — K +ny)modN|] M| ny € {0,...,2K}}. Substituting (8.86) into (8.83), and using
the definition of gor(p) from (8.15), we obtain

i B { i p)gan )|}
= [,ULU (2K +1) M} E{Hng(p)H2}

+ [LLO-G Z {‘Cm (k—m) modN(p) - Em,(kfm) modN|2} (887)

meS
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In order to simplify the expression above, let us assume that

Z E {|Cm,(k—m) modN(p) - Em,(k—m) modN‘Z}

meS

< (2K + 1) ME {|lgor()II°} - (8.88)

This assumption is reasonable and can be justified by noting that dimS < 4K + 2 and
max K < dim goi(p) = N/2, where the latter is due to fact that most of the energy of the
STF'T representation of a real-world linear system is concentrated around a few number

of crossband filters [65]. Then, neglecting the last term in (8.87), we obtain (8.22).

8.C Evaluation of (8.34)

8.C.1 Derivation of (8.29)

Using the independence assumption of xqk(p) and ci(p), the first term on the right of
(8.28) can be expressed as
E {H [Tv/2=1aXan(p)xoi(P)] gor(p) | }
= E{lgard’} = 210E {86:(»)Dr(p)gax(p) }

+ 1o E {8or(P)Fi(p)gar(p) } (8.89)
where
Dy(p) = E {xqu(p)x0u(p) } (8.90)
and
Fi.(p) = B {x0u(p)xu(P)x01(0) x4 (P) } - (8.91)

Using the whiteness property of x,x, Dg(p) reduces to [see (8.74)]

Dy (p) = o,Iny (8.92)
where Iy, is the identity matrix of size N/2 x N/2. The (m,{)th term of Fj(p) from
(8.91) can be written as

[Es (D) e
D E @ mi o (ki) mod N 0, T, (1 00) mod N

n

* *
X Lp,npLp,(k—ny) mod pr,nk Ip,(kfnk) mod N} (893)
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where /() is defined in (8.67), and my, is defined similarly. Using the Gaussian eighth-order

moment-factoring theorem [10, p. 68], (8.93) can be expressed as

(5 (P)] e

- * *
— g E {xp,mkxp,(k—mk)mod pr,kap,(k—ék)modN}
n

* *
X E {xp,nk Lp,(k—ng) mod NLp n, Lp (k—ny) mod N}

* *
+ : : E {xpzmkxp7(k_mk) mOdNIpvnk xpz(k_nk) mOdN}
n

* *
X B {xpvnk Lp,(k—ng) mod NLp ¢, Lp (k—£;,) mod N }

* *
n

* *
X E {l’pvnk Lp,(k—nk) mod NLp (k—,) mod NLp,(k—ny) mod N}

z : * *
+ E {«Tp,mkxp,(k—mk)modepjkxp,(kfnk)modN}
n

x F {xp,nkxp,(k—nk.)mod Nx;’nkx;,(k_ék) modN} (8.94)
Each term in (8.94) can be decomposed into products of different combinations of second-
order moments, imposing certain conditions on both the matrix indices m and ¢, and
the summation index n. It can be verified that the possible structures of the resulting
conditions are a = 3, (k —a)mod N = (k — f)mod N, and o = (k — ) mod N, where
a, € {mg, lg,nt}. Then, since the last condition cannot be satisfied [see (8.73)], and

the first two conditions reduce to m = ¢ [see (8.72)], (8.94) reduces to

[Fx(p)] e
=02 (et + OnmOr—m + 0+ O¢—mbnmOe—n) (8.95)
and since n ranges from 0 to N/2 — 1, we get
N
Fr(p)], e = 02 (5 + 2> Om—t - (8.96)

Assuming N > 4, and substituting (8.92) and (8.96) into (8.89) yields (8.29).

8.C.2 Derivation of (8.30)

Using the independence assumption, the second term on the right of (8.28) can be ex-

pressed as

93 {||x5k(p)xfk(p)ng(p)H2} = 13E {g (0)Gi(p)gar(p)} - (8.97)
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where
Gi(p) = E {x1(0)x01(0)x60k(0)X L1 (D)} - (8.98)

The (m, £)th term of Gg(p) can be written as

[Gk(p>]m,z = Z B {x;—mmod M, (k—K+| %% | ) mod Nx;—é mod M,(k—K+| 47 | ) mod N

n

* *
X Lp,ny Lp,(k—ny) mod N‘rp,nk xp,(k—nk) modN} (899)

where ny is defined similarly to ¢, in (8.67). Using the Gaussian sixth-order moment

factoring theorem, and following a similar analysis to that given in Appendix 7.A.2, we

obtain
[Gi (D)), = 02 g + 5meu} Ot (8.100)
where U = {{[(K—n1)modN]M}U{[(n;i —k+ K)modN|M} |n; € A} and

A={[0,(k—1)/2]U[k+1,(N+k—1)/2]}. Using the definition of grx(p) from
(8.14), and substituting (8.100) into (8.97), we obtain

B { %o 0)x 5 )]}

= uHo. (8.101)

SE s’} + 3 B {llen®), )

meU

where [grk(p)],, denotes the mth term of grx(p). Assuming that N > 2 and noting that
dimU < 4K + 2 < dimgr,(p), we may neglect the last term in (8.101) to obtain (8.30).

8.C.3 Derivation of (8.32)

Using the independence assumption, the fourth term on the right of (8.28) can be ex-

pressed as
20 Re { E {1, (0)x1,,(0) x5 (p) | R (p) B | x00(0) | }
— 23 Re { > Fume () E {74 (p)] } (ﬁk)g} (8.102)
n,d,m
where
Fame (Tpk) = BT mod Mgy (n) Tp—mod Mga ()

* *
X Lp,my, Lp,(k—my) mod pr,mk‘rp,(kfmk) mod N} (8 103)
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and the functions ¢;(n) and g2(¢) determine the frequency-bin indices that correspond to
the nth term of x7x(p) and the £th term of X, (p), respectively. It is easy to verify from
the definitions of x1x(p) and X, (p) that gi1(n) # g2(€) for any pair of indices (n, £), which
implies that E {x;_nmod M,g1(n)Lp—Emod M,gz(é)} = 0. Consequently, using the Gaussian
sixth-order moment factoring theorem and following a similar analysis to that given in

Appendix 7.A.2, (8.103) can be written as

fnmf (xp,k) - UgénmodMéémodM(Sgl(n)fgg(ﬁ)

X [6mk—91(n) + 5(k—mk)modN—gl(n)] . (8104)

However, since g1(n) # g2(€) we get fume (Tpx) = 0, which can be substituted into (8.102)
to obtain (8.32).



Chapter 9

Research Summary and Future

Directions

9.1 Research summary

In this thesis, we have considered the problem of system identification in the STFT do-
main and developed novel theoretical approaches as well as practical algorithms for the
identification of linear and nonlinear systems. We have investigated the influence of cross-
band filers on a system identifier operating in the STFT domain, and derived important
explicit relations between the attainable mse in subbands and the power and length of the
input signal. This strategy of controlling the number of crossband filters was then success-
fully applied to acoustic echo cancellation applications in batch or adaptive forms. The
widely-used MTF approximation, which avoids the crossband filters by approximating
the linear system as multiplicative in the STFT domain, was also considered. We investi-
gated the performance of a system identifier that utilizes this approximation and proved
the existence of an optimal STFT analysis window length that achieves the mmse. Ac-
cordingly, a new approximation for linear systems in the STFT domain was derived, and
a novel adaptive control algorithm, applied to acoustic echo cancellation, was proposed.
Concerning nonlinear system identification, we have introduced a novel nonlinear model
in the STFT domain, which consists of a parallel combination of linear and nonlinear
components. The proposed model achieves a significant reduction in computational cost

as well as a substantial improvement in estimation accuracy over the conventional time-
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domain Volterra model, particularly when long-memory nonlinear systems are considered.
We have concentrated on the error caused by nonlinear undermodeling and considered the
problem whether the inclusion of a nonlinear component in the model is always prefer-
able, taking into account the noise level, data length and the power ratio of nonlinear to
linear components of the system. The applicability of this model to nonlinear acoustic

echo cancellation problems was demonstrated.
The main contributions of the thesis chapters are as follows:

In Chapter 3, we have derived explicit relations between the attainable mmse in sub-
bands and the power and length of the input signal for a system identifier implemented in
the STFT domain. We showed that the mmse is achieved by using a variable number of
crossband filters, determined by the power ratio between the input signal and the additive
noise signal, and by the effective length of input signal that can be used for the system
identification. Generally the number of crossband filters that should be utilized in the
system identifier is larger for stronger and longer input signals. Accordingly, during fast
time variations in the system, shorter segments of the input signal can be employed, and
consequently less crossband filters are useful. However, when the time variations in the
system become slower, additional crossband filters can be incorporated into the system
identifier and lower mse is attainable. Furthermore, each subband may be characterized
by a different power ratio between the input signal and the additive noise signal. Hence,

a different number of crossband filters may be employed in each subband.

In Chapter 4, we have derived explicit relations between the mmse and the analysis
window length, for a system identifier implemented in the STFT domain and relying on
the MTF approximation. We showed that the mmse does not necessarily decrease with
increasing the window length, due to the finite length of the input signal. The optimal
window length that achieves the MMSE depends on the SNR and length of the input

signal.

Next, in Chapter 5, we have introduced an CMTF approximation for identifying an LTT
system in the STFT domain. The cross-terms in each frequency bin are estimated either
off-line by using the LS criterion, or adaptively by using the LMS (or NLMS) algorithm.
We have derived explicit relations between the attainable mmse and the power and length

of the input signal. We showed that the number of cross-terms that should be utilized
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in the system identifier is larger for stronger and longer input signals. Consequently, for
high SNR values and longer input signals, the proposed CMTF approach outperforms
the conventional MTF approximation. This improvement is due to the fact that data
from adjacent frequency-bins becomes more reliable and may be beneficially utilized for
the system identification. In addition, we have analyzed the transient and steady-state
mse performances obtained by adaptively estimating the cross-terms. We showed that
the MTF approximation yields faster convergence, but also results in higher steady-state
mse. As the adaptation process proceeds, more data is employable, and lower mse is
achieved by estimating additional cross-terms. Accordingly, during rapid time variations
of the system, fewer cross-terms are useful. However, when the system time variations
become slower, additional cross-terms can be incorporated into the system identifier and

lower mse is attainable.

In Chapter 6, we have introduced a novel approach for identifying nonlinear systems
in the STFT domain. We have derived an explicit nonlinear model, based on an effi-
cient approximation of Volterra-filters representation in the time-frequency domain. The
proposed model consists of a parallel combination of a linear component, which is repre-
sented by crossband filters between subbands, and a nonlinear component, modeled by
multiplicative cross-terms. We showed that the conventional discrete frequency-domain
model is a special case of the proposed model for relatively long observation frames. Fur-
thermore, we showed that a significant reduction in computational cost can be achieved
over the time-domain Volterra model by the proposed approach. Experimental results
have demonstrated the advantage of the proposed STFT model in estimating nonlinear
systems with relatively large memory length. The time-domain Volterra model fails to
estimate such systems due to its high complexity. The proposed model, on the other
hand, achieves a significant improvement in mse performance, particularly for high SNR
conditions. Overall, the results have met the expectations originally put into STFT-
based estimation techniques. The proposed approach in the STFT domain offers both
structural generality and computational efficiency, and consequently facilitates a practical

alternative for conventional methods.

In Chapter 7, we have provided an explicit estimation-error analysis for quadratically

nonlinear system identification in the STFT domain. We assumed that the system to
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be identified can be represented by the nonlinear STF'T model proposed in Chapter 6.
The proposed model consists of a parallel combination of a linear component, which is
represented by crossband filters between subbands, and a quadratic component, modeled
by multiplicative cross-terms. We showed that the inclusion of the quadratic component
in the model is preferable only for high SNR conditions and slowly time-varying systems
(which enables to use longer observable data). A significant improvement in mse perfor-
mance is then achieved compared to using a purely linear model. This improvement in
performance becomes larger as the nonlinearity becomes stronger. On the other hand,
as the SNR decreases or as the time variations in the system become faster, a lower mse
is attained by allowing for nonlinear undermodeling and employing only the linear com-
ponent in the estimation process. Furthermore, we showed that increasing the number
of crossband filters in the linear component does not necessarily imply a lower mse. For
every noise level, whether a linear or a nonlinear model is employed, there exists an op-
timal number of crossband filters, which increases as the SNR increases. Experimental

results have supported the theoretical derivations.

Finally, in Chapter 8, we have proposed an adaptive scheme for the estimation of
quadratically nonlinear systems in the STFT domain, based on the quadratic model
proposed in Chapter 6. The proposed model consists of a parallel combination of a linear
component, which is represented by crossband filters between subbands, and a quadratic
component, modeled by multiplicative cross-terms. We adaptively updated the model
parameters using the LMS algorithm and derived explicit expressions for the transient and
steady-state mse in frequency bins for white Gaussian inputs. We showed that as more
data is employed in the adaptation process, whether a purely-linear or a nonlinear model
is employed, additional crossband filters should be estimated to achieve the mmse at each
iteration. We further showed that incorporating the nonlinear component into the model
may not necessarily imply a lower steady-state mse in subbands. In fact, the estimation
of the nonlinear component improves the mse performance only for high NLR conditions.
This improvement in performance becomes smaller as the nonlinearity becomes weaker.
It was also shown that the proposed adaptive algorithm is more advantageous in terms of

computational complexity than the conventional time-domain Volterra approach.



9.2. FUTURE RESEARCH DIRECTIONS 235

9.2 Future research directions

In this thesis, we have developed novel theoretical approaches as well as practical algo-
rithms for improved linear and nonlinear system identification. Several directions may
be interesting for future research. In the following, we discuss some of the main issues.
Additional details and other possible topics for future research are given in the conclusions

of each chapter.

Adaptive control algorithms for nonlinear system identification: The novel
algorithms for nonlinear system identification considered in this research employ a fixed
number of parameters during the estimation process, either in batch or adaptive forms
(see Chapters 6-8). As a result, the proposed adaptive algorithm may suffer from either
slow convergence in case the model order is high, or relatively high steady-state mse in
case the model order is low. However, the insights provided in this research, regarding
the strategy of controlling the model structure and the model order, may further enhance
the performance of such algorithm. This may be done by combining the proposed model
with adaptive control methods [110-114], which dynamically adjust the number of model
parameters to provide a balance between complexity, convergence rate and steady-state
performance. Accordingly, by adaptively controlling the model structure (employing ei-
ther a linear or a nonlinear model) and the model order (determining the number of
crossband filters), a full adaptive-control scheme may be constructed to achieve a faster

convergence without compromising for higher steady-state mse.

Time-varying system identification: The insights derived in the context of time-
invariant linear and nonlinear system identification may be extended to the time-varying
case. Many real world systems are often characterized by certain time variations that
cannot be sufficiently modeled by conventional LTT models. For instance, the system rep-
resenting a loudspeaker, room and a microphone, in acoustic echo cancellation applica-
tions is generally time-varying [89]. The time variations in this system are a consequence
of changes in the echo path. These variations are attributable to frequent changes in
objects’ positions in the enclosure, e.g., varying positions of the microphone, the loud-
speaker or the speaker in the enclosure. Such variations, although resulting in relatively

slow and small changes in the direct path and the early reflections, cause fast changes
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in the late reflections. Several adaptive algorithms have been proposed for tracking the
time variations of an linear time-varying system, and their mse performances have been
extensively analyzed [10,127-129]. However, most of them operate in the time domain
and the influence of the time variations on STFT-based identification approach has not
been investigated. Analyzing the model mismatch resulting from a time-invariant model
assumption and investigating the influence of time variations on the attainable mmse in
the STF'T domain are interesting topics for future research. Note that the variations in a
linear system may be specified in terms of the time-domain impulse response h(n, m), or
alternatively in terms of variations in the crossband filters h, ;1 (p)*. The undermodeling
error caused by not tracking the system variations may make the STF'T domain preferable
for system identification. For instance, when only a few coefficients in the time-frequency
domain are varying, the additional error due to the time-varying model mismatch may be

lower in the time-frequency domain than in the time domain.

In this context, it should be noted that time variations in the system may also influence
the selection of the model order. For instance, when abrupt variations occur in a particular
coefficient, the model complexity may decrease and the performance may be improved by
not estimating this particular coefficient. The analysis may be extended by allowing the
model complexity to vary in time, thus possibly improving the accuracy of the model
and decreasing the mmse. This approach may be combined with the nonlinear model
presented in Chapter 6 for achieving an efficient and general model for nonlinear time-
varying systems in the STFT domain. Consequently, by selecting the optimal domain,
choosing an appropriate model for time variations and nonlinearities, and determining the
optimal model order may further improve the tracking capability of a nonlinear system

identifier.

RTF identification and multichannel processing: The crossband filtering ap-
proach and the algorithms proposed in this research may be employed for developing
improved multichannel communication systems. An important component of a multi-
channel communication system is the identification of a relative transfer function (RTF)

between sensors in response to a desired source signal. Since the RTF represents the

IThe dependence of the crossband filters hp k.x (p) on the frame index p indicates the time-variations

of the system as observed in the STFT domain.
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relative response between two sensors, it can be considered linear, even when the desired
source signal. Many existing multichannel processing approaches approximate the RTF in
the STFT domain as multiplicative (i.e., the MTF approximation) by assuming that the
analysis window is long and smooth relative to the RTF impulse response. However, in
such applications, the impulse response is practically of infinite length (since it represents
the impulse response of the ratio of room transfer functions), so the large window support
assumption may result in an inaccurate system estimate. Nonetheless, the restriction
of the large support assumption may be avoided by incorporating crossband filters in
the RTF identification process; thus possibly improving the system estimate accuracy.
Note, however, that the identification approaches derived in this paper (either in batch
or adaptive forms) are inapplicable in the RTF identification problem, since in this case
the additive interfering signal is correlated with the system input and also depends on the
system impulse response. The crossband filtering approach can therefore be extended to
this more general problem. In particular, taking into account the nonstationarity of the
input signal [3,130], the number of useful crossband filters can be determined according
to the different SNR values per time-frequency bin. Consequently, an efficient algorithm
for RTF identification that will result in a smaller error variance can be derived.
Another drawback of existing methods for RTF identification is associated with the
time-varying nature of the system. Therefore, even when infinite analysis window is
employed, the MTF approximation is not accurate due to frequent time-variations in
the acoustic enclosure, which cannot be efficiently modeled by the time-invariant MTF
model. An extension of the MTF approximation to the time-varying case may be done by
assuming that the analysis window @Z;(n) is long and smooth relative to the time-varying

impulse response h(n,m), such that
U(n —m) h(n,m) = p(n) h(n,m). (9.1)

Note that the assumption in (9.1) generalizes the assumption made for LTI systems [see
(2.16)]. Based on (9.1), a corresponding time-varying MTF approximation may be derived
and can easily be incorporated into existing STFT-based multichannel algorithms in order

to enhance their performance in estimating and tracking time-varying systems.
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