ABSTRACT ment.

12

V,E V= ,n E⊆ V×V

i,k node i k N_i i i,k C_{ik} T_{ik}

infosize header-size h_{ik} packet-size (or info-flow link-flow t (i,k j f̂_{ik}^t ( j j, is f̂_{ik}( j) =^Δ_{t =1}Σ

T_{ik}

f̂_{ik}^t ( j

t f̂_{ik}^t =^Δ_{j=1}Σ^n f̂_{ik}^t ( j f̂_{ik} =^Δ_{j=1}Σ^n f̂_{ik}( j)=_{t =1}Σ

T_{ik}

f̂_{ik}^t .

f̂_{ik}^t ( j), f̂_{ik}( j f̂_{ik} f_{ik}^t ( j), f_{ik}( j f_{ik}. h_{ik} i,k f_{ik}^t ( j)_{ik}^t f̂_{ik}^t ( j α_{ik}^t =^Δ t t +h_{ik} . r_i^t ( j t i j T

Let D_{ik}(. i,k D_{ik}[9]:

P1. D_{ik} f_{ik}

derivatives. P2. D_{ik} P3._{fik→ Ci,k}lim D_{ik}( f_{ik}) .

D_T =_{(i,k)∈ E}Σ D_{ik}( f_{ik})

D_T

r h_{ik} = D_{ik}( f_{ik})=_{ik}^2 x

x= kr^2

1

2

3

4 1 2

2 2

kr^2

D_{ik}( f_{ik})= C_{ik} − f_{ik} f_{ik}

and C_{ik} = 11 10 r

mance.

t

t =

F

F f

t τ and t

τ ( t

f

f

g_i^{t,τ} ( j t j τ and t τ g_i^{t,τ} ( j g_i^{t,τ} ( j total τ and t sizes τ and t g_i^{t,τ} ( j t

D_T =_{ik}Σ D_{ik}( f_{ik})=_{ik}Σ D_{ik}(_tΣ f_{ik}^t )=_{ik}Σ D_{ik}(_tΣ_jΣ f_{ik}^t ( j =_{ik}Σ D_{ik}(_tΣ_jΣ α_{ik}^t .f̂_{ik}^t ( j .

= f _ , g _

where f _ and g _ f _ ={f̂_{ik}^t ( j) (i,k)∈ E, j∈ V ≤t≤T_{ik}} g _ ={ g_i^{t,τ} ( j)i∈ V, j∈ V ≤t≤T f _ g _ f _ t i,k t >T_{ik} Let . D_T F_cF_c F_cF_c a vector f̂_{ik}^t ( j)≥0.

tΣ_jΣ^fik^{t ( j)=}_tΣ_jΣ^α ik^{t .f̂}ik^{t ( j)<C}ik^.

g_i^{t,τ} ( j)≥0.

kΣ^{f̂}ik^{t ( j) =}_kΣ^{f̂}ki^{t ( j) + r}i^{t ( j) −}_0 2 tΣ^gi^{t,τ ( j)+}_{t 2t}Σ_τ^{t .g}i^{τ , t ( j)+}_{2t T}Σ_τ^{t .g}i^{τ ,t ( j)}

t i from t i i

g_i^{t,τ} ( j) τ t g_i^{τ ,t} ( j)

kΣ^{f̂}ik^{t ( j)} τ t g_{iτ , t} ( j) r_i^t ( j)

kΣ^{f̂}ki^{t ( j)}

t t t g_i^{τ ,t} ( j τ g_i^{τ , t} ( j t τ t g_i^{τ ,t} ( j τ t-packets.

Minimize D_T over F_cF_c.

: D_T F_cF_c. Proof: F_cF_c D_T D_{ik} D_{ik} F_cF_c. D_{ik} D_{ik} f_{ik} D_T F_cF_c.

* ={f̂_{ik} ( j ∪ {g_i^{t,τ *} ( j

λ_i^t ( j) 1≤i≤n ≤ j≤n ≤t≤T ≤ j≤n ≤i≤n (i≠ j k∈ N_i ≤t≤T_{ik}:

λ_i^t ( j) k t ( j)_{ik}^t .D_{ik}^′ k t ( j)_{ik}^t .D_{ik}^′ f̂_{ik} ( j)=0 f̂_{ik} ( j)>0

≤ j≤n ≤i≤n (i≠ j ≤t≤_kmaxTki 2:

λ_i^t ( j) ≤ t t λ_{it} ( j)+ t τ λ_{iτ} ( j) = t t λ_{it} ( j)+ t τ λ_{iτ} ( j)

g_i^{,τ} ( j)=0 g_i^{,τ} ( j)>0

≤ j≤n ≤t≤_imaxT :

λ_j^t ( j)=0

Proof:

λ_i^t ( j t i j. t i t- i k i t

t (type-A (type-B

t x_i^t ( j t i j that

x_i^t ( j)=_{k∈ N}

iΣ^{f̂}ki^{t ( j)+r}i^{t ( j)−}_1 2 tΣ^gi^{t,τ ( j)+}_{t 2t}Σ_τ^{t .g}i^{τ , t ( j).}

+_kΣ f^^_{ik}^t ( j) τ t g_{iτ ,t} ( j) τ t g_{iτ , t} ( j) x_i^t ( j)

kΣ^{f̂}ki^{t ( j)}

g_i^{t,τ} ( j) r_i^t ( j)

k∈ N_iΣ

f̂_{ik}^t ( j)=x_i^t ( j)+_{2t}Σ τ t .g_{iτ ,t} ( j).

x_i^t ( j)≥0.

* ={f̂_{ik} ( j ∪ {g_i^{t,τ *} ( j

{λ_i^t ( j) 1≤i≤n ≤ j≤n ≤t≤T} ∪ {λ _ i t ( j) 1≤i≤n ≤ j≤n ≤t≤T

≤ j≤n ≤i≤n (i≠ j k∈ N_i ≤t≤T_{ik}:

λ _ i t ( j) k t ( j)_{ik}^t .D_{ik}^′ k t ( j)_{ik}^t .D_{ik}^′

f̂_{ik} ( j)=0 f̂_{ik} ( j)>0

≤ j≤n ≤i≤n (i≠ j ≤t≤_kmaxTki 2 t :

λ_i^t ( j) ≤ t t λ_{it} ( j)+ t τ λ__iτ ( j) = t t λ_{it} ( j)+ t τ λ__iτ ( j)

g_i^{,τ} ( j)=0 g_i^{,τ} ( j)>0

≤ j≤n ≤i≤n (i≠ j ≤t≤_kmaxT_{ik}:

λ_i^t ( j) _ i t ( j) _ i t ( j) x_i ( j)=0 x_i ( j)>0

≤ j≤n ≤t≤_imaxT :

λ_j^t ( j) _ j t ( j)=0

Proof:

λ_i^t ( j t i j i λ _ i t ( j i k

i t k λ_k^t ( j

τ is λ _ i τ ( j λ_i^τ ( j

of λ_i^t ( j λ machines.

i, t and τ g_i^{t,τ} ( j)>0

* ={f̂_{ik} ( j ∪ {g_i^{t,τ *} ( j

{λ_i^t ( j) 1≤i≤n ≤ j≤n ≤t≤T} ∪ {λ _ i t ( j) 1≤i≤n ≤ j≤n ≤t≤T hold.

Proof:

* ={f̂_{ik} ( j ∪ {g_i^{t,τ *} ( j i g_i^{t,τ *} ( j i λ_i^t ( j) 1≤i≤n ≤ j≤n ≤t≤T Proof:

i∈ V j∈ V t path i j t i j. t ately. t i and j i =v_0 ,v_1 , v_r =j ≤l≤r − v_l ,v_{l +1} )∈ E T_{vi ,vi +1} ≥t ≤l <m≤r v_l ≠v_m t-path p^t is FDL(p^t ) =^Δ_{l =0}Σ^{r − 1}α_{vl ,vl +1}^t .D′_{vl ,vl +1} .

t i and j gp^t t = gp^1 t≥ v bly v=i or v=j t-path gp^t p_{i,v}^t t i to v (for v=i gp_{v,j}^τ and gp_{v,j}^t (for v=j t FDL(gp^t ) =^Δ FDL(p_{i,v}^t ) + t τ FDL(gp_{v,jτ} ) + t t FDL(gp_{v,jt} ) .

i∈ V j t between i and j t i and j t i and j t t t- t = t t

j t t i τ τ t i and j

t i and j (i,k α_{ik}^t .D′_{ik} t k to j i to j k corresponding τ t kto j t i to j.

t ← i,k)∈ E set l_{ik ik}^1 .D′_{ik}. l_{ik} i,j∈ Vassign i and j to MFDLP^1 MFDL^1 .

2. t ← t + t i,j∈ V: θ 2

t θ MFDL_θ + t t MFDL_t ≤ t τ MFDL_τ + t t MFDL_t .

)~ l ~ ← t θ MFDL_θ + t t MFDL_t .

iii. τ^t .

i,k)∈ E let l_{ik} ← ∞ α_{ik}^t .D′_{ik} t >T_{ik} t≤T_{ik} .

l_{ik} i,j∈ V i and j to MFDLP^t MFDL^t .

t <T t i,j from MFDLP^t MFDLP^t MFDLP^t k,j)~ MFDLP^t k τ^t (t^t λ

j i λ_k( j downstream neighbor k i j i λ_i ( j λ_k( j D′_{ik} i λ_i ( j λ j sending λ_j ( j)=

λ_i ( j i D′_{ik k}( j

i α_{ik}^t k∈ N_i and t i D′_{ik}

j phases, t t = α_{ik}^1 .D′_{ik} and λ_i^1 ( j D′_{ik} and λ_i ( j t t > i≠ j j λ_j^t ( j)= t- i Λ_i^{t,τ} ( j) =^Δ t t .λ_{it} ( j)+ t τ .λ_{iτ} ( j)

2 t i λ_{kt} ( j t

bor k i t j i λ_i^t ( j) α_{ik}^t .D′_{ik} Λ_i^{t,τ} ( j λ_i^t ( j t λ_i^t ( j i

τ k^* i decreases t g_i^{t,τ} ( j k≠k^* (i.e., f̂_{ik}^t ( j k≠k^* k^* τ^* and t^* i τ^* ,t^* t t > i≠ j.

≠ ) j i)

2 t : Λ_{it,τ} ( j) ← t t .λ_{it} ( j) + t τ .λ_{iτ} ( j).

(b) λ_i^t ( j)_1 ←_{k∈ Ni} α_{ik}^t .D′_{ik k}^t ( j (c) λ_i^t ( j)_2 ← 2 t Λ_i^{t,τ} ].

kΣ^{f̂}ik^{t ( j)+}_τΣ^gi^{t,τ ( j) =Δ S>}

λ_i^t ( j) ←_{k∈ N}

iΣ_S^{f̂ik} t ( j) .

[α_{ik}^t .D′_{ik k}^t ( j + 2 tΣ_S^{git,τ ( j) .Λ}i^{t,τ ( j)}

else λ_i^t ( j) ← λ_i^t ( j)_1 ,λ_i^t ( j)_2 } λ_i^t ( j λ_i^t ( j)_{1 i}^t ( j)_2 then k^* α_{ik}^{*t} D′_{ik}^*_k^{*t} ( j)_i^t ( j)_1.

f̂_{ik}^t ( j k≠k^* g_i^{t,τ} ( j 2 t f̂_{ik*}t ( j).

else

τ^* Λ_i^{t,τ *} ( j)_i^t ( j)_2.

f̂_{ik}^t ( j k∈ N_i g_i^{t,τ} ( j^* g_i^{t,τ *} ( j).

kand τ k τ k^* or τ^*).

t and 2 t O(T_2

t

t = t 5. Q ={τ_1 ,τ_2 τ_q τ_{1 2} <_q t a a_1 ,a_2 a_q ≤i≤q, a_i τ_i and a_0 ∈ Q q Q T. Q Q-quantized fragmenta- . Q τ ≤i≤q, τ_i =i.τ Q τ Q(τ Q(τ )− quantized Q(τ )FR t t_t ._t β_t =^Δ τ t and γ_t =Δ τ t Q(τ

kτ ≤k≤q l_t l≥ γ_t = l = Q

V,E T_{ik} =b_{ik}.T_{min} i,k)∈ E (where b_{ik} and T_{min} are T_{min} − quantized T_{min}

T_{min}

T_{min} r_i^t ( j)= t≠kT_{min} (k= Q(T_{min} )FR

Proof: FR^* FR^* a Q(T_{min} )FR algorithm , FR^* FR^*.

T_{min} FR^* T_{ik} T_{min} K.T_{min} (1 T_{min} K+ .T_{min}

FR^*. FR^* FR^*

FR^* fragments. KT_{min} , T_{min} FR^* algom K_i T_{min i} each, γ_i <T_{min} ≤i≤m

(1) K_i .T_{min i} = T^{min} γ_i (K_i + T_{min} + T^{min}

T_{min i} (K_i )T_{min}

(K_i + T_{min} T_{min} γ_i

T_{min}

T_{min i} . KT_{min} and (K+ T_{min} KT_{min} K_i + T_{min} and K_i T_{min}

Let K̃_{i =1}Σ^m γ_i =K̃T_{min} K̃+_{i =1}Σ^m K_i =K γ, K̃ m

− Mwith T_{min} m γ K̃+ T_{min} K̃ ≤i≤m i γ_i M m i i (K_i + T_{min} K_i T_{min} FR^* runs), γ K̃+ T_{min} rows.

T_{min} γ T_{min}

T_{min} i ≤i≤m γ i x_i M T_{min} i γ_i − x_i i

T_{min} γ . γ x_i + T_{min}

T_{min} .

T_{min} γ_i − x_i = T_{min} γ_i

i T_{min} γ_i T_{min}

T_{min i}

KT_{min} FR^* algom K_i T_{min i} , KT_{min} FR^* KT_{min} K+ T_{min}

T_{min} γ .

FR^*

FR^*.

FR^*. Since FR^* . Q(τ )FR τ

Q(T_{min} )FR K.T_{min}

T_{min} Q(T_{min} )FR O( T_{min}

T t O(T FR

T_{min}^2

(i.e., T_{min} = T= 6.

r_i^t ( j t K.T_{min} <t≤(K+ .T_{min} K+ .T_{min}

T_{12} =T_{24} =T_{34} =400, T_{13} = T_{min} = h =

1

2

3

4 (400)

D=1.22f D=0 (400)

D=0 D=f r_1^{400} r_1^{300}

(4)

(4)

D_{12} = .f_{12}, D_{13} = f_{13}, D_{24} =D_{34} = r_1^{300} > r_1^{400} >

T_{min}

T_{ik} <T_{mn} then q T_{mn} =q.T_{ik} M={t_1 ,t_2 t_m, m, t_{m+1} =q_m.t_m (where q_m i,k T_{ik}∈ M

r_i^t ( j)= t ∉ M

f̂_{ik}( j t∈ M f_{ik}( j D_{ik} f_{ik}( j

M QFR Q =M

M T M≤E j a j j

F_j =F_j (_kΣ_tΣ t 1 .f̂ t ( j

F_j F_j

D_T =_{i,k}Σ D_{ik}( f_{ik})+_jΣ F_j (_kΣ_tΣ t 1 .f̂ t ( j

λ_j^t ( j)= t 1 F_{j′}

where F_j^′ F_j F_j^′ t since F_j

j grows, F^{′j} (since j λ_i^t ( j) t g_i^{t,τ} ( j) =

node i

i,k β_{ik} β_{ik}

D_{ik}( f̂_{ik}^1 ,f̂_{ik}^2 , ,f̂_{ik}^T)_{ik}._tΣ t f̂_{ik}^t

D_{ik} =D_{ik}( f_{ik} α_{ik}^t = t 1

D_{ik}( f̂_{ik}^1 ,f̂_{ik}^2 f̂_{ik}^T)_{ik}._tΣ t f̂_{ik}^t_{ik}.

tΣ^α ik^{t .f̂}ik^t ik^._tΣ^fik^t ik^{.f}ik^{=Δ D}ik^{( f}ik^{) .}

λ_i^t ( j) k t ( j)+ t β_{ik} k t ( j)+ t β_{ik}

f̂_{ik} ( j)=0 f̂_{ik} ( j)>0 α_{ik}^t =^Δ ∞ i,k

Λ_{vi}^t =_{vi +1}^t , 2 t Λ_{vi}^τ_{vi}^t

v_1 ,v_2 , ,v_m Λ_{vi}^t t from v_i to v_m. O(T^2V

work[15]).

environment.

APPENDIX

* ={f̂_{ik} ( j ∪ {g_i^{t,τ *} ( j

{λ_i^t ( j) 1≤i≤n ≤ j≤n ≤t≤T

Proof:

L_1 =^Δ D_T

L_2 =^Δ_{i,j≠i,t}Σ λ_i^t ( j).[_kΣ f̂_{ki}^t ( j)+r_i^t ( j)− 2 tΣ^gi^{t,τ ( j)+}_{2t T}Σ_τ^{t g}i^{τ , t ( j)+}_{2t T}Σ_τ^{t g}i^{τ ,t ( j}

L_3 =^Δ_{i,j≠i,k∈ N}

i ,tΣ

η_{ik}^t ( j).f̂_{ik}^t ( j)

L_4 =^Δ

i,j≠i,t, 2 tΣ^η i^{t,τ ( j).g}i^{t,τ ( j)}

L =^Δ L_1 +L_2 +L_3 +L_4

A1 ∀ i,j≠i,k∈ N_i ,t: ∂f̂_{ik}^t ( j) ∂L = *^k t ( j)_i^t ( j)_{ik}^t .D′_{ik ik}^t ( j)

A2 ∀ i,j≠i,t, 2 t : ∂g_i^{t,τ} ( j) ∂L = *^i t ( j)+ t t .λ_{it} ( j)+ t τ .λ_{iτ} ( j)_{it,τ} ( j)

Since^* ∀ i,j≠i,k∈ N_i ,t: A3 η_{ik}^t ( j).f_{ik} ( j)= A4 η_{ik}^t ( j)≤

∀ i,j≠i,t, 2 t :

A5 η_i^{t,τ} ( j).g_i^{t,τ *} ( j)=

A6 η_i^{t,τ} ( j)≤0.

λ_j^t ( j) =^Δ j,t D_T F_cF_c optimality.

* ={f̂_{ik} ( j ∪ {g_i^{t,τ *} ( j

{λ_i^t ( j) 1≤i≤n ≤ j≤n ≤t≤T} ∪ {λ _ i t ( j) 1≤i≤n ≤ j≤n ≤t≤T hold.

Proof λ _ i t ( j)_i^t ( j) i,t,j. * λ_i^t ( j λ _ i t ( j

* λ_i^t ( j λ _ i t ( j i,t,j, λ_i^t ( j) _ i t ( j i,j,t λ_i^t ( j) _ i t ( j i, j t such that λ_i^t ( j) _ i t ( j λ λ_i^t ( j) _ i t ( j i,j,t

Let i, j and t λ_i^t ( j) _ i t ( j i and j t holds.

Since λ_i^t ( j) _ i t ( j λ _ i t ( j)_i^t ( j x_i ( j)= i≠ j : (2) λ _ i t ( j)≤_τ t t λ_{it} ( j) + t τ λ__iτ ( j

Thus, 2 λ_i^t ( j) < t t λ_{i t} ( j) + t τ λ__iτ ( j g_{i ,τ} ( j)≡0

x_i ( j)= f̂_{ki} ( j)= k g_i^{*τ , t} ( j)= t 2t.

λ_i^t ( j Λ_i^t ( j) _ i t ( j

Λ_i^t ( j

k of i

λ _ k t ( j)_i^t ( j)_{ki}^t D_{ki}^′_i^t ( j)_{ki}^t D_{ki}^′

f̂_{ki} ( j)=

numbers.

Λ_i^t ( j

Λ_i^t ( j

Λ_i^t ( j) ≤ t t λ_{i t} ( j) + t τ λ__iτ ( j)

Λ_i^t ( j Λ_i^t ( j)

θ t):

λ_i^t ( j)≤ t t λ_{it} ( j)+ t θ λ__iθ ( j) < t t Λ_{it} ( j)+ t θ λ__iθ ( j) .

Since g_i^{*τ , t} ( j)= t 2t g_i^{,θ} ( j)=

: (3) λ _ i t ( j)>_τ t t λ_{it} ( j) + t τ λ__iτ ( j

τ 2t g_i^{*τ ,t} ( j)>0.

i,j,τ and t

(4) λ_i^τ ( j) = τ t λ_{i t} ( j) + τ t λ__it ( j) > τ t λ_{i t} ( j) + τ t ( t t^′ λ_{it}^′ ( j) + t τ^′ λ__iτ^′ ( j =

= τ t λ_{i t} ( j) + τ t^′ λ_{it}^′ ( j) + τ τ^′ λ__iτ^′ ( j) τ t λ_{i t} ( j) + τ t^′ λ_{it}^′ ( j) + τ τ^′ λ__iτ^′ ( j)_{iτ} ( j) ≤ τ ′ λ_i^′ + τ τ^′ λ__iτ^′

(5) λ_i^′ ( j) >_′t λ_i^t ( j) +_′t^′ λ_i^{t ′} ( j)

i and j, t λ_i^t ( j) _ i t ( j λ_i^{t ′} ( j) _ i t^′

( j)

λ_i^′ ( j) >_′t λ_i^t ( j) +_′t^′ λ _ i t^′

( j)

Since t >t^′ i, j,^′ t^′

all.

2t holds: g_i^{*τ ,t} ( j)=0.

Since x_i ( j)= f̂_{ik}^* ( j)= k

Λ_i^t ( j)_i^t ( j) =^Δ_τ t t λ_{it} ( j) + t τ λ__iτ ( j λ λ__it ( j

λ_i^t ( j Λ_i^t ( j Λ_i^t ( j

Λ_i^t ( j f̂_{ik}^* ( j)= Λ_i^t ( j) _ i t ( j Λ_i^t ( j)_i^t ( j)

then g_i^{,τ} ≡ x_i^t ( j)= f̂_{ki} ( j)≡ Λ_i^t ( j)_i^t ( j

holds.

Λ_i^t ( j λ_i^t ( j Λ_i^t ( j

Λ_i^t ( j 2t (6) λ_i^τ ( j) > τ t λ_{it} ( j)+ τ t Λ_it ( j) .

Replacing Λ_i^t ( j_τ t t λ_{it} ( j) + t τ λ__iτ ( j

λ_i^τ ( j) > τ t λ_{i t} ( j) + τ t^′ λ_{it}^′ ( j) + τ τ^′ λ_{iτ}^′ ( j)

* ={f̂_{ik} ( j ∪ {g_i^{t,τ *} ( j i g_i^{t,τ *} ( j i λ_i^t ( j) 1≤i≤n ≤ j≤n ≤t≤T Proof

bors i,k t, f̂_{ik} ( j)> f̂_{ik} ( j)> k λ_i^t ( j t i and j t t all t i j

REFERENCES

munications COM-22

3

6

INFOCOM’91

COM-28

CommunicationsCOM-27 IEEE COM-25

Networks3 Networks 14 pp.

CommunicationsCOM-25